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Preface

This volume offers an introduction to some recent developments in several
active topics at the interface between geometry, topology and quantum field
theory:

– String theory and Calabi-Yau manifolds
– Knot invariants and configuration spaces
– Euclidean quantum field theory and noncommutative geometry
– Index theorems and noncommutative topology

It is based on lectures delivered during a summer school “Geometric and
Topological Methods for Quantum Field Theory” held at Villa de Leyva,
Colombia, in July 2003. The short communications presented by participants
of the school appeared separately in the Annales Mathématiques Blaise Pas-
cal (Vol. 11 n.2, 2004) of the University Blaise Pascal in Clermont-Ferrand,
France.

These lecture notes, which are aimed at graduate students in physics or
mathematics, start with introductory material before presenting more ad-
vanced results. Each chapter is self-contained and can be read independently
of the others.

The volume starts with an introductory course by Christine Lescop on
knot invariants and configuration spaces, in which a universal finite type in-
variant for knots is constructed as a series of integrals over configuration
spaces. It is followed by an introduction by Raimar Wulkenhaar to euclidean
quantum field theory from a statistical physics point of view, after which
the author discusses possible renormalization techniques on noncommutative
spaces. The third lecture by Anamaŕıa Font and Stefan Theisen presents an
elementary introduction to (string) compactification with unbroken super-
symmetry. The authors show how this requirement leads to internal spaces
of special holonomy and describe Calabi-Yau manifolds in detail. String com-
pactification on orbifolds are presented as particular examples. The last lec-
ture by Thierry Fack is devoted to a K-theory proof of the Atiyah-Singer
index theorem and discusses some applications of K-theory to noncommuta-
tive geometry.

We hope that these lectures will give – as much as the school itself seems
to have given – young students the desire to pursue what might be their first
acquaintance with some of the problems on the edge of mathematics and
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physics presented in this volume. On the other hand, we hope that the more
advanced reader will find some pleasure reading about different outlooks on
related topics and seeing how well-known geometric tools prove to be very
useful in some areas of quantum field theory.

We are indebted to various organizations for their financial support for
this school. Let us thank first of all the French organizations “C.I.M.P.A.”
and ECOS-Nord, without which this school would not have taken place. This
school is part of a long-term scientific program supported by ECOS-Nord be-
tween the Université Blaise Pascal in Clermont-Ferrand and the Universidad
de los Andes in Bogotá in the areas of mathematics and physics. We are also
deeply grateful to the I.C.T.P. in Trieste, for its constant financial support
over the years and especially for this school. We also address our thanks to the
French Embassy in Bogotá, and particularly to the former cultural attaché,
Jean-Yves Deler, for showing interest in this project and supporting us at dif-
ficult times. We are also very much indebted to the Universidad de los Andes,
which was our main source of financial support in Colombia. Other organi-
zations such as C.L.A.F. in Brasil, Colciencias, I.C.E.T.E.X., and I.C.F.E.S.
in Colombia, also contributed in a substancial way to the financial support
needed for this school.

Special thanks to Sergio Adarve (Universidad de los Andes), coorganizer
of the school, who dedicated much time and energy to make this school
possible in a country like Colombia where many difficulties are bound to
arise along the way due to social, political and economic problems. This
school would not have taken place without him. Our special thanks to José
Rafael Toro, vice-rector of the Universidad de los Andes, for his constant
encouragements and efficient support. From the Universidad de los Andes we
also want to express our sincere gratitude to Carlos Montenegro, head of the
Department of Mathematics, Rolando Roldán, dean of the Faculty of Science,
and Bernardo Gómez, head of the Department of Physics.

We are extremely grateful to Juana Vall-Serra who did an extraordinary
job for the practical organization of the school, the quality of which was very
much appreciated by participants and lecturers. We are also very indebted
to Marta Kovacsics, Alexandra Parra, Germán Barragán, Maŕıa Fernanda
Gómez, Andrés Garćıa, Juan Esteban Mart́ın and Andersson Garćıa for their
help with various essential tasks needed for the successful development of the
school and to the academic coordinators, Alexander Cardona and Andrés
Reyes, who jointly with Bernardo Uribe and Mario Fernando H. Arias par-
ticipated actively with their permanent assistance and collaboration. Without
the people named here, all of whom helped with the organization in some way
or another, before, during and after the school, this scientific event would not
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have left such vivid memories in the lecturers’ and the participants’ minds.
Last but not least, thanks to all the participants who gave us all, lecturers
and editors, the impulse to prepare this volume through the enthusiasm they
showed us during the school.

February 2005 Hernán Ocampo
Sylvie Paycha
Andrés Vargas
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Université Claude Bernard (Lyon 1),
UFR de Mathématiques,
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Knot Invariants
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Summary. After a short presentation of the theory of Vassiliev knot invariants,
we shall introduce a universal finite type invariant for knots in the ambient space.
This invariant is often called the perturbative series expansion of the Chern-Simons
theory of links in the euclidean space. It will be constructed as a series of integrals
over configuration spaces.

1 First Steps in the Folklore
of Knots, Links and Knot Invariants

1.1 Knots and Links

Intuitively, a knot is a circle embedded in the ambient space up to elastic
deformation; a link is a finite family of disjoint knots.

Examples 1.1. Here are some pictures of simple knots and links. More ex-
amples can be found in [32].

The trivial knot The trivial 3-component link

The right-handed trefoil knot The left-handed trefoil knot

The figure-eight knot
The Hopf link

C. Lescop: Knot Invariants and Configuration Space Integrals, Lect. Notes Phys. 668, 1–57
(2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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The Whitehead link The Borromean rings

Let
∐k

S1 denote the disjoint union of k oriented circles. We will repre-
sent a knot (resp. a k-component link) by a C∞ embedding1 of the circle S1

(resp. of
∐k

S1) into the ambient space R3.

Definition 1.2. An isotopy of R3 is a C∞ map

h : R3 × I −→ R3

such that ht = h(., t) is a diffeomorphism for all t ∈ [0, 1]. Two embeddings
f and g as above are said to be isotopic if there is an isotopy h of R3 such
that h0 = Identity and g = h1 ◦ f . Link isotopy is an equivalence relation.
(Checking transitivity requires smoothing . . . See [17].)

Definition 1.3. A knot is an isotopy class of embeddings of S1 into R3. A
k-component link is an isotopy class of embeddings of

∐k
S1 into R3.

Definition 1.4. Let π : R3 −→ R2 be the projection defined by π(x, y, z) =
(x, y). Let f :

∐k
S1 ↪→ R3 be a representative of a link L. The multiple

(resp. double) points of π ◦ f are the points of R2 that have several (resp.
two) inverse images under π ◦f . A double point is said to be transverse if the
two tangent vectors to π ◦ f at this point generate R2. π ◦ f :

∐k
S1 ↪→ R2

is a regular projection of L if and only if π ◦ f is an immersion whose only
multiple points are transverse double points.

Proposition 1.5. Any link L has a representative f whose projection π ◦ f
is regular.

A sketch of proof of this proposition is given in Subsect. 7.1.

Definition 1.6. A diagram of a link is a regular projection equipped with
the additional under/over information: at a double point, the strand that
crosses under is broken near the crossing. Note that a link is well-determined
by one of its diagrams. The converse is not true as the following diagrams of
the right-handed trefoil knot show.

1 The reader is referred to [17] for the basic concepts of differential topology as
well as for more sophisticated ones.



Knot Invariants and Configuration Space Integrals 3

Nevertheless, we have the following theorem whose proof is outlined in
Sect. 7.1.

Theorem 1.7 (Reidemeister theorem (1926) [31]). Up to orientation-
preserving diffeomorphism of the plane, two diagrams of a link can be related
by a finite sequence of Reidemeister moves that are local changes of the fol-
lowing type:

Type I: ↔ ↔

Type II: ↔

Type III: ↔ and ↔

As it will often be the case during this course, these pictures represent
local changes. They should be understood as parts of bigger diagrams that
are unchanged outside their pictured parts.

Exercise 1.8. (**) Prove that there are at most 4 knots that can be rep-
resented with at most 4 crossings (namely, the trivial knot, the two trefoil
knots and the figure-eight knot).

Exercise 1.9. (**) Prove that the set of knots is countable.

A crossing change is a local modification of the type

↔ .

Proposition 1.10. Any link can be unknotted by a finite number of crossing
changes.

Proof: At a philosophical level, it comes from the fact that R3 is simply
connected, and that a homotopy h : S1 × [0, 1] −→ R3 that transforms a
link into a trivial one can be replaced by a homotopy that is an isotopy
except at a finite number of times where it is a crossing change. (Consider
h×1[0,1] : (x, t) �→ (h(x, t), t) ∈ R3× [0, 1]. The homotopy h can be perturbed
so that h×1[0,1] is an immersion with a finite number of multiple points that
are transverse double points –[17, Exercise 1, p.82]–. . . )

However, an elementary constructive proof of this proposition from a link
diagram is given in Subsect. 7.1. �

The general open problem in knot theory is to find a satisfactory clas-
sification of knots, that is an intelligent way of producing a complete and
repetition-free list of knots. A less ambitious task is to be able to decide from
two knot presentations whether these presentations represent the same knot.
This will sometimes be possible with the help of knot invariants.
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1.2 Link Invariants

Definition 1.11. A link invariant is a map from the set of links to another
set.

Such a map can be defined as a function of diagrams that is invariant
under the Reidemeister moves.

Definition 1.12. A positive crossing in a diagram is a crossing that looks like
(up to rotation of the plane). (The “shortest” arc that goes from the arrow

of the top strand to the arrow of the bottom strand turns counterclockwise.)
A negative crossing in a diagram is a crossing that looks like .

Definition 1.13. The linking number for two-component links is half the
number of the positive crossings that involve the two components minus half
the number of negative crossings that involve the two components.

Exercise 1.14. Use Reidemeister’s theorem to prove that the linking number
is a link invariant. Use the linking number to distinguish the Hopf link from
the Whitehead link.

1.3 An Easy-to-Compute Non-Trivial Link Invariant:
The Jones Polynomial

In this section, we will show an example of an easy-to-compute non-trivial
link invariant: The Jones polynomial. We will follow the Kauffman approach
that is different from the original approach of Jones who discovered this
polynomial in 1984.

Let D be an unoriented link diagram. A crossing of D can be removed
in two different ways:
the left-handed one where becomes ,
(someone walking on the upper strand towards the crossing turns left just
before reaching the crossing)
and the right-handed one where becomes .
Let C(D) denote the set of crossings of D and let f be a map from C(D) to
{L,R}, then Df will denote the diagram obtained by removing every crossing
x, in the left-handed way if f(x) = L and in the right-handed way if f(x) = R.
Df is nothing but a collection of n(Df ) circles embedded in the plane.

We define the Kauffman bracket < D >∈ Z[A,A−1] of D as

< D >=
∑

f :C(D)−→{L,R}
A(�f−1(L)−�f−1(R))δ(n(Df )−1)

with δ = −A2 −A−2.
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Exercise 1.15. Compute < >= −A5 −A−3 +A−7.

The Kauffman bracket satisfies the following properties:

1. < n disjoint circles >= δn−1

and we have the following equalities that relate brackets of diagrams that are
identical anywhere except where they are drawn.

2. < >= A < > +A−1 < >

3. < >= A−1 < > +A < >

4. A < > −A−1 < >= (A2 −A−2) < >

5. < >=< > +(δ +A2 +A−2) < >=< >

6. < >=< >

6′. < >=< >

7. < >= (−A3) < >

7′. < >= (−A−3) < >

8. The Kauffman bracket of the mirror image of a diagram D is obtained
from < D > by exchanging A and A−1.

Proof: The first five properties of the Kauffman bracket and the eighth
one are straightforward. Property 5 shows that δ has been chosen to get
invariance under the second Reidemeister move. Let us prove Equality 6.

< > = A < > +A−1 < >

= A < > +A−1 < >

The second equality comes from the above invariance under the second Rei-
demeister move. Rotating the picture by π yields:

= A < > +A−1 < >
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and concludes the proof of Equality 6. Equality 6′ is deduced from Equality
6 by mirror image (up to rotation). Equality 7 is easy and Equality 7′ is its
mirror image, too. �

Definition 1.16. The writhe w(D) of an oriented link diagram D is the
number of positive crossings minus the number of negative ones.

Theorem 1.17. The Jones polynomial V (L) of an oriented link L is the
Laurent polynomial of Z[t1/2, t−1/2] defined from an oriented diagram D of
L by

V (L) = (−A)−3w(D) < D >A−2 = t1/2

V is an invariant of oriented links. It is the unique invariant of oriented links
that satisfies:

1. V(trivial knot)=1,
2. and the skein relation:

t−1V ( )− tV ( ) = (t1/2 − t−1/2)V ( )

Proof: It is easy to check that (−A)−3w(D) < D >∈ Z[A2, A−2]. It is also
easy to check that this expression is invariant under the Reidemeister moves
since the only Reidemeister moves that change the writhe are the moves I, and
the variation of (−A)−3w(D) under these moves makes up for the variation of
< D >. The skein relation can be easily deduced from the fourth property of
the Kauffman bracket, and it is immediate that V (trivial knot) = 1.

Let us prove that these two properties uniquely determine V . Applying
the skein relation in the case when is the surrounded part of a standard
diagram of a trivial n-component link like:

and and are therefore (parts of) diagrams of trivial (n−1)-component
links shows that

(t−1 − t)V (trivial (n-1)-comp. link) = (t1/2 − t−1/2)V (trivial n-comp. link)

and thus determines

V (trivial n-component link) = (−t1/2 − t−1/2)n−1 .

By induction on the number of crossings, and, for a fixed number of crossings,
by induction on the number of crossings to be changed in the projection to
make the projected link trivial (see Proposition 1.10), the link invariant V is
determined by its value at the trivial knot and the skein relation.

�

Exercise 1.18. Compute V (right-handed trefoil) = −t4 + t3 + t and show
that the right-handed trefoil is not isotopic to the left-handed trefoil.
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Knot invariants are especially interesting when they can be used to derive
general properties of knots. The main known application of the Jones polyno-
mial is given and proved in Subsect. 7.2. The Chern-Simons series defined in
Sect. 4 will be used to prove the fundamental theorem of Vassiliev invariants
2.26.

2 Finite Type Knot Invariants

2.1 Definition and First Examples

Definition 2.1. A singular knot with n double points is represented by an
immersion from S1 to R3 with n transverse double points that is an em-
bedding when restricted to the complement of the preimages of these double
points.

Two such immersions f and g are said to be isotopic if there is an isotopy
h of R3 such that h0 = Identity and g = h1 ◦ f .

A singular knot with n double points is an isotopy class of such immersions
with n double points.

Example 2.2.

A singular knot with two double points

Definition 2.3. Let be a double point of a singular knot. This double
point can disappear in a positive way by changing into , or in a negative
way by changing into . Note that the sign of such a desingularisation,
that can be seen in a diagram as above, is defined from the orientation of
the ambient space. Choose one strand involved in the double point. Call this
strand the first one. Consider the tangent plane to the double point, that
is the vector plane equipped with the basis (tangent vector v1 to the first
strand, tangent vector v2 to the second one). This basis orients the plane, and
allows us to define a positive normal vector n to the plane (that is a vector n
orthogonal to v1 and v2 such that the triple (v1, v2, n) is an oriented basis
of R3). The n the positive desingularisation is obtained by pushing the first
strand in the direction of n. Note that this definition is independent of the
choice of the first strand.

Notation 2.4. Let K be a singular knot with n double points numbered by
1,2 . . . , n. Let f be a map from {1, 2 . . . , n} to {+,−}. Then Kf denotes the
genuine knot obtained by removing every crossing i by the transformation:

i becomes if f(i) = +, and i becomes if f(i) = −.

Let K denote the set of knots. Let Z[K] denote the free Z-module with
basis K. Then [K] denotes the following element of Z[K]:
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[K] =
∑

f :{1,2...,n}−→{+,−}
(−1)�f−1(−)Kf

where the symbol � is used to denote the cardinality of a set.

Proposition 2.5. We have the following equality in V:

[ ] = [ ]− [ ]

that relates the brackets of three singular knots that are identical outside a
ball where they look like in the above pictures.

Proof: Exercise. �
Definition 2.6. Let G be an abelian group. Then any G-valued knot invari-
ant I is extended to Z[K], linearly. It is then extended to singular knots by
the formula

I(K) def= I([K])

Let n be an integer. A G-valued knot invariant I is said to be of degree less
or equal than n, if it vanishes at singular knots with (n + 1) double points.
Of course, such an invariant is of degree n if it is of degree less or equal
than n without being of degree less or equal than (n − 1). A G-valued knot
invariant I is said to be of finite type or of finite degree if it is of degree n for
some n. Note that we could have defined the extension of a G-valued knot
invariant to singular knots by induction on the number of double points using
the induction formula:

I( ) = I( )− I( ) .

Performing the following change of variables:

t1/2 = − exp
(

−λ
2

)

transforms the Jones polynomial into a series

V (L) =
∞∑

n=0

vn(L)λn

Proposition 2.7. The coefficient vn(L) of the renormalized Jones polyno-
mial is a rational invariant of degree less or equal than n.

Proof: Under the above change of variables, the skein relation satisfied by
the Jones polynomial becomes

exp(λ)V ( )− exp(−λ)V ( ) =
(

exp
(
λ

2

)

− exp
(

−λ
2

))

V ( )
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that is equivalent to

V ( ) =
(
1− eλ
)
V ( ) +

(
e−λ − 1

)
V ( ) +

(
eλ/2 − e−λ/2

)
V ( )

This equality allows us to see that the series V of a singular knot with n
double points has valuation (i.e. degree of the term of minimal degree) at
least n by induction on n. �

Exercise 2.8. 1. Compute v2( ) and v3( ).

2. Show that v2 and v3 are exactly of degree 2 and 3, respectively.

Definition 2.9. Let V be a vector space. A filtration of V is a decreasing
sequence of vector spaces

V = V0 ⊇ V1 ⊇ · · · ⊇ Vn ⊇ Vn+1 ⊇ . . .

that begins with V0 = V . The graded space associated to such a filtration is
the vector space

G = ⊕∞
k=1Gk((Vn)n∈N) where Gk((Vn)n∈N) =

Vk

Vk+1

Let V denote the R-vector space freely generated by the knots. Let Vn

denote the subspace of V generated by the brackets of the singular knots with
n double points. The Vassiliev filtration of V is the sequence of the Vn. Let
In denote the set of real-valued invariants of degree less or equal than n. The
set In is nothing but the dual vector space of V

Vn+1
that is the space of linear

forms on V
Vn+1

.

In = Hom
(

V
Vn+1

;R
)

=
(

V
Vn+1

)∗

Proposition 2.10.
In

In−1
=
(
Vn

Vn+1

)∗

Proof: Exercise.

Exercise 2.11. (*) Let λ ∈ In, let µ ∈ Im. Define the invariant λµ at genuine
knots K by λµ(K) = λ(K)µ(K). Prove that λµ ∈ In+m.

Exercise 2.12. Prove that

dim
(
V2

V3

)

≥ 1 and dim
(
V3

V4

)

≥ 1 .
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We already know that there exist finite type invariants. Now, we ask the
natural question.

How many finite type invariants does there exist? In other words, what is the
dimension of Vn

Vn+1
?

In the next subsection, we are going to bound this dimension from above.
This dimension will then be theoretically given by the fundamental theorem
of Vassiliev invariants 2.26 that will be roughly proved at the end of Sect. 5,
as the dimension of a vector space presented by a finite number of generators
and relators.

2.2 Chord Diagrams

Definition 2.13. An n-chord diagram on a one-manifold M is an isotopy
class of embeddings of a finite set U with 2n elements, equipped with a
partition into n pairs, into the interior of M , up to a permutation of U that
preserves the partition.

For us, so far, M = S1. In particular, the datum of the above isotopy
class is equivalent to the datum of a cyclic order on U where a cyclic order
on a finite set U is a cyclic permutation σ of this set, that provides every
element u of U with a unique successor (namely σ(u)). An n-chord diagram
on M will be represented by an embedding of M equipped with 2n points
(the image of the embedding of U) where the points of a pair are related by a
dotted chord. The R-vector space freely generated by the n-chord diagrams
on M will be denoted by Dn(M).

Examples 2.14. D0(S1) = R , D1(S1) = R ,

D2(S1) = R ⊕R .

Notation 2.15. Let K be a singular knot with n double points. The n-chord
diagram D(K) associated to K is the set of the 2n inverse images of the
double points of K (cyclically ordered by the orientation of S1), equipped
with the partition into pairs where every pair contains the inverse images of
one double point.

Examples 2.16. D( ) = , D( ) =

Lemma 2.17. Every chord diagram on S1 is the diagram of a singular knot.
Furthermore, two singular knots which have the same diagram are related
by a finite number of crossing changes (where a crossing change is again a
modification which transforms into ).
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Sketch of proof: Consider a chord diagram D. First embed the neigh-
borhoods in S1 of the double points (that correspond to the chords) into
disjoint balls of R3. Let C be the complement in R3 of these disjoint balls.
We have enough room in C to join the neighborhoods of the double points
by arcs embedded in C, in order to get a singular knot K0 with associated
diagram D.

Now, consider another singular knot K with the same diagram. There
exists an isotopy that carries the neighborhoods of its double points on the
corresponding neighborhoods for K0. The arcs that join the double points in
the simply connected C are homotopic to the former ones. Therefore, they
can be carried to the former ones by a sequence of isotopies and crossing
changes. A diagrammatic proof of this lemma is given in Subsect. 7.3. �

Notation 2.18. Let φn denote the linear map from Dn(S1) to Vn

Vn+1
that

maps an n-chord diagram D to the projection in Vn

Vn+1
of a singular knot

K such that D(K) = D. The above lemma ensures that φn is well-defined.
Indeed, if D(K) = D(K ′), then, by the above lemma, K and K ′ are related
by a finite number of crossing changes. Therefore, [K]− [K ′] is an element of
Vn+1.

Furthermore, it is obvious that φn is onto. As a consequence, the dimen-
sion of Vn

Vn+1
is bounded from above by the number of n-chord diagrams.

Exercise 2.19. Prove that this number is bounded from above by (2n)!
2nn! , and

by 1 + (n− 1) (2(n−1))!
2(n−1)(n−1)!

if n ≥ 1. Improve these upper bounds.

The following lemmas will allow us to improve the upper bound on the
dimension of Vn

Vn+1
. In a chord diagram, an isolated chord is a chord that

relates two consecutive points.

Lemma 2.20. Let D be a diagram on S1 that contains an isolated chord.
Then φn(D) = 0.

Proof: In Vn

Vn+1
, we can write:

φn( ) = [ ] = [ ]− [ ]

�

Lemma 2.21. Let D1, D2, D3, D4 be four n-chord diagrams that are iden-
tical outside three portions of circles where they look like:

D1 =
1

2
3

,D2 =
1

2
3

,D3 =
1

2
3

and D4 =
1

2
3

.

then
φn(−D1 +D2 +D3 −D4) = 0 .
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Proof: We may represent D1 by a singular knot K1 with n double points
that intersects a ball like

K1 =
21 3

Let K2, K3, K4 be the singular knots with n double points that coincide
with K1 outside this ball, and that intersect this ball like in the picture:

K2 =
21 3

, K3 =
21 3

, K4 =
21 3

Then D(K2) = D2, D(K3) = D3 and D(K4) = D4. Therefore, φn(−D1+
D2 +D3 −D4) = −[K1] + [K2] + [K3]− [K4].

Thus, it is enough to prove that in V we have

−[K1] + [K2] + [K3]− [K4] = 0

Let us prove this.
Let K0 be the singular knot with (n−1) double points that intersects our

ball like

K0 =
2 13

and that coincides with K1 outside this ball.
The strands 1 and 2 involved in the pictured double point are in the

horizontal plane and they orient it, the strand 3 is vertical and intersects
the horizontal plane in a positive way between the tails of 1 and 2. Now,
make 3 turn around the double point counterclockwise, so that it becomes
successively the knots with n− 1 double points:

K1 = , K2 = and K3 = .

On its way, it goes successively through our four knots K1, K2, K3 and K4

with n double points that appear inside matching parentheses in the following
obvious identity in Vn−1

([K1]− [K0]) + ([K2]− [K1]) + ([K3]− [K2]) + ([K0]− [K3]) = 0 .

Now, [Ki] = ±([Ki] − [Ki−1]) where the sign ± is plus when the vertical
strand goes through an arrow from Ki−1 to Ki and minus when it goes
through a tail. Therefore the above equality can be written as

−[K1] + [K2] + [K3]− [K4] = 0

and finishes the proof of the lemma. �
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Notation 2.22. The relation

D2 +D3 −D1 −D4 = 0

that involves diagrams D1, D2, D3, D4 which satisfy the hypotheses of
Lemma 2.21 is called the four-term relation and is denoted by (4T ). Let
An(M) denote the quotient of Dn(M) by the relation (4T ), that is the
quotient of Dn(M) by the subspace of Dn(M) generated by left-hand sides
of (4T ), that are expressions of the form (−D1 + D2 + D3 − D4), for a
(D1,D2,D3,D4) satisfying the conditions of Lemma 2.21.

An =
Dn

4T

Let An(M) denote the quotient of An(M) by the subspace of An(M) gener-
ated by the projections of the diagrams with an isolated chord. The relation

D = 0 for a diagram D with an isolated chord.

is sometimes called the one-term relation, and it is denoted by (1T ).

Lemmas 2.20 and 2.21 show the following proposition.

Proposition 2.23. The map φn factors through An(S1) to define the sur-
jective map:

φn : An(S1) −→ Vn

Vn+1
.

Exercise 2.24. 1. Show that, in A3(S1), we have

= 2 .

2. Show that

dim
(
V0

V1

)

= 1 , dim
(
V1

V2

)

= 0 , dim
(
V2

V3

)

≤ 1 and dim
(
V3

V4

)

≤ 1

3. Show that
dim(A2)(S1) = 1

Definition 2.25. The topological vector space
∏∞

k=0Ak(M) will be denoted
byA(M). Similarly, the topological vector space

∏∞
k=0Ak(M) will be denoted

by A(M). The degree n part of an element a of A(M) or A(M) is the natural
projection of a in An(M) or An(M). It is denoted by an.

In the next sections, we shall prove that φn is an isomorphism by constructing
its inverse given by the Chern-Simons series. More precisely, we shall prove
the following theorem.
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Theorem 2.26 (Kontsevich, 92). There exists a linear map

Z : V −→ A(S1)

such that, for any integer n and for any singular knot K with n double points,
if k < n, then

Zk([K]) = 0 ,

and
Zn([K]) = D(K) .

In other words, the restriction to Vn

Vn+1
of Zn will be the inverse of φn.

Corollary 2.27. Any degree n R-valued invariant I is of the form

I = ψ ◦ Z

where ψ is a linear form on A(S1) that vanishes on
∏∞

k=n+1Ak(S1).

Proof: The Kontsevich theorem allows us to see, by induction on n, that Z
induces the isomorphism

p≤n ◦ Z :
V
Vn+1

−→
n∏

k=0

Ak(S1)

where p≤n : A(S1) −→
∏n

k=0Ak(S1) is the natural projection. Thus, any
degree n R-valued invariant I is of the form

I = I ◦
(
p≤n ◦ Z

)−1 ◦ p≤n ◦ Z = ψ ◦ Z

where ψ = I ◦
(
p≤n ◦ Z

)−1 ◦ p≤n is a linear form on A(S1) that vanishes on
∏∞

k=n+1Ak(S1). �

In Sect. 4, we shall construct the Chern-Simons series

Z
0

CS : V −→ A(S1)

as a series of integrals of configuration spaces. We shall show how to prove
that the Chern-Simons series satisfies the properties of Z in the Kontsevich
theorem above (2.26) in Sect. 5. Thus we will be able to construct all the real-
valued finite type knot invariants as above, theoretically. Unfortunately, there
are two problems. First, the Chern-Simons series is hard to compute explicitly.
Second, we do not know a canonical basis for An(S1). The dimension of this
vector space is unknown for a general n, although it can be computed by an
algorithm that lists the finitely many diagrams and the finitely many relations
and that computes the dimension of the quotient space. We first give another
presentation of the vector spaces An(M) and study some of their properties
in the next section.
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3 Some Properties of Jacobi-Feynman Diagrams

3.1 Jacobi Diagrams

Definition 3.1. Let M be an oriented one-manifold. A diagram, or a Jacobi
diagram, Γ with support M is a finite uni-trivalent graph Γ such that every
connected component of Γ has at least one univalent vertex, equipped with:

1. an isotopy class of injections i of the set U of univalent vertices of Γ into
the interior of M ,

2. an orientation of every trivalent vertex, that is a cyclic order on the set of
the three half-edges which meet at this vertex,

Such a diagram Γ is again represented by a planar immersion of Γ ∪M
where the univalent vertices of U are located at their images under i, the one-
manifold M is represented by solid lines, whereas the diagram Γ is dashed.
The vertices are represented by big points. The local orientation of a vertex
is represented by the counterclockwise order of the three half-edges that meet
at it.

Here is an example of a diagram Γ on the disjoint union M = S1
∐
S1 of

two circles:

The degree of such a diagram is half the number of all the vertices of Γ .
Of course, a chord diagram is a diagram on a one-manifold M without

trivalent vertices.
Let Dt

n(M) denote the real vector space generated by the degree n dia-
grams on M , and let At

n(M) denote the quotient of Dt
n(M) by the following

relations AS and STU:

AS : + = 0 .

STU : = − .

As usual, each of these relations relate diagrams which are identical out-
side the pictures where they are like in the pictures.

3.2 The Relation IHX in At
n

Proposition 3.2. Let M be a compact one-manifold, then the following re-
lation IHX
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IHX : + + = 0

(that relates three diagrams that are represented by three immersions which
coincide outside a disk D where they are like in the pictures) is true in
At

n(M).

Proof: We want to prove that the relation IHX is true in the quotient of
Dt

n(M) by AS and STU. Consider three diagrams that are represented by
three immersions which coincide outside a disk D where they are like in the
pictures involved in the relation IHX. Use STU as long as it is possible to
remove all trivalent vertices that can be removed without changing the two
vertices in D, simultaneously on the three diagrams. This transforms the
relation IHX to be shown into a sum of similar relations, where one of the
four entries of the disk is directly connected to M . Thus, since the four entries
play the same role, we may assume that the relation IHX to be shown is:

1 2 3

+

1 2 3

+

1 2 3

= 0 .

Using STU twice and AS transforms the summands of the left-hand side into
diagrams that can be represented by three straight lines from the entries 1,2,3
to three fixed points of the horizontal line numbered from left to right. When
the entry i ∈ {1, 2, 3} is connected to the point σ(i) of the horizontal plain
line, where σ is a permutation of of {1, 2, 3}, the corresponding diagram will
be denoted by (σ(1)σ(2)σ(3)). Thus, the expansion of the left-hand side of
the above equation is

((123)− (132)− (231) + (321))
− ((213)− (231)− (132) + (312))
− ((123)− (213)− (312) + (321))

that vanishes and the lemma is proved. �
We shall prove the following proposition in Subsect. 3.4 below.

Proposition 3.3. Let M be a compact one-manifold, then the natural map
from Dn(M) to At

n(M) that maps a chord diagram to its class in At
n(M)

induces an isomorphism from An(M) to At
n(M).

Before, we need a technical lemma that will lead to other fundamental
properties of the spaces of diagrams.

3.3 A Useful Trick in Diagram Spaces

We shall first adopt a convention. So far, in a diagram picture, or in a chord
diagram picture, the dashed edge of a univalent vertex, has always been
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attached on the left-hand side of the oriented one-manifold. Now, if k dashed
edges are attached on the other side on a diagram picture, then we agree that
the corresponding represented element of At

n(M) or An(M) is (−1)k times
the underlying diagram. With this convention, we have the new antisymmetry
relation in At

n(M) or in An(M)

+ = 0

and the STU relation can be drawn like the IHX relation:

+ + = 0 .

Lemma 3.4. Let Γ1 be a diagram (resp. a chord diagram) with support M .
Assume that Γ1 ∪ M is immersed in the plane so that Γ1 ∪ M meets an
open annulus A embedded in the plane exactly along n+ 1 embedded arcs α1,
α2, . . . , αn and β, and one vertex v so that:

1. The αi may be dashed or solid, they run from a boundary component of A
to the other one,

2. β is a dashed arc which runs from the boundary of A to v ∈ α1,
3. The bounded component D of the complement of A does not contain a

boundary point of M .

Let Γi be the diagram obtained from Γ1 by attaching the endpoint v of β to
αi instead of α1 on the same side, where the side of an arc is its side when
going from the outside boundary component of A to the inside one ∂D. Then,
we have in At(M), (resp. in A(M)),

n∑

i=1

Γi = 0 .

Examples 3.5.

AD

α1

α2

v

β Γ1

+ AD

α1

α2v

β Γ2

= 0

AD

α1

α2

α3

v

β Γ1

+ AD

α1

α2

α3

v

β Γ2

+ AD

α1

α2

α3 v

β Γ3

= 0
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Proof: The second example shows that STU is equivalent to this relation
when the bounded component D of R2 \A intersects Γ1 in the neighborhood
of a univalent vertex on M . Similarly, IHX is easily seen as given by this
relation when D intersects Γ1 in the neighborhood of a trivalent vertex. Also
note that AS corresponds to the case when D intersects Γ1 along a dashed or
solid arc. Now for the Bar-Natan [4, Lemma 3.1] proof. See also [35, Lemma
3.3]. Assume without loss that v is always attached on the right-hand-side of
the α’s. Add to the sum the trivial (by IHX and STU) contribution of the
sum of the diagrams obtained from Γ1 by attaching v to each of the three
(dashed or solid) half-edges of each vertex w of Γ1 ∪M in D on the left-hand
side when the half-edges are oriented towards w. Now, group the terms of
the obtained sum by edges of Γ1 ∪M where v is attached, and observe that
the sum is zero edge by edge by AS. �

Assume that a one-manifold M is decomposed as a union of two one-
manifolds M = M1 ∪M2 whose interiors in M do not intersect. Define the
product associated to this decomposition:

A(M1)×A(M2) −→ A(M)

as the continuous bilinear map which maps ([Γ1], [Γ2]) to [Γ1

∐
Γ2], if Γ1 is

a diagram with support M1 and if Γ2 is a diagram with support M2, where
Γ1

∐
Γ2 denotes their disjoint union. Let I = [0, 1] be the compact oriented

interval. If I = M , and if we identify I to M1 = [0, 1/2] and to M2 = [1/2, 1]
with respect to the orientation, the above process turns A(I) into an algebra
where the elements with non-zero degree zero part admit an inverse.

With each choice of a connected component C of M , associate an A(I)-
module structure on A(M), that is given by the continuous bilinear map:

A(I)×A(M) −→ A(M)

such that: If Γ ′ is a diagram with support M and if Γ is a diagram with
support I, then ([Γ ], [Γ ′]) is mapped to the class of the diagram obtained
by inserting Γ along C outside the vertices of Γ , according to the given
orientation. For example,

= =

As shown in the first example that illustrates Lemma 3.4, the independence
of the choice of the insertion locus is a consequence of Lemma 3.4 where Γ1

is the disjoint union Γ
∐
Γ ′ and intersects D along Γ ∪ I. This also proves

that A(I) is a commutative algebra. Since the morphism from A(I) to A(S1)
induced by the identification of the two endpoints of I amounts to quotient
out A(I) by the relation that identifies two diagrams that are obtained from
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one another by moving the nearest univalent vertex to an endpoint of I near
the other endpoint, a similar application of Lemma 3.4 also proves that this
morphism is an isomorphism from A(I) to A(S1). (In this application, β
comes from the inside boundary of the annulus.) This identification between
A(I) and A(S1) will be used several times.

3.4 Proof of Proposition 3.3

Let η̃ : Dn(M) → At
n(M) denote the above natural map. Let us show that it

factors through 4T . By STU, we have

η̃




−

1

2
3

+
1

2
3

+
1

2
3

−
1

2
3






= −
1

2
3

+
1

2
3

.

Thus, η̃(4T ) vanishes and we are done. Note that the induced map η is
surjective because STU allows one to express any diagram (whose components
contain at least one univalent vertex!) as a combination of chord diagrams.

Let us try to construct an inverse ι to the induced map η : An(M) →
At

n(M). Let Dn,k(M) denote the subspace of Dt
n(M) generated by the dia-

grams on M that have at most k trivalent vertices.
We shall define linear maps ιk from Dn,k(M) to An(M) by induction on

k so that

1. ι0 is induced by the equality Dn,0(M) = Dn(M),
2. the restriction of ιk to Dn,k−1(M) is ιk−1, and,
3. ιk maps all the relations AS and STU that involve only elements of
Dn,k(M) to zero.

It is clear that when we have succeeded in such a task, the linear map from
Dn(M) that maps a diagram d with k trivalent vertices to ιk(d) will factor
through STU and AS, and that the induced map ι will satisfy ι ◦ η = Id and
therefore provide the wanted inverse since η is surjective. Now, let us succeed!

Let k ≥ 1, assume that ιk−1 is defined on Dn,k−1(M) and that ιk−1 maps
all the relations AS and STU that involve only elements of Dn,k−1(M) to
zero. We want to extend ιk−1 on Dn,k(M) to a linear map ιk that maps all
the relations AS and STU that involve only elements of Dn,k(M) to zero.

Let d be a diagram with k trivalent vertices, and let e be an edge of d
that contains one univalent vertex and one trivalent vertex. Set

ι

(

(d, e) =

)

= ιk−1

(

−
)
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It suffices to prove that ι(d, e) is independent of our chosen edge e to conclude
the proof by defining the linear map ιk that will obviously satisfy the wanted
properties by

ιk(d) = ι(d, e)

Assume that there are two different edges e and f of d that connect a
trivalent vertex to a univalent vertex. We prove that ι(d, e) = ι(d, f). If e
and f are disjoint, then the fact that ιk−1 satifies STU allows us to express
both ι(d, e) and ι(d, f) as the same combination of 4 diagrams with (k − 2)
vertices, and we are done. Thus, we assume that e and f are two different
edges that share a trivalent vertex t. If there exists another trivalent vertex
that is connected to M by an edge g, then ι(d, e) = ι(d, g) = ι(d, f) and
we are done. Thus, we furthermore assume that t is the unique trivalent
vertex that is connected to M by an edge. So, either t is the unique trivalent

vertex, and its component is necessarily like
1

2
3

and the fact that

ι(d, e) = ι(d, f) is a consequence of (4T), or the component of t is of the

form te f where the circle represents a dashed diagram with only one
pictured entry. Thus,

ι(d, e) = ιk−1

(

−
)

Now, this is zero because the expansion of as a sum of chord diagrams
commutes with any vertex in An(M), according to Lemma 3.4. Similarly,
ι(d, f) = 0. Thus, ι(d, e) = ι(d, f) in this last case and we are done. �

Notation 3.6. Because of the canonical isomorphism of Proposition 3.3,
An(M) will denote both An(M) and At

n(M) from now on.

4 The “Kontsevich, Bott, Taubes, Bar-Natan,
Altschuler, Freidel, D. Thurston” Universal Link
Invariant Z

4.1 Introduction to Configuration Space Integrals:
The Gauss Integrals

In 1833, Carl Friedrich Gauss defined the first example of a configuration
space integral for an oriented two-component link. Let us formulate his defi-
nition in a modern language. Consider a smooth (C∞) embedding
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L : S1
1 � S1

2 ↪→ R3

of the disjoint union of two circles S1 = {z ∈ C s.t. |z| = 1} into R3. With
an element (z1, z2) of S1

1×S1
2 that will be called a configuration, we associate

the oriented direction

Ψ((z1, z2)) =
1

‖
−−−−−−−→
L(z1)L(z2) ‖

−−−−−−−→
L(z1)L(z2) ∈ S2

of the vector
−−−−−−−→
L(z1)L(z2). Thus, we have associated a map

Ψ : S1
1 × S1

2 −→ S2

from a compact oriented 2-manifold to another one with our embedding. This
map has an integral degree deg(Ψ) that can be defined in several equivalent
ways. For example, it is the differential degree deg(Ψ, y) of any regular value
y of Ψ , that is the sum of the ±1 signs of the Jacobians of Ψ at the points
of the preimage of y [28, §5]. Thus, deg(Ψ) can easily be computed from a
regular diagram of our two-component link as the differential degree of a unit
vector −→v pointing to the reader or as the differential degree of (−−→v ).

deg(Ψ) = deg(Ψ,−→v ) = �
2 1
− �

1 2
= deg(Ψ,−−→v ) = �

1 2
− �

2 1
.

It can also be defined as the following configuration space integral

deg(Ψ) =
∫

S1×S1
Ψ∗(ω)

where ω is the homogeneous volume form on S2 such that
∫

S2 ω = 1. Of
course, this integral degree is an isotopy invariant of L, and the reader has
recognized is nothing but the linking number of the two components of L.

We can again follow Gauss and associate the following similar Gauss
integral I(K; θ) to a C∞ embedding K : S1 ↪→ R3. (The meaning of θ
will be specified later.) Here, we consider the configuration space C(K; θ) =
S1×]0, 2π[, and the map

Ψ : C(K; θ) −→ S2

that maps (z1, η) to the oriented direction of
−−−−−−−−−−→
K(z1)K(z1eiη), and we set

I(K; θ) =
∫

C(K;θ)

Ψ∗(ω) .

Let us compute I(K; θ) in some cases. First notice that Ψ may be extended
to the closed annulus

C(K; θ) = S1 × [0, 2π]
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by the tangent map K ′ of K along S1 × {0} and by (−K ′) along S1 × {2π}.
Then by definition, I(K; θ) is the algebraic area (the integral of the differential
degree with respect to the measure associated with ω) of the image of the
annulus in S2. Now, assume that K is contained in a horizontal plane except
in a neighborhood of crossings where it entirely lies in vertical planes. Such
a knot embedding will be called almost horizontal. In that case, the image of
the annulus boundary has the shape of the following bold line in S2.

In particular, for each hemisphere, the differential degree of a regular value
of Ψ does not depend on the choice of the regular value in the hemisphere.
Assume that the orthogonal projection onto the horizontal plane is regular.
Then I(K; θ) is the average of the differential degrees of the North Pole and
the South Pole, and it can be computed from the horizontal projection as the
writhe of the projection

I(K; θ) = � − � .

This number can be changed without changing the isotopy class of the knot
by local modifications where becomes or . In particular,
I(K; θ) can reach any integral value on a given isotopy class of knots, and
since it varies continuously on such a class, it can reach any real value on
any given isotopy class of knots. Thus, this Gauss integral is NOT an isotopy
invariant.

However, we can follow Guadagnini, Martellini, Mintchev [14] and Bar-
Natan [5] and associate configuration space integrals to any embedding L
of an oriented one-manifold M and to any uni-trivalent diagram Γ without
simple loop like on M .

4.2 The Chern–Simons Series

Let M be an oriented one-manifold and let

L : M −→ R3

denote a C∞ embedding from M to R3. Let Γ be a Jacobi diagram on M .
Let U = U(Γ ) denote the set of univalent vertices of Γ , and let T = T (Γ )
denote the set of trivalent vertices of Γ . A configuration of Γ is an embedding

c : U ∪ T ↪→ R3

whose restriction c|U to U may be written as L ◦ j for some injection

j : U ↪→M
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in the given isotopy class [i] of embeddings of U into the interior ofM . Denote
the set of these configurations by C(L;Γ ),

C(L;Γ ) =
{
c : U ∪ T ↪→ R3 ;∃j ∈ [i], c|U = L ◦ j

}
.

In C(L;Γ ), the univalent vertices move along L(M) while the trivalent ver-
tices move in the ambient space, and C(L;Γ ) is naturally an open submani-
fold of MU × (R3)T .

Denote the set of (dashed) edges of Γ by E = E(Γ ), and fix an orientation
for these edges. Define the map Ψ : C(L;Γ )−→

(
S2
)E whose projection to the

S2 factor indexed by an edge from a vertex v1 to a vertex v2 is the direction
of
−−−−−−→
c(v1)c(v2). This map Ψ is again a map between two orientable manifolds

that have the same dimension, namely the number of dashed half-edges of Γ ,
and we can write the configuration space integral:

I(L;Γ ) =
∫

C(L;Γ )

Ψ∗

(
E∧
ω

)

.

Bott and Taubes have proved that this integral is convergent [8]. See also
Subsects. 5.1, 5.2 below. Thus, this integral is well-defined up to sign. In
fact, the orientation of the trivalent vertices of Γ provides I(L;Γ ) with a
well-defined sign. Indeed, since S2 is equipped with its standard orientation,
it is enough to orient C(L;Γ ) ⊂ MU × (R3)T in order to define this sign.
This will be done by providing the set of the natural coordinates of MU ×
(R3)T with some order up to an even permutation. This set is in one-to-one
correspondence with the set of (dashed) half-edges of Γ , and the vertex-
orientation of the trivalent vertices provides a natural preferred such one-to-
one correspondence up to some (even!) cyclic permutations of three half-edges
meeting at a trivalent vertex. Fix an order on E, then the set of half-edges
becomes ordered by (origin of the first edge, endpoint of the first edge, origin
of the second edge, . . . , endpoint of the last edge), and this order orients
C(L;Γ ). The property of this sign is that the product I(L;Γ )[Γ ] ∈ A(M)
depends neither on our various choices nor on the vertex orientation of Γ .
Check it as an exercise!

Now, the perturbative series expansion of the Chern–Simons theory for
one-manifold embeddings in R3 is the following sum running over all the
Jacobi diagrams Γ without vertex orientation2:

ZCS(L) =
∑

Γ

I(L;Γ )
�AutΓ

[Γ ] ∈ A(M)

2 This sum runs over equivalence classes of Jacobi diagrams, where two diagrams
are equivalent if and only if they coincide except possibly for their vertex orien-
tation.
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where �AutΓ is the number of automorphisms of Γ as a uni-trivalent graph
with a given isotopy class of injections of U into M , but without vertex-
orientation for the trivalent vertices.

More precisely, let Γ be a diagram on M , let V (Γ ) be the set of its
vertices, let U(Γ ) be the set of its univalent vertices, and let E(Γ ) be the set
of its edges. Define the set H(Γ ) of its half-edges as

H(Γ ) = {h = (v(h), e(h)) ∈ V (Γ )× E(Γ ); v(h) ∈ e(h)} .

Let i denote an injection of U(Γ ) into M in the isotopy class that defines
Γ . An automorphism of Γ is a permutation σ of H(Γ ) such that v(h) =
v(h′) =⇒ v(σ(h)) = v(σ(h′)), e(h) = e(h′) =⇒ e(σ(h)) = e(σ(h′)), and i is
isotopic to i ◦ σ where σ denotes the permutation of U(Γ ) induced by σ.

Remark 4.1. Any configuration c : U ∪ T ↪→ R3 uniquely extends to a map
i(c) : Γ −→ R3 that is linear along the edges of Γ . The configurations c
such that two edges of Γ have colinear images under i(c) do not contribute
to the integral, because their images under Ψ lie in a codimension 2 subspace
of
(
S2
)E . (In particular, if two vertices of Γ are related by several edges,

then I(L;Γ ) = 0.) If i(c) maps all the edges of Γ to pairwise non colinear
segments of R3, there are exactly �Aut(Γ ) configurations d of Γ with respect
to L(M) such that i(c)(Γ ) = i(d)(Γ ). In other words, with the factor 1

�AutΓ
,

the image of an immersed unitrivalent graph contributes exactly once to the
expression of ZCS(L).

Let θ denote the Jacobi diagram

θ =

on S1. When L is a knot K, the degree one part of ZCS(K) is I(K;θ)
2 [θ] and

therefore ZCS is not invariant under isotopy. However, the evaluation Z0
CS at

representatives of knots with null Gauss integral is an isotopy invariant that
is a universal Vassiliev invariant of knots. (All the real-valued finite type knot
invariants factor through it.) This is the content of the following theorem, due
independently to Altschuler and Freidel [1], and to D. Thurston [34], after
the work of many people including Guadagnini, Martellini and Mintchev [14],
Bar-Natan [5], Axelrod and Singer [2, 3], Kontsevich [18, 19], Bott and
Taubes [8]. . .

Theorem 4.2 (Altschuler–Freidel [1], D. Thurston [34], 1995). If L =
K1 ∪ · · · ∪ Kk is a link, then ZCS(L) only depends on the isotopy class of
L and on the Gauss integrals I(Ki; θ) of its components. In particular, the
evaluation

Z0
CS(L) ∈

∏

n∈N

An(�k
i=1S

1
i )

at representatives of L whose components have zero Gauss integrals is an
isotopy invariant of L. Furthermore, Z0

CS is a universal Vassiliev invariant
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of links in the following sense. When L is a singular link with n double points,
the degree k part Z0

CS,k(L) vanishes for k < n, while Z0
CS,n(L) is nothing but

the chord diagram of L.

This theorem implies the fundamental theorem 2.26 of Vasiliev invariants.
The main ideas involved in its proof are sketched in the next section.

5 More on Configuration Spaces

In this section, we describe the main ideas involved in the proof of
Theorem 4.2, and we sketch the proof of this theorem. First, we need to
understand the compactifications of configuration spaces of [11]. We shall
present them with the Poirier point of view [30].

5.1 Compactifications of Configuration Spaces

Definition 5.1. A homothety with ratio in ]0,+∞[ will be called a dilation.

Let X = {ξ1, ξ2, . . . , ξp} be a finite set of cardinality p ≥ 2, let k denote a
positive integer. Let C0(X;Rk) (resp. C(X;Rk)) denote the set of injections
(resp. of non-constant maps) f fromX to Rk, up to translations and dilations.
C0(X;Rk) is the quotient of

{(x1 = f(ξ1), x2 = f(ξ2), . . . , xp = f(ξp)) ∈ (Rk)p;xi �= xj if i �= j}

by the translations which identify (x1, x2, . . . , xp) to (x1 +T, x2 +T, . . . , xp +
T ) for all T ∈ Rk and by the dilations which identify (x1, x2, . . . , xp) to
(λx1, λx2, . . . , λxp) for all λ > 0.

Examples 5.2. 1. For example, C0(X;R) has p! connected components cor-
responding to the possible orders of the set X. Each of its components can be
identified with the interior {(x2, x3, . . . , xp−1) ∈ Rp−2; 0 < x2 < x3 < · · · <
xp−1 < 1} of a (p− 2) simplex.
2. As another example, C({1, 2};Rk) = C0({1, 2};Rk) is homeomorphic to
the sphere Sk−1.

In general, the choice of a point ξ ∈ X provides a homeomorphism

φξ : C(X,Rk) −→ Skp−k−1

f �→
(
x �→ f(x)−f(ξ)

‖
∑p

i=1(f(ξi)−f(ξ))‖

)

where Skp−k−1 is the unit sphere of
(
Rk
)p−1. These homeomorphisms equip

C(X,Rk) with an analytic (Cω) structure and make clear that C(X,Rk) is
compact. There is a natural embedding
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i : C0(X;Rk) ↪→
∏

A⊆X;�A≥2 C(A;Rk)
cX �→ (cX|A)A⊆X;�A≥2

where cX|A denotes the restriction of cX to A. Define the compactification
C(X; k) of C0(X;Rk) as

C(X; k) = i(C0(X;Rk)) ⊆
∏

A⊆X;�A≥2

C(A;Rk)

In words, in C(X; k), some points of X are allowed to collide with each
other, or to become infinitely closer to each other than they are to other
points, but the compactification provides us with the magnifying glasses
C(A;Rk) that allow us to see the infinitely small configurations at the scales
of the collisions.

Observe that the elements (cA)A⊆X;�A≥2 of C(X; k) satisfy the following
condition (�).

(�) : If B ⊂ A, then the restriction cA|B of cA to B is either constant or
equal to cB .

Indeed, the above condition holds for elements of i(C0(X;Rk)), and it
can be rewritten as the following condition that is obviously closed. For any
two sets A and B such that B ⊂ A, if x ∈ B, the two vectors of (Rk)B\{x},
(cA|B(y) − cA|B(x))y∈B\{x} and (cB(y) − cB(x))y∈B\{x}, are colinear, and
their scalar product is non negative.

Proposition 5.3. The set C(X; k) has a natural structure of an analytic
manifold with corners3 and

C(X; k) =





(cA) ∈

∏

A⊆X;�A≥2

C
(
A;Rk
)
; (cA) satisfies (�)





.

Proof: Set

C̃(X; k) =





(cA) ∈

∏

A⊆X;�A≥2

C
(
A;Rk
)
; (cA) satisfies (�)





.

We have already proved that C(X; k) ⊆ C̃(X; k). In order to prove the re-
versed inclusion, we first study the structure of C̃(X; k). Let

c0 = (c0A)A⊆X;�A≥2 ∈ C̃(X; k) .

Given this point c0, we construct the rooted tree τ(c0), with oriented
edges, whose vertices are some subsets of X with cardinality greater than 1,
3 Every point c of C(X; k) has a neighborhood diffeomorphic to [0,∞[r×Rn−r,

and the transition maps are analytic.
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in the following way. The root-vertex is X. The edges starting at a vertex
A ⊆ X are in one-to-one correspondence with the maximal subsets B of A
with �B ≥ 2, such that c0A|B is constant. The edge corresponding to a subset
B goes from A to B. Note that the tree structure can be recovered from
the set of vertices. Therefore, we identify the tree τ0 = τ(c0) with its set
of vertices and τ0 is a set of subsets of X. For any strict subset A of X, Â
denotes the smallest element of τ0 that strictly contains A.

Now, we construct a chart of C̃(X; k) near c0.
Let B ∈ τ0. Let Cτ0(B;Rk) be the subspace of C(B;Rk) made of maps

from B to Rk such that two elements of B have the same image in Rk if and
only if they belong to a common endpoint (subset of X) of an edge starting at
B. ( Note that Cτ0(B;Rk) is naturally homeomorphic to C0(Bτ0 ;Rk) where
Bτ0 is the set obtained from B by identifying two elements of B that belong
to a common strict subset of B in τ0.) Let V ⊆

∏
B∈τ0 Cτ0(B;Rk) be an

open neighborhood of (c0B)B∈τ0 in
∏

B∈τ0 Cτ0(B;Rk). Let ε > 0. When V
and ε are small enough, define the map

F : [0, ε[τ
0\{X}×V −→

∏

D⊆X;�D≥2

C(D;Rk)

P =
(
(λB)B∈τ0\{X}, (cB)B∈τ0

)
�→ (F (P )D)D⊆X;�D≥2

where F (P )D will be equal to F (P )D̂|D if D /∈ τ0, and if A ∈ τ0, F (P )A is
represented by the map

F̃ (P )A : A −→ Rk

that maps an element (x ∈ A) to the vector that admits the following recur-
sive definition. Let

{x̂} = B1 ⊂ B2 ⊂ · · · ⊂ Bm ⊂ Bm+1 = A

be the sequence of vertices of τ0 such that B1 = {x̂} and Br+1 = B̂r. Fix a
point ξ(B) in any subset B ∈ τ0 so that if B′ ∈ τ0 and if ξ(B) ∈ B′ ⊂ B,
then ξ(B′) = ξ(B) (the ξ(B) depend on τ0 that is fixed). Then F̃ (P )B1(x) =
φξ(B1)(cB1)(x) and

F̃ (P )Bk+1(x) = φξ(Bk+1)(cBk+1)(x) + λBk
F̃ (P )Bk

(x) .

In particular, the small parameter λB ∈ [0, ε[ is the ratio of the scale of
the representative F̃ (P )B̂|B in B̂ by the scale of F̃ (P )B in B.

Let O(τ0) be the following open subset of
∏

A⊆X;�A≥2 C(A;Rk),

O(τ0) = {(fA)A⊆X;�A≥2;∀A,∀x, y ∈ A, c0A(x) �= c0A(y) ⇒ fA(x) �= fA(y)} .

Since F
(
P0 = ((0)B∈τ0\{X}, (c0B)B∈τ0)

)
= c0 ∈ O(τ0), when V and ε

are small enough, the image of F is in O(τ0). In particular, F (P )D is never
constant and F is well-defined. Furthermore, the image of F is in C̃(X; k).
Assume the following lemma that will be proved later.
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Lemma 5.4. There is an open neighborhood O of c0 in O(τ0), and an an-
alytic map G from O to Rτ0\{X} × V , such that the restriction of G to
O ∩ C̃(X; k) is an inverse for F : [0, ε[τ

0\{X}×V −→ O ∩ C̃(X; k).

Thus, F is a homeomorphism onto its image that is an open subset of C̃(X; k).
Also notice that the tree (or its vertices set) corresponding to a point in the
image of F ((λB)B∈τ0\{X}, (cB)B∈τ0) is obtained from τ0 by removing the
subsets B such that λB > 0. The points of i

(
C0(X;Rk)

)
are the points whose

tree is reduced to its root X. In particular, the point c0 we started with is
in the closure of F (]0, ε[B∈τ0\{X}×V ) ⊆ i(C0(X;Rk)). This finishes proving
that C(X; k) ⊆ C̃(X; k). Furthermore, since F and G are analytic, the above
local homeomorphisms equip C(X; k) with the structure of a Cω manifold
with corners. This ends the proof of Proposition 5.3 assuming Lemma 5.4.�
Proof of Lemma 5.4: Let f = (fA)A⊆X;�A≥2 ∈ O(τ0). Define G(f) =
(
(µB(f))B∈τ0\{X}, (dB(f))B∈τ0

)
∈ Rτ0\{X} ×

∏
B∈τ0 Cτ0(B;Rk) as follows.

Assume that any fB is represented by fB = φξ(B)(fB). Define d̃B(f) by

d̃B(f)(x) =

{
fB(x) if {̂x} = B

fB(ξ(B′)) if x ∈ B′ and B̂′ = B

and dB(f) = φξ(B)(d̃B(f)). For B ∈ τ0, choose ξ′(B) �= ξ(B) ∈ B such that

c0(ξ′(B)) �= c0(ξ(B)), and either ̂{ξ′(B)} = B or there exists a B′ such that
B̂′ = B and ξ′(B) = ξ(B′). Note that when fB = φξ(B)(F̃ (P )B), then

dB = dB(f) = φξ(B)(cB) ,

fB =
‖ fB(ξ′(B)) ‖

‖ F̃ (P )B(ξ′(B)) ‖
F̃ (P )B =

‖ fB(ξ′(B)) ‖
‖ dB(ξ′(B)) ‖ F̃ (P )B ,

F̃ (P )B̂(ξ′(B))− F̃ (P )B̂(ξ(B)) = λBF̃ (P )B(ξ′(B)) = λBdB(ξ′(B)) ,

λB = <F̃ (P )B̂(ξ′(B))−F̃ (P )B̂(ξ(B)),dB(ξ′(B))>

‖dB(ξ′(B))‖2

= ‖dB̂(ξ′(B̂))‖
‖fB̂(ξ′(B̂))‖

<fB̂(ξ′(B))−fB̂(ξ(B)),dB(ξ′(B))>

‖dB(ξ′(B))‖2 .

Therefore, we define

µB(f) =
‖ dB̂(ξ′(B̂)) ‖
‖ fB̂(ξ′(B̂)) ‖

< fB̂(ξ′(B))− fB̂(ξ(B)), dB(ξ′(B)) >
‖ dB(ξ′(B)) ‖2 .

Now, it is clear that G is analytic, and that G ◦ F = Identity on

O = G−1(]− ε, ε[τ0\{X}×V ) .
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Then it is enough to see that the restriction of F ◦G to O ∩ C̃(X; k) is well-
defined (∀B,µB ≥ 0), and is the identity. This is left as an exercise for the
reader. �

The space C(X; k) is also equipped with a partition by the associated
trees of the above proposition proof. Note that the part F (τ) corresponding
to a given tree τ is a submanifold of dimension

(
dim(C0(X;Rk))− (�τ − 1)

)

that is homeomorphic to
∏

B∈τ Cτ (B;Rk). In particular, the boundary of
C(X; k) has a partition into open faces, corresponding to trees τ with �τ > 1,
of codimension (�τ − 1).

Example 5.5. Let us again consider the case where k = 1. Let us fix one or-
der on X and let us study the corresponding component C<(X; 1) of C(X; 1).
Here the trees that provide non-empty faces are those which are made of sub-
sets containing consecutive elements, and all the faces are homeomorphic to
open balls. When X = {1, 2, 3}, C<(X; 1) is an interval whose endpoints cor-
respond to the two trees {X, {1, 2}} and {X, {2, 3}}. For X = {1, 2, . . . , p},
we find a Stasheff polyhedron that is a polyhedron whose maximal codimen-
sion faces are points that can be described as non-associative words as in the
following definition.

Definition 5.6. A non-associative word or n.a. word w in the letter · is an
element of the free non-associative monoid generated by ·. The length of such
a w is the number of letters of w. Equivalently, we can define a non-associative
word by saying that each such word has an integral length �(w) ∈ N, the only
word of length 0 is the empty word , the only word of length 1 is ·, the product
w′w′′ of two n.a. words w′ and w′′ is a n.a. word of length (�(w′) + �(w′′)),
and every word w of length �(w) ≥ 2 can be decomposed in a unique way as
the product w′w′′ of two n.a. words w′ and w′′ of nonzero length.

Example 5.7. The unique n.a. word of length 2 is (··). The two n.a. words
of length 3 are ((··)·) and (·(··)). There are five n.a. words of length 4 drawn
in the following picture of C<({1, 2, 3, 4}; 1).
A n.a. word corresponds to the binary tree of subsets of points between
matching parentheses.

In particular, C<({1, 2, 3, 4}; 1) is the following well-known pentagon,
whose edges are labeled by the element of the corresponding τ \{{1, 2, 3, 4}}.

((··)(··))

(·(·(··)))(((··)·)·))

(·((··)·))((·(··))·)

{3, 4}{1, 2}

{2, 3, 4}{1, 2, 3}

{2, 3}
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As another example, the reader can recognize that C({1, 2, 3}; 2) is diffeo-
morphic to the product by S1 of the complement of two disjoint open discs
in the unit two-dimensional disk (or to the exterior of a 3-component Hopf
link in S3, made of three Hopf fibers).

5.2 Back to Configuration Space Integrals for Links

We can use these compactifications in order to study the configuration space
integrals defined in Sect. 4.2 as in [30]. Indeed, there is a natural embedding

i : C(L;Γ ) ↪→MU × (S3 = R3 ∪∞)T × C(U ∪ T ; 3) .

Define the compactification C(L;Γ ) of C(L;Γ ) as the closure of i(C(L;Γ ))
in this compact space. As before, the compactification can be provided with a
structure of a C∞ manifold with corners, with a stratification that will again
be given by trees recording the different relative collapses of points.4 Further-
more, since Ψ is defined on C(U∪T ; 3) as the projection on

∏
E C(E; 3) where

an edge E is seen as the pair of its endpoints ordered by the orientation, Ψ
extends to C(L;Γ ). This extension is smooth, and we have

I(L;Γ ) =
∫

C(L;Γ )

Ψ∗

(
E∧
ω

)

.

In particular, this shows the convergence of the integrals of Sect. 4.2. The
variation of I(L;Γ ) under a C∞ isotopy

L : M × I −→ R3

(m, t) �→ Lt(M)

is computed with the help of the Stokes theorem. Since Ψ∗(
∧E

ω) is a closed
form defined on ∪t∈IC(Lt;Γ ), the variation (I(L1;Γ )− I(L0;Γ )) is given by
the sum over the codimension one faces F (τ)(L;Γ ) of the

V (F (τ)(L;Γ )) =
∫

∪t∈IF (τ)(Lt;Γ )

Ψ∗

(
E∧
ω

)

.

The Altschuler-Freidel proof and the Thurston proof that Z0
CS provides a link

invariant now rely on a careful analysis of the codimension one faces, and of
the variations that they induce. See [1, 34, 30]. This analysis was successfully
started by Bott and Taubes [8]. It shows that the faces that indeed contribute
in the link case, where M =

∐k
i=1 S

1
i , are of four possible forms.

4 There are two main differences with the already studied case, due to the one-
manifold embedding L. First, the univalent vertices vary along L, and when they
approach each other, their direction that makes sense in the compactification
approaches the direction of the tangent vector to L at the point where they meet.
Second, there is a preferred observation scale namely the scale of the ambient
space where the embedding lies.
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1. Two trivalent vertices joined by an edge collide with each other.
2. Two univalent vertices consecutive on M collide with each other.
3. A univalent vertex and a trivalent vertex that are joined by an edge collide

with each other.
4. The anomalous faces where some connected component of the dashed

graph Γ collapses at one point.

The STU and IHX relation make the first three kinds of variations cancel.
Let us see roughly how it works for the first kind of faces. Such a face is
homeomorphic to the product of the sphere S2 by the configuration space
of the graph obtained from Γ by identifying the two colliding points (which
become a four-valent vertex), where S2 is the configuration space of the two
endpoints of the infinitely small edge. Let Γ1, Γ2 and Γ3 be three graphs
related by an IHX relation so that [Γ1] + [Γ2] + [Γ3] = 0. Let τi be the tree
made of U∪T and the visible edge of Γi. Then V (F (τi)(L;Γi)) is independent
of i. Therefore,

V (F (τ1)(L;Γ1))[Γ1] + V (F (τ2)(L;Γ2))[Γ2] + V (F (τ3)(L;Γ3))[Γ3] = 0 .

Thus, the sum5 of these variations plugged into the Chern-Simons series is
zero. The STU relation makes the variations of the second kind and the third
kind of faces cancel each other in a similar way.

For the anomalous faces, we do not have such a cancellation. But, we are
about to see that we have a formula like

∂

∂t

(
ZCS(Lt)

)
=

(
k∑

i=1

∂

∂t

I(Kt
i ; θ)
2

α�i

)

ZCS(Lt) . (1)

where α is the anomaly that is the constant of A(R) that is defined below,
and �i denotes the A(R)-module structure on A(

∐k
i=1 S

1
i ) by insertion on

the ith component. See Subsect. 3.3.

5.3 The Anomaly

Let us define the anomaly. Let v ∈ S2. Let Dv denote the linear map

Dv : R −→ R3

1 �→ v .

Let Γ be a Jacobi-diagram on R. Define C(Dv;Γ ) and Ψ as in Sect. 4.2. Let
Ĉ(Dv;Γ ) be the quotient of C(Dv;Γ ) by the translations parallel to Dv and
by the dilations. Then Ψ factors through Ĉ(Dv;Γ ) that has two dimensions
less. Now, allow v to run through S2 and define Ĉ(Γ ) as the total space of

5 To make this sketchy proof work and to avoid thinking of the (1/�AutΓ ) factor,
use Remark 4.1.
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the fibration over S2 where the fiber over v is Ĉ(Dv;Γ ). The map Ψ be-
comes a map between two smooth oriented manifolds of the same dimension.
Indeed, Ĉ(Γ ) carries a natural smooth structure and can be oriented as fol-
lows. Orient C(Dv;Γ ) as before, orient Ĉ(Dv;Γ ) so that C(Dv;Γ ) is locally
homeomorphic to the oriented product (translation vector (0, 0, z) of the ori-
ented line, ratio of homothety λ ∈]0,∞[) ×Ĉ(Dv;Γ ) and orient Ĉ(Γ ) with
the (base(= S2)⊕ fiber) convention6. Then we can again define

I(Γ ) =
∫

Ĉ(Γ )

Ψ∗

(
E∧
ω

)

.

Now, the anomaly is the following sum running over all connected Jacobi di-
agrams Γ on the oriented line (again without vertex-orientation and without
small loop):

α =
∑ I(Γ )

�AutΓ
[Γ ] ∈ A(R)

Its degree one part is

α1 =
[ ]

.

Then Formula 1 expresses the following facts. Let Γ be a connected dashed
graph on the circle S1

j . The set U = {u1, u2, . . . , uk} of its univalent vertices is
cyclically ordered, and the anomalous faces for Γ correspond to the different
total orders (which are visible at the scale of the collision) inducing the given
cyclic order. Assume that u1 < u2 < · · · < uk = u0 is one of them. Denote
the Jacobi diagram on R obtained by cutting the circle between ui−1 and ui

by Γi.
The anomalous face where Γ collapses with the total order induced

by Γi fibers over [0, 1] × S1. The fibration maps a limit configuration
c ∈ F (τ)(Lt;Γ ) to (t, z), where the collapse occurs at Kt

j(z). The fiber over
(t, z) is Ĉ(D(Kt

j)′(z);Γ ). In particular, the contribution of the collapse that
orders U like Γi to the variation (I(K1

j ;Γ )− I(K0
j ;Γ )) during a knot isotopy

((z, t) �→ Kt
j(z)) is proportional to the area covered by the unit derivative of

Kj on S2 during the isotopy, that is I(K1
j ;θ)−I(K0

j ;θ)

2 . More precisely, it is

I(K1
j ; θ)− I(K0

j ; θ)
2

I(Γi) .

Therefore, the contribution to the variation (I(K1
j ;Γ )−I(K0

j ;Γ ))

�Aut(Γ )
of the anom-

alous faces is
k∑

i=1

I(K1
j ; θ)− I(K0

j ; θ)
2�Aut(Γ )

I(Γi) .

6 This can be summarized by saying that the S2-coordinates replace (z, λ).
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The group of automorphisms of Γi is isomorphic to the subgroup Aut0(Γ ) of
Aut(Γ ) made of the automorphisms of Γ that fix U pointwise. The quotient
Aut(Γ )

Aut0(Γ )
is a subgroup of the cyclic group of the permutations of U that

preserve the cyclic order of U , of order k
p , for some integer p that divides

into k; and Γi is isomorphic to Γi+p, for any integer i ≤ (k − p). Thus, the

contribution to the variation (I(K1
j ;Γ )−I(K0

j ;Γ ))

�Aut(Γ )
of the anomalous faces is

p∑

i=1

I(K1
j ; θ)− I(K0

j ; θ)
2�Aut(Γi)

I(Γi) .

In general, one must multiply the infinitesimal variation due to the col-
lapse of one connected component of the dashed graph by the contributions
of the other connected components of the dashed graphs, and it is better to
use Remark 4.1 to avoid thinking of the number of automorphisms.

The integration of Formula 1 shows the Altschuler and Freidel formula:

ZCS(L) = exp
(
I(K1; θ)

2
α

)

�1 exp
(
I(K2; θ)

2
α

)

�2 . . .

exp
(
I(Kk; θ)

2
α

)

�kZ
0
CS(L)

with respect to the structures defined in Subsect. 3.3.

5.4 Universality of Z0
CS

In order to prove that Z0
CS is a universal Vassiliev invariant, it is enough to

compute its projection Z
0

CS,k(L) onto Ak(S1) when L is a singular link, that
is a singular immersion of M with n double points, and when k ≤ n.

To do this, fix n disjoint balls B(c) of radius 2 in R3 associated to the
double points c of L, fix an almost planar representative of L that intersects
each ball B(c) as a pair of orthogonal linear horizontal arcs α(c) and β(c)

crossing at the center of B(c) like c α(c)
β(c)

.

The desingularisation of L associated to a map f will be obtained from this
embedding by moving α(c) to one of the two following positions depending
on the value f(c) of the desingularisation f at c.

β(c)
α(c)

f(c) = +η

β(c)
α(c)

f(c) = −

η

The obtained embeddings L0(f, η) depend on the small parameter η that
is the diameter of the ball where α(c) has changed. But each of them will
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have integral Gauss integrals. Assume that the Gauss integrals of the positive
desingularisation (where f(c) = + for all c) of L vanish.

For every double point c that is a self-crossing of a component of L, cancel
the Gauss integral modification of L0(f, η) if f(c) = − by a modification of
α(c) in B(c) where

η

η
1

α(c)
becomes

η

η
1

α(c)
.

Let L(f, η) denote the obtained almost planar representative of the desingu-
larisation f of L. For any uni-trivalent diagram Γ on M , set

I(L(η);Γ ) =
∑

f :{1,2...,n}−→{+,−}
(−1)�f−1(−)I(L(f, η);Γ ) .

It is enough to prove that for any given ε > 0, and for any uni-trivalent
diagram Γ without isolated chord on M of degree ≤ n, there exists η such
that:
If Γ �= D(L), then |I(L(η);Γ )| < ε, and,
if Γ = D(L), then |I(L(η);Γ )− �Aut(Γ )| < ε.

Fix a double point c of L and a uni-trivalent diagram Γ on M . The con-
figurations of Γ that map no univalent vertices of Γ to α(c) will contribute in
the same way to the integral I(L(f, η);Γ ) corresponding to a desingularisa-
tion f and to the integral I(L(fc, η);Γ ) corresponding to a desingularisation
fc obtained from f by changing f(c) into (−f(c)). Therefore, they will not
contribute at all to I(L(η);Γ ). Thus, we shall only consider configurations
with at least one univalent vertex u(c) on each α(c).

Similarly, the contributions to I(L(η);Γ ) of the configurations where the
given neighborhood of a given double point c does not contain any other
vertex u2(c) in B(c) related by an edge to u(c) approach 0 when η approaches
0. Thus, we are left with the diagrams with at least 2 vertices u(c) and u2(c) in
every B(c), and with at most 2n vertices. They are diagrams with exactly two
vertices in each ball B(c). If some vertex u2(c) is trivalent, then considering
the value of (u2(c)−u(c)) rather than the R3-position parameter of u2(c), we
can conclude that I(L(η);Γ ) approaches 0 when η approaches 0. Thus, we are
left with the case where all the u2(c) are univalent and therefore Γ must be a
chord diagram with one chord between u(c) and u2(c) for every double point
c. Since we only consider diagrams without isolated chords, u2(c) must be on
β(c). Thus, we are left with the chord diagrams with one chord between α(c)
and β(c) for every double point c, that is by definition the chord diagram of
the singular link L.

The number of embeddings (up to isotopy within the neighborhoods of the
double points) of the vertices of this chord diagram Γ that respect the pairing
of the chords is the number of automorphisms of Γ , and the contribution
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to I(L(η);Γ ) of each isotopy class of such embeddings is the product over
the double points of the following algebraic areas. For each double point
c, the algebraic area is the difference between the algebraic area covered
by the directions of the segments from a point of α(c) to a point of β(c)
in the positive η-desingularisation of c minus the algebraic area covered by
the directions of the segments from a point of α(c) to a point of β(c) in the
negative η-desingularisation of c. It is not hard to see that this algebraic area
approaches one when η goes to zero. . . and to conclude this sketch of proof.

�

5.5 Rationality of Z0
CS

As it has been first noticed by Dylan Thurston in [34], Z0
CS is rational. This

means that for any integer n, and for any link L, the degree n part Z0
CS,n(L)

of Z0
CS(L) is in AQ

n (
∐k

i=1 S
1
i ) that is the quotient of the rational vector space

generated by the diagrams on
∐k

i=1 S
1
i by the STU relation. Indeed, if L is

almost horizontal, Z0
CS,n(L) may be interpreted as the following differential

degree.
Let en = 3n− 2 be a number of edges greater or equal than the number

of edges of degree n diagrams that might contribute with a non zero integral
to the Chern-Simons series. We wish to interpret Z0

CS,n(L) as the differential
degree of a map to

(
S2
)en . We first modify the configuration space C(L;Γ )

of a degree n diagram Γ whose set of edges is E(Γ ) by

Ĉ(L;Γ ) = C(L;Γ )×
(
S2
)en−�E(Γ )

.

Next, in order to be able to map it to
(
S2
)en , we label Γ , that is we orient

the edges of Γ and we define a bijection from E(Γ ) ∪ {1, 2, . . . , en − �E(Γ )}
to {1, 2, . . . , en}. This bijection transforms the map

Ψ × Identity
((
S2
)en−�E(Γ )

)
: Ĉ(L;Γ ) −→

(
S2
)E(Γ ) ×

(
S2
)en−�E(Γ )

into a map
Ψ̂ : Ĉ(L;Γ ) −→

(
S2
)en

whose oriented image is independent of a possible labelling of the vertices.
For a given degree n diagram Γ , there are 2�E(Γ )en!

�Aut(Γ )
labeled diagrams. Now,

Z0
CS,n(L) =

∑

Γ labeled diagram of degree n

1
2�E(Γ )en!

∫

Ĉ(L;Γ )

Ψ̂∗

(
en∧
ω

)

[Γ ]

Define the differential degree deg(Ψ, x) of Ψ over the formal union
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∪Γ labeled diagram of degree n
1

2�E(Γ )en!
[Γ ]Ĉ(L;Γ )

as follows for a regular7 point x ∈ (S2)en :

deg(Ψ, x) =
∑

Γ labeled diagram of degree n

1
2�E(Γ )en!

deg(Ψ|Ĉ(L;Γ ), x)[Γ ]

where deg(Ψ|Ĉ(L;Γ ), x) is a usual differential degree. Then D. Thurston proved
that deg(Ψ, x) does not vary across the images of the codimension one faces
of the Ĉ(L;Γ ). See also [30]. In other words, the above weighted union of
configuration spaces behaves as a closed 2en-dimensional manifold from the
point of view of the differential degree theory. In particular, ω can be replaced
by any volume form of S2 with total volume 1. Computing Z0

CS,n as the
degree of a generic point of

(
S2
)en shows that Z0

CS,n belongs to the lattice of
AQ

n (
∐k

i=1 S
1
i ) generated by the (en−�E(Γ ))!

2�E(Γ )en!
[Γ ], where the Γ ’s are the degree

n graphs that may produce a nonzero integral. This interpretation is more
convenient for computational purposes.

6 Diagrams and Lie Algebras. Questions
and Problems

In this section, we are going to show how a Lie algebra equipped with a
non-degenerate symmetric invariant bilinear form and some representation
induces a linear form on An(S1). In particular, such a datum allows one to
deduce numerical knot invariants from the Chern-Simons series by composi-
tion.

First of all, we recall the needed background about Lie algebras.

6.1 Lie Algebras

Definition 6.1. A (finite-dimensional) Lie algebra over R is a vector space
g over R of finite dimension equipped with a Lie bracket that is a bilinear
map denoted by [., .] : g × g → g that satisfies:
the antisymmetry relation:

∀x ∈ g, [x, x] = 0 (=⇒ ∀(x, y) ∈ g2, [x, y] = −[y, x])

and the Jacobi relation:

∀(x, y, z) ∈ g3, [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 .

7 Here, regular means regular with respect to all the Ψ|Ĉ(L;Γ ).
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Examples 6.2. 1. The vector space of the endomorphisms of RN , glN =
gl(RN ), equipped with the bracket

[., .] : glN × glN → glN
(x, y) �→ xy − yx

is a Lie algebra.
2. The vector space of the trace zero endomorphisms of RN , slN =

sl(RN ), equipped with the restriction of the above Lie bracket is a Lie sub-
algebra of glN .

Definition 6.3. A (finite-dimensional) representation of such a Lie algebra
g into a (finite-dimensional) R-vector space E is a Lie algebra morphism
ρ from g to gl(E), where a Lie algebra morphism is a R-linear map that
preserves the Lie bracket (ρ([x, y]) = [ρ(x), ρ(y)] def= ρ(x)ρ(y)− ρ(y)ρ(x)).

Examples 6.4. 1. The inclusion iN of slN into glN is called the standard
representation of slN into the vector space RN .
2. For any Lie algebra g, the morphism

ad : g −→ gl(g)
x �→ (ad(x) : y �→ ad(x)(y) = [x, y])

is a representation of g (thanks to the Jacobi identity) that is called the
adjoint representation of g.

Definition 6.5. A bilinear form β : g × g −→ R is said to be ad-invariant
or invariant if it satisfies

∀(x, y, z) ∈ g3, β([x, z], y) + β(x, [y, z]) = 0 .

Example 6.6. When a Lie algebra is equipped with a representation (E, ρ),
the associated bilinear form

β(ρ) : g × g −→ R

(x, y) �→ trace(ρ(x)ρ(y))

is a symmetric invariant bilinear form on g.

Definition 6.7. Let β : g× g −→ R be a non-degenerate symmetric bilinear
invariant form on a Lie algebra g. Then β induces the natural isomorphism
β̂ : g −→ g∗ that maps x to (β̂(x) : y �→ β(x, y)). The Casimir element Ωβ

of β is the inverse of β̂ viewed as an element of g ⊗ g with the help of the
following canonical identifications.

g ⊗ g ∼= (g∗)∗ ⊗ g ∼= Hom(g∗, g)
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Exercise 6.8. Under the hypotheses of the above definition, let (ei)i=1,...,n

and (e′i)i=1,...,n be two dual bases of g with respect to β that are two bases
such that β(ei, e

′
j) is the Kronecker symbol δij . Show that

Ωβ =
n∑

i=1

ei ⊗ e′i

Note that this shows that the right-hand side of the above equality is inde-
pendent of the choice of the two dual bases.

Proposition 6.9. Let (ei)i=1,...,N be a basis of RN , let (e∗i )i=1,...,N denote
its dual basis, and let eij be the element e∗j ⊗ ei of glN ∼= (RN )∗ ⊗RN . The
form βN of slN is non-degenerate,

ΩβN
=
∑

(i,j)∈{1,...,N}2

i�=j

eij ⊗ eji +
N∑

i=1



eii −
1
N

N∑

j=1

ejj



⊗



eii −
1
N

N∑

j=1

ejj





and

ΩβN
=

∑

(i,j)∈{1,...,N}2

eij ⊗ eji −
1
N

(
N∑

i=1

eii

)

⊗
(

N∑

i=1

eii

)

Proof: Let β be the form induced by the standard representation on glN
that is (x, y) �→ trace(xy). The form β is non-degenerate on glN because
the basis (eij)(i,j)∈{1,...,n}2 of glN is dual to the basis (eji). Furthermore,

β
(∑N

i=1 eii,
∑N

i=1 eii

)
= N �= 0. Thus, since slN is the orthogonal of

(∑N
i=1 eii

)
in glN , βN that is the restriction of the symmetric form β to

slN is non-degenerate. It is easy to check that the two proposed expressions
of ΩβN

are equal. The first one makes clear that our candidate belongs to
slN ⊗ slN . Now, it is enough to evaluate the second expression of our candi-
date viewed as an element of Hom(gl∗N , glN ) at the β̂(eji), j �= i and at the
β̂(eii− ejj) that are mapped to eji and (eii− ejj), respectively, as they must
be. �

6.2 More Spaces of Diagrams

We need to introduce more kinds of diagrams. Namely, we need to consider
diagrams with free univalent vertices labeled by a finite set A.

Definition 6.10. LetM be an oriented one-manifold and let A be a finite set.
A diagram Γ with support M ∪A is a finite uni-trivalent graph Γ such that
every connected component of Γ has at least one univalent vertex, equipped
with:
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1. a partition of the set U of univalent vertices of Γ also called legs of Γ into
two (possibly empty) subsets UM and UA,

2. a bijection f from UA to A,
3. an isotopy class of injections i of UM into the interior of M ,
4. an orientation of every trivalent vertex, that is a cyclic order on the set of

the three half-edges which meet at this vertex.

Such a diagram Γ is again represented by a planar immersion of Γ ∪
M where the univalent vertices of UM are located at their images under i,
the one-manifold M is represented by solid lines, whereas the diagram Γ is
dashed. The vertices are represented by big points. The local orientation of
a trivalent vertex is again represented by the counterclockwise order of the
three half-edges that meet at it.

Let Dn(M,A) denote the real vector space generated by the degree n
diagrams on M ∪ A, and let An(M,A) denote the quotient of Dn(M,A) by
the relations AS, STU and IHX.

6.3 Linear Forms on Spaces of Diagrams

Notation 6.11. Let g be a finite-dimensional Lie algebra equipped with a
finite-dimensional representation (E, ρ) and a non-degenerate bilinear sym-
metric invariant form β. For any oriented compact one-manifold M , the set
of the boundary points of M where the corresponding components start as
in is denoted by ∂M− whereas ∂M \ ∂M− is denoted by ∂M+. When A
is a finite set decomposed as the disjoint union of two subsets denoted by A+

and A−, and when M is an oriented compact one-manifold define

T (g, ρ, β)(M,A−
∐

A+) =
∂M−
⊗

E∗ ⊗
∂M+
⊗

E ⊗
A−
⊗

g∗ ⊗
A+
⊗

g

T (g, ρ, β)(M,A−∐A+) is the tensor product of �∂M− copies of E∗ indexed
by the elements of ∂M−, �∂M+ copies of E indexed by the elements of ∂M+,
and copies of g∗ and g indexed by the elements of A. In particular, when the
boundary of M is empty T (g, ρ, β)(M, ∅) = R.

Set

T (g, ρ, β)
(

∈ A([0, 1])
)

= Identity ∈ gl(E)
where gl(E) ∼= E∗ ⊗ E = T (g, ρ, β)([0, 1]) ,

T (g, ρ, β)
( x

∈ A([0, 1], {x}−)
)

= ρ ∈ Hom(g, gl(E))
where Hom(g, gl(E)) ∼= g∗ ⊗ E∗ ⊗ E = T (g, ρ, β)([0, 1], {x}−) ,

T (g, ρ, β)
(
x y ∈ A({x, y}+)

)
= Ωβ ∈ g ⊗ g

where g ⊗ g = T (g, ρ, β)({x, y}+) ,

T (g, ρ, β)
( x
y z ∈ A({x, y, z}−)

)
= β̂ ◦ [., .] ∈ Bil(gx × gy, g

∗
z)

where Bil(gx × gy, g
∗
z) ∼= (gx ⊗ gy)∗ ⊗ g∗z ∼= g∗x ⊗ g∗y ⊗ g∗z .
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Note that T (g, ρ, β)
(
x y

)
is symmetric with respect to the permuta-

tion of the two factors. Also note that T (g, ρ, β)
( x
y z

)
can be canonically

identified with the trilinear form

gx × gy × gz −→ R

(a, b, c) �→ β([a, b], c)

In particular, it is antisymmetric with respect to any transposition of two
factors g∗. Therefore, the above definitions make sense.

For any R-vector space E, recall the natural linear contraction map from
E∗ ⊗ E to R that maps f ⊗ e to f(e).

Theorem 6.12 (Bar-Natan [4]). Let g be a finite-dimensional Lie algebra
equipped with a finite-dimensional representation (E, ρ) and a non-degenerate
bilinear symmetric invariant form β. Then there exists a unique family of
linear maps

T (g, ρ, β) : An

(
M,A−

∐
A+
)
−→ T (g, ρ, β)

(
M,A−

∐
A+
)

for any n ∈ N, for any oriented compact one-manifold M , and for any finite
set A−∐A+ such that:
1. T (g, ρ, β) takes the above values at the four diagrams above.
2. For any (M,A−∐A+) as above, and for any x− ∈ ∂M−, and x+ ∈ ∂M+,
the following diagram commutes:

An(M,A−∐A+)
T (g, ρ, β)

T (g, ρ, β)(M,A−∐A+)

π∗

Contraction of
the factors of
x+ and x−

T (g, ρ, β)
An(M̃,A−∐A+) T (g, ρ, β)(M̃,A−∐A+)

where M̃ = M/(x+ ∼ x−) denotes the compact oriented one-manifold ob-
tained from M by identifying x+ and x−, π : M −→ M̃ is the associated
quotient map, and π∗ is the induced map on diagram spaces.
3. For any (M,A−∐A+) as above, and for any a− ∈ A−, and a+ ∈ A+, the
following diagram commutes:

An(M,A−∐A+)
T (g, ρ, β)

T (g, ρ, β)(M,A−∐A+)

ι
Contraction of
the factors of
a+ and a−

T (g, ρ, β)
An−1(M, Ã) T (g, ρ, β)(M, Ã)

where Ã = (A− \ {a−})
∐

(A+ \ {a+}) and the map ι consists in identifying
the two univalent vertices labeled by a+ and a−.
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Proof: We first define T = T (g, ρ, β) in a consistent way for diagrams,
and next, we show that it factors through the relations AS, IHX, and STU.

Except for the diagrams that have components like x y where x (by sym-
metry) belongs to the set labeled by −, any diagram can be decomposed into
finitely many pieces like the four pieces where T has already been defined.

The decomposition is unique when the number of is required to be min-
imal. Then the behaviour of T under gluings compels us to define T at any
diagram as the tensor obtained by contracting the elementary tensors asso-
ciated to the elementary pieces of such a decomposition, by the contractions
corresponding to the gluings. To complete the definition, set

T (g, ρ, β)
(
x y ∈ A({x, y}−)

)
= β ∈ g∗ ⊗ g∗

and

T (g, ρ, β)
(
x y ∈ A({x}−

∐
{y}+)
)

= (Identity : g → g) ∈ g∗ ⊗ g

Now, T is defined at any diagram.
When U , V and W are three R-vector spaces, if f ∈ Hom(U, V ) ∼= U∗⊗V

and g ∈ Hom(V,W ) ∼= V ∗⊗W , then the contraction of V ⊗V ∗ maps (f⊗g) ∈
U∗ ⊗ V ⊗ V ∗ ⊗W to g ◦ f . In particular, inserting trivial pieces like in
the decomposition of a diagram does not change the resulting tensor, and
the behaviour under the identification of boundary points is the desired one

for diagrams that do not contain exceptional components like x y . For
the other ones, it is enough to notice that a contraction of g∗ ⊗ g maps
the tensor product of the two symmetric tensors (Ωβ = β̂−1) ⊗ (β ∼= β̂) to
(Identity : g → g) ∈ g∗ ⊗ g that is mapped to the Identity map of g∗ by the
permutation of the factors. In fact, this just amounts to say that g and g∗

are always identified via β̂.
Now, T is consistently defined for diagrams. The antisymmetry relation

for trivalent vertices comes from the total antisymmetry of T
( x
y z

)
.

Let us show that T factors through STU. To do that, we view the values
of T at the three local parts of STU

x y

,

x y

and

x y

that are tensors in g∗x ⊗ g∗y ⊗ E∗ ⊗ E as three bilinear maps from gx × gy

to gl(E), that map (a, b) ∈ gx × gy to ρ([b, a]), ρ(b) ◦ ρ(a) and ρ(a) ◦ ρ(b),
respectively.

Thus, T factors through STU because the representation ρ represents.
By AS, the relation IHX can be redrawn as
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IHX : = −

and treated as a particular case of STU using the adjoint representation
instead of ρ. Thus, T factors through IHX because the adjoint representation
represents, and that is because of the Jacobi identity. �

Remark 6.13. We could slightly generalize the maps T by colouring every
component of the plain one-manifold with a different representation of g.
Everything works similarly. Here gluings must respect colours.

Examples 6.14. Let us fixN ∈ N\{0, 1}, and let us compute some examples
when g = slN , E = RN , ρ is the standard representation that is the inclusion
iN of slN into glN , and β = βN is the associated invariant form. Set TN =
T (slN , iN , βN ).

1. The contraction from gl(E) ∼= E∗ ⊗E to R is nothing but the trace of
endomorphisms. In particular,

TN ( ) = trace(Identity of RN ) = N

2. Consider the following diagram Γ11 ∈ A(↑) with only one chord.

Γ11 =
(
E∗ E

)

Let us compute TN (Γ11) viewed as an endomorphism of E. It is computed
from the Casimir

ΩβN
=

∑

(i,j)∈{1,...,N}2

eij ⊗ eji −
1
N

(
N∑

i=1

eii

)

⊗
(

N∑

i=1

eii

)

as

TN (Γ11) =
∑

(i,j)∈{1,...,N}2 eji ◦ eij − 1
N

(∑N
i=1 eii

)
◦
(∑N

i=1 eii

)

=
(
N − 1

N

)(
Identity =

∑N
i=1 eii

)
.

Thus, TN (Γ11) is nothing but the multiplication by the number (N2 − 1)/N .
3. Now, consider the following diagram Γ12 ∈ A(↑↑) with only one hori-

zontal chord between the two strands.

Γ12 =

(

E∗
1 E∗

2

E1 E2
)

Let us compute TN (Γ12) viewed as an endomorphism of (E1 = E)⊗(E2 = E).
It is computed from the Casimir ΩβN

as
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TN (Γ12)(ek ⊗ el) =
∑

(i,j)∈{1,...,N}2

eij(ek)⊗ eji(el)−
1
N

(ek ⊗ el)

Thus,

TN (Γ12)(ek ⊗ el) = el ⊗ ek −
1
N

(ek ⊗ el)

and, in general,

TN (Γ12) = τ − 1
N

Identity

where τ : E ⊗E −→ E ⊗E is the transposition of the two factors that maps
(x⊗ y) to (y ⊗ x). This can be written as

TN

( )

= TN

( )

− 1
N
TN

( )

and allows for a simple recursive computation of the evaluation of TN at
chord diagrams on disjoint union of circles by induction on the number of
chords starting with

TN

(

1 ∈ A
(

k∐
S1

))

= Nk .

4. Let ∧2(E) be the subspace of E ⊗ E generated by the antisymmetric
elements of the form (x⊗ y− y⊗x), and let S2(E) be the subspace of E⊗E
generated by the symmetric elements of the form (x ⊗ y + y ⊗ x). Since
x ⊗ y = 1

2 ((x ⊗ y − y ⊗ x) + (x ⊗ y + y ⊗ x)), E ⊗ E = ∧2(E) + S2(E).
Furthermore, the restriction of TN (Γ12) to S2(E) is the multiplication by
(1 − 1

N ) while the restriction of TN (Γ12) to ∧2(E) is the multiplication by
(−1− 1

N ). In particular, E⊗E = ∧2(E)⊕S2(E), and this decomposes E⊗E
into the two eigenspaces associated to the eigenvalues (1− 1

N ) and (−1− 1
N ).

Let Γn
12 denote the chord diagram with n horizontal chords between the two

strands in A(↑↑). Then TN (Γn
12) = (1− 1

N )npS2(E) + (−1− 1
N )np∧2(E), and

TN (Γn
12)(x⊗ y) = (N−1)n+(−N−1)n

2Nn (x⊗ y)

+ (N−1)n−(−N−1)n

2Nn (y ⊗ x)

Remark 6.15. We can construct an injection ∆ from An(S1) into An(S1)
as in [20] in order to be able to deduce linear forms on An(S1) from the above
linear forms by composition.

We first contruct the linear map δ̃ : Dn(S1) −→ An−1(S1) that maps a
chord diagram D with n chords to the sum (over these n chords) of the n
diagrams obtained by deleting one chord from D. This map factors through
An(S1). Let δ : An(S1) −→ An−1(S1) be the induced map. Then for any
(d, d′) ∈ A(S1)2, with the algebra structure of Subsect. 3.3,
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δ(dd′) = δ(d)d′ + dδ(d′) .

Now, define the linear map ∆̃ : A(S1) −→ A(S1) that maps an element
d of An(S1) to

∆̃(d) =
n∑

k=0

(−1)k

k!
θkδk(d) ∈ An(S1) .

Note that ∆̃ is a morphism of algebras that maps θ to 0. Therefore ∆̃ factors
through An(S1). Let ∆ be the induced map and let P : A(S1) −→ A(S1) be
the canonical projection. Since P ◦∆ is the identity, ∆ is an injection.

6.4 Questions

Question 1: Do real-valued finite type invariants distinguish knots?
Note that this question is equivalent to the following one. Does the Chern-

Simons series distinguish knots? The answer to this question is unknown.
Nevertheless, very interesting results obtained by Goussarov [12], Habiro [15]
and Stanford [33] present modifications on knots that do not change their
invariants of degree less than any given integer n and such that any two knots
with the same Vassiliev invariants of degree less than n can be obtained from
one another by a sequence of these explicit modifications.
Question 2: Relate the Chern-Simons series to other invariants.

There is another famous universal Vassiliev link invariant –that is a pos-
sibly different map Z that satisfies the conclusions of Theorem 2.26– that is
called the Kontsevich integral and will be denoted by ZK (see [4, 10, 23]).
The HOMFLY polynomial that is a generalization of the Jones polynomial
for links discovered shortly after independently by Hoste, Ocneanu, Millet,
Freyd, Lickorish, Yetter, Przytycki and Traczyk, can be expressed as a func-
tion of ZK as P = TN ◦ ZK where

TN

(
∑

n∈N

dn ∈ A(M)

)

=
∑

n∈N

λnTN (dn)

with the notation of Subsect. 6.3. See [23]. The Homfly polynomial belongs to
R[N ][[λ]]. The specialization of P at N = 2 is equal to the Jones polynomial.
Setting N = 0 and performing the change of variables t1/2 = exp(λ/2) yields
the famous Alexander-Conway polynomial discovered by Alexander in the
beginning of the twentieth century. Le and Murakami [25] proved that all
quantum invariants for knots can be obtained as the composition by ZK of
a linear map constructed as in Subsect. 6.3.

Is is conjectured but still unproved that the Kontsevich integral coincides
with the Chern-Simons series. Sylvain Poirier proved that if the anomaly
vanishes in degree greater than 6, then these two universal invariants coincide.
In [24], using results of Poirier, I give the form of an isomorphism of A that
transforms one invariant into the other.
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Let β = (βn)n∈N be an element of A(∅, {1, 2}) that is symmetric with
respect to the exchange of 1 and 2. (In fact, according to [35, Corollary 4.2],
all two-leg elements are symmetric with respect to this symmetry modulo the
standard AS and IHX relations. This is reproved as Lemma 7.18 below.) If
Γ is a chord diagram, then Ψ(β)(Γ ) is defined by replacing each chord by β.
By Lemma 7.16, Ψ(β) is a well-defined morphism of topological vector spaces
from A(M) to A(M) for any one-manifold M , and Ψ(β) is an isomorphism
as soon as β1 �= 0.

Theorem 6.16 ([24]). There exists

β = (βn)n∈N ∈ A(∅, {1, 2})

such that

– the anomaly α reads α = Ψ(β)
( )

,

– for any (zero-framed) link L, the Chern-Simons series Z0
CS(L) is equal to

Ψ(β)(ZK(L)).

Of course, the following question is still open.
Question 3: Compute the anomaly.

After the articles of Axelrod, Singer [2, 3], Bott and Cattaneo [6, 7, 9],
Greg Kuperberg and Dylan Thurston have constructed a universal finite type
invariant for 3-dimensional homology spheres in the sense of [22, 29] as a series
of configuration space integrals similar to Z0

CS , in [21]. Their construction
yields two natural questions:
Question 4: Find a surgery formula for the Kuperberg-Thurston invariant
in terms of the above Chern–Simons series.
Question 5: Compare the Kuperberg–Thurston invariant to the LMO invari-
ant constructed in [26].

7 Complements

7.1 Complements to Sect. 1

Remark 7.1. Definition 1.2 of isotopic embeddings is equivalent to the fol-
lowing one:
A link isotopy is a C∞ map

h :
k∐
S1 × I −→ R3

such that ht = h(., t) is an embedding for all t ∈ [0, 1]. Two embeddings f
and g as above are said to be isotopic if there is an isotopy h such that h0 = f
and h1 = g.
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The non-obvious implication of the equivalence comes from the isotopy
extension theorem [17, Theorem 1.3, p.180].

Exercise 7.2. (**) Prove that for any C∞ embedding f : S1 −→ R3, there
exists a continuous map h : S1 × I −→ R3 such that ht = h(., t) is a C∞

embedding for all t ∈ [0, 1], h0 is a representative of the trivial knot, and
h1 = f . (Hint: Put the complicated part of f in a box, and shrink it.)

Sketch of proof of Proposition 1.5: In fact, it could be justified with
the help of [17] that when the space of representatives of a given link is
equipped with a suitable topology, the representatives whose projection is
regular form a dense open subspace of this space. The reader can also com-
plete the following sketch of proof. A PL or piecewise linear link represen-
tative is an embedding of a finite family of polygons whose restrictions to
the polygon edges are linear. Such a PL representative can be smoothed by
replacing a neighbborhood of a vertex like by in the same plane. It
is a representative of our given link if the smooth representatives obtained
by smoothing close enough to the vertices are representatives of our link. A
planar linear projection of such a PL representative is regular if there are only
finitely many multiple points which are only double points without vertices
in their inverse image. Observe that an orthogonal projection of a generic PL
representative is regular if the direction of the kernel of the projection avoids:

I. the vector planes parallel to the planes containing one edge and one vertex
outside that edge.

II. the directions of the lines that meet the interiors of 3 distinct edges.

Fix a triple of pairwise non coplanar edges. Then for every point in the third
edge there is at most one line intersecting this point and the two other edges.
One can even see that the set of directions of lines intersecting these three
edges is a dimension one compact submanifold of the projective plane RP 2

parametrized by subintervals of this third edge. Thus, the set of allowed
oriented directions for the kernel of the projection is the complement of a
finite number of one-dimensional submanifolds of the sphere S2. Therefore
it is an open dense subset in S2 according to a weak version of the Morse-
Sard theorem [17, Proposition 1.2, p.69] or [28, p.16]. Note that changing
the direction of the projection amounts to composing the embedding by a
rotation of SO(3). Now, it is easy to smooth the projection, and to get a
smooth representative whose projection is regular. �
Lack of proof of the Reidemeister theorem 1.7: It could be proved
by studying the topology of the space of representatives of a given link, that
a generic path between two representatives whose projections are regular in
this space (i.e. a generic isotopy) only meets a finite number of times three
walls made of singular representatives. The first wall that leads to the first
Reidemeister move is made of the representatives that have one vertical tan-
gent vector (and nothing else prevents their projections from being regular).
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The second wall that leads to the second move is made of embeddings whose
projections have one non-transverse double point while the third wall (that
leads to RIII) is made of embeddings whose projections have one triple point.

�

Remark 7.3. The unproved Reidemeister theorem is not needed in Sects. 2
to 6 of the course. Nevertheless, the following exercise can help understanding
a proof idea of the Reidemeister theorem.

Exercise 7.4. (**) Say that a PL representative of a link is generic if its
only pairs of coplanar edges are the pairs of edges that share one vertex.
Consider a generic piecewise linear link representative. Prove that for any
pair (ρ, σ) ∈ SO(3)2 such that π ◦ρ ◦ f and π ◦σ ◦ f are regular, (smoothings
of) π ◦ ρ ◦ f and π ◦ σ ◦ f are related by a finite sequence of Reidemeister
moves.

Elementary proof of Proposition 1.10: Number the components of
the link from 1 to m. Choose an open arc of every component Ki of the link
whose projection does not meet any crossing, and choose two distinct points
bi and ai on this oriented arc so that ai follows bi on this arc. Then change
the crossings in your link diagram if necessary so that:

1. If i < j, Ki crosses Kj under Kj .
2. When we follow the componentKi from ai to bi, we meet the lowest preim-

age of the crossing before meeting the corresponding highest preimage.

After these (possible) modifications, we get a diagram of a (usually different)
link that is represented by an embedding whose first two coordinates can be
read on the projection and whose third coordinate is given by a real-valued
height function h that can be chosen so that h(ai) = 2i, h(bi) = 2i + 1,
and h is strictly increasing from ai to bi and strictly decreasing from bi to
ai. (This is consistent with the above assumptions on the crossings.) Then
the obtained link is a disjoint union of components (separated by horizontal
planes) that have at most two points at each height and that can therefore
not be knotted. �

Definition 7.5. The disjoint union K1

∐
K2 of two knots K1 and K2 is

represented by two representatives of the knots sitting in two disjoint balls
of the ambient space. The disjoint union of two regular projections of K1

and K2 – where the two projections lie in disjoint disks of the plane R2 –
is a regular projection of K1

∐
K2. The local change in such a projection of

K1

∐
K2:

K1

K2

becomes K1�K2 K1�K2
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transforms K1

∐
K2 into the connected sum K1�K2 of K1 and K2. The con-

nected sum of knots is a commutative well-defined operation. (Prove it as
an exercise!) A knot is said to be prime if it cannot be written as a con-
nected sum of two non-trivial knots. Modulo commutativity, every knot can
be expressed in a unique way as the connected sum of a finite number of
prime knots. (See [27, Theorem 2.12]. ) Let K be a knot represented by an
embedding f from S1 into R3. The reverse −K of K is the knot represented
by the embedding f ◦ conj where conj is the complex conjugation acting on
the unit circle S1 of the complex plane. The mirror image K of K is the
knot represented by the embedding σ ◦ f where σ is the reflection of R3 such
that σ(x, y, z) = (x, y,−z). If K is presented by a diagram D, K is presented
by the mirror image D of D that is obtained from D by changing all its
crossings.

Examples 7.6. The two trefoil knots are mirror images of each other. The
figure-eight knot is its own mirror image. (You have surely proved it when
solving Exercise 1.8!) There are knots which are not equivalent to their re-
verses, like the eight-crossing knot 817 in [27, Table 1.1, p.5]. Here is a picture
of the connected sum of the figure-eight knot and the right-handed trefoil
knot.

The connected sum of the figure-eight knot and the right-handed trefoil knot

A table of prime knots with at most 9 crossings is given in [32]. In this
table, knots are not distinguished from their reverses and their mirror images.
According to Thistlethwaithe, with the same conventions, the table of prime
knots with 15 crossings contains 253293 items [27, Table 1.2, p.6].

Remark 7.7. Every knot bounds an oriented8 embedded surface in R3. See
[32, p.120] or [27, Theorem 2.2]. Such a surface is called a Seifert surface of
the knot. The linking number of two knots could be defined as the algebraic
intersection number of a knot with a Seifert surface of the other one. . . and
there are lots of other definitions like the original Gauss definition that is
given in Sect. 4.1.

Examples 7.8. There are numerical knot invariants that are easy to define
but difficult to compute like:

• the minimal number of crossings m(L) in a projection,

8 Boundaries are always oriented with the “outward normal first” convention.
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• the unknotting number of a knot that is the minimal number of crossing
changes to be performed in R3 to unknot the knot (i.e. to make it equivalent
to the trivial knot),

• the genus of a knot that is the minimal genus of an oriented embedded
surface bounded by the knot.

An invariant is said to be complete if it is injective. The knot itself is a
complete invariant. There are invariants coming from algebraic topology like
the fundamental group of the complement of the link. A tubular neighborhood
of a knot is a solid torus S1×D2 embedded in R3 such that its core S1×{0} is
(a representative of) the knot. (See [17, Theorem 5.2, p.110] for the existence
of tubular neighborhoods.) A meridian of a knot is the boundary of a small
disk that intersects the knot once transversally and positively. A longitude of
the knot is a curve on the boundary of a tubular neighborhood of the knot
that is parallel to the knot. Up to isotopy of the pair (knot, longitude), the
longitudes of a knot are classified by their linking number with the knot.
The preferred longitude of a knot is the one such that its linking number with
the knot is zero. According to a theorem of Waldhausen [36], the fundamental
group equipped with two elements that represent the oriented meridian of
the knot and the preferred longitude is a complete invariant of the knot. (See
also [16, Chap. 13]). According to a more recent difficult theorem of Gordon
and Luecke [13], the knot complement , that is the compact 3-manifold that
is the closure of the complement of a knot tubular neighborhood (viewed
up to orientation-preserving homeomorphism), determines the knot up to
orientation. Nevertheless, these meaningful invariants are hard to manipulate.

Exercise 7.9. The segments of a link diagram are the connected components
of the link diagram that are segments between two undercrossings where the
diagram is broken. An admissible 3-colouring of a link diagram is a function
from the set of segments of a diagram to the three-element set {Blue, Red,
Yellow} such that, for any crossing, the image of the set of (usually three)
segments that meet at the crossing contains either one or three elements
(exactly). Prove that the number of admissible 3-colourings is a link invariant.
Use this invariant number to distinguish the trefoil knots from the figure-eight
knot, and the Borromean link from the trivial 3-component link. (In fact the
admissible 3-colourings of a link are in one-to-one correspondence with the
representations of the fundamental group of the link complement to the group
of permutations of 3 elements that map the link meridians to transpositions.)

The following additional properties of the Jones polynomial are not hard
to check.

Proposition 7.10. The Jones polynomial V satisfies the additional proper-
ties:

3. For any link L,
V (L)(t) = V (L)(t−1) .
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4. For any two links L1 and L2,

V
(
L1

∐
L2

)
= −(t1/2 + t−1/2)V (L1)V (L2) .

5. For any two knots K1 and K2,

V (K1�K2) = V (K1)V (K2) .

7.2 An Application of the Jones Polynomial
to Alternating Knots

Definition 7.11. A link diagram is said to be alternating if the over-
crossings and the under-crossings alternate as one travels along the link
components. In this Subsect. 7.2, a connected link diagram is a diagram
whose underlying knot projection is connected. In a connected link diagram,
a crossing is said to be separating if one of the two transformations of the
link diagram “ becomes ” or “ becomes ” makes the diagram dis-
connected, or, equivalently, if the transformation “ becomes ” makes
the diagram disconnected.

The Jones polynomial allowed Kauffman and Murasugi to prove the fol-
lowing theorem in 1988, independently. This answered a Tait conjecture of
1898.

Theorem 7.12 (Kauffman-Murasugi, 1988). When a knot K has a con-
nected alternating diagram without separating crossing with c crossings, then
c is the minimal number of crossings m(K) of K.

This theorem is a direct consequence of Proposition 7.14 about the prop-
erties of the breadth of the Jones polynomial.

Definition 7.13. The breadth B(P ) of a Laurent polynomial P is the differ-
ence between the maximal degree and the minimal degree occurring in the
polynomial.

Proposition 7.14. When a link L has a connected diagram with c cross-
ings, then B(V (L)) ≤ c. When a link L has a connected alternating diagram
without separating crossing with c crossings, then B(V (L)) = c.

The proof of this proposition will also yield the following obstruction for
a link to have a connected alternating diagram without separating crossing.

Proposition 7.15. When a link L has a connected alternating diagram with-
out separating crossing, the coefficients of the terms of extremal degrees in
its Jones polynomial V (L) are ±1. Furthermore, the product of these two
coefficients is (−1)B(V (L)).
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In particular, this obstruction shows that the eight-crossing knot 821 has
no connected alternating diagram without separating crossing. See [27, Table
1.1, p.5; Table 3.1, p.27].

Proof of Propositions 7.14 and 7.15: Let L be a link, and let D be one
of its diagrams with c crossings. Observe that

B(V (L)) =
B(< D >)

4

We will refer to the construction of the Kauffman bracket at the beginning of
Subsect. 1.3. Let C(D) denote the set of crossings of D. Let fL : C(D) −→
{L,R} be the constant map that maps every crossing to L, and let fR :
C(D) −→ {L,R} be the constant map that maps every crossing to R. Set
nL = n(DfL) and nR = n(DfR). We shall prove:

(i) B(< D >) ≤ 2c+ 2nL + 2nR − 4
(ii) The above inequality is an equality when D is a connected alternating

diagram without separating crossing.
(iii) If D is a connected alternating diagram, then nL + nR − 2 = c.
(iv) If D is a connected diagram, then nL + nR − 2 ≤ c.

It is clear that these four properties imply Proposition 7.14. Let us prove
these properties.

A map f from C(D) to {L,R} gives rise to the term

A(�f−1(L)−�f−1(R))δ(n(Df )−1)

in < D >. This summand is a polynomial in A and A−1

whose highest degree term is (−1)(n(Df )−1)Ah(f) with

h(f) = �f−1(L)− �f−1(R) + 2(n(Df )− 1)

and whose lowest degree term is (−1)(n(Df )−1)A�(f) with

�(f) = �f−1(L)− �f−1(R)− 2(n(Df )− 1) .

Observe that h(fL) = c+ 2nL − 2 and that �(fR) = −c− 2nR + 2.
Therefore, in order to prove (i), it is enough to show that for any map f

from C(D) to {L,R}, we have

h(f) ≤ h(fL) and �(f) ≥ �(fR)

Notice that if f and g are two maps from C(D) to {L,R} that coincide at
every crossing but one, then n(Df ) = n(Dg)± 1. This property allows us to
prove h(f) ≤ h(fL) for all f by induction on �f−1(R). Indeed, changing a
value L of a map f into the value R removes 2 from (�f−1(L) − �f−1(R))
whereas 2(n(Df )−1) cannot increase by more than 2 by the above property.
Thus, for all f , h(f) ≤ h(fL). Similarly, �(f) ≥ �(fR) and (i) is proved.
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We prove (ii) and Proposition 7.15 for a connected alternating diagram D
without separating crossing with c crossings. In view of the above arguments
(and by definition of the Jones polynomial for Proposition 7.15), it is enough
to prove that for any non constant map f from C(D) to {L,R}, we have

h(f) < h(fL) and �(f) > �(fR) .

We consider the underlying projection of D in the one-point compactifica-
tion of the plane R2 that is the sphere S2. The faces of the diagram D will be
the connected components of S2 \D. Since D is connected, these components
have only one boundary component. Therefore they are topological disks.
The alternating nature of D allows us to push each connected component of
DfL or DfR inside one face as the following picture shows:

DfL DfR

This pushing defines a one-to-one correspondence between the faces of
D and the connected components of DfL

∐
DfR . Choose a crossing x of

D. Since x is not separating, the two parts of DfL near x bound distinct
faces of D, and thus they belong to different components of DfL . Therefore,
changing the value of fL at x into R, changes DfL into a diagram Df such
that n(Df ) = nL−1, where f maps (C(D) \ x) to L and x to R. Thus, h(f) <
h(fL) for all the maps f such that �f−1(R) = 1, and for all the maps such
that �f−1(R) > 0 by induction on �f−1(R). Similarly, �(f) > �(fR) for all
the maps f different from fR. Thus (ii) and the first part of Proposition 7.15
are proved. The second part of 7.15 is a consequence of the above arguments
and (iii) below.

(iii) is obtained by computing the Euler characteristic of the sphere as the
number (nL + nR) of faces of D plus the number (c) of crossings of D minus
the number (2c) of edges of the projection –that contain exactly two crossings
which are at their extremities–. (It could also be proved by induction on c.)

We prove (iv). Let D be a connected diagram with c crossings. We want
to prove:

nL + nR − 2 ≤ c

by induction on c. This is true for the only connected diagram without cross-
ing that is the diagram of the unknot. Let D be a connected diagram with
c ≥ 1 crossings. Let x be one of its crossings, and let D′ be the diagram
obtained from D by removing x in the left-handed way.

If D′ is connected, then n(DfL) = n(D′
f ′L) while D′

f ′R is equal to Df

where f maps C(D) \ x to R and x to L, thus n(DfR) = n(D′
f ′R) ± 1.

Therefore, the inequality that is true for the diagram D′ that has (c − 1)
crossings, by induction hypothesis, implies that the inequality holds for D.
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If D′ is not connected, then the diagram D
′
obtained from the mirror im-

age D of D by removing x in the left-handed way is connected, the inequality
holds for D by the above argument, therefore it is true for D. �

7.3 Complements to Sect. 2

Diagrammatic proof of Lemma 2.17: Though the first assertion is very
easy, we prove it because its proof is the beginning of the proof of the sec-
ond assertion. Let d be an n-chord diagram on S1. Put 4n cutting points,
numbered from 1 to 4n along S1, on the support S1 of d, one near each ex-
tremity of the 2n intervals separated by the vertices, so that 2i−1 and 2i are
on the same interval. Next embed the neighborhoods of the n double points,
bounded by the 4n cutting points, into n fixed disjoint disks in R2 = R2×{0}
so that the cutting points lie on the boundaries of these disks. Choose n dis-
joint 3-dimensional balls that intersect R2 along these n disks. Let C be the
closure of the complement of these n fixed balls in R3.

Then, in order to construct our first representative K0 of d, it is enough
to notice that we have enough room to embed the remaining 2n intervals of
S1 (the [2i− 1, 2i]) into C. Next, the proof could be “concluded” as follows:
Let K be another representative of d. After an isotopy, we may assume that
K intersects our n balls like K0 does. Then, since π1(C) is trivial, there is a
boundary-fixing homotopy in C that maps the remaining 2n intervals forK to
the remaining 2n intervals for K0. Such a homotopy may be approximated
by a finite sequence of (isotopies and) crossing changes, and we are done.
However, we will again give a planar elementary proof.

We may demand that the orthogonal projection π of K0 is regular and
that the projections of the intervals ]2i−1, 2i[ are embeddings that avoid the
fixed neighborhoods of the double points, and that the interval ]2i− 1, 2i[ is
under ]2j−1, 2j[ if i < j. The projections of these three steps are represented
in the following example:

1

2
34

5

6
7 8

→
1

2 4 53
6

7

8

→
1

2 3 54
6

7

8

Let K be another representative of d. After an isotopy, we may assume
that K intersects our n balls like K0 does and that the projection of K is
regular and avoids the fixed neighborhoods of the double points. After some
crossing changes, we may assume that ]1, 2[ is above the other ]2i− 1, 2i[, we
may unknot it as in the proof of Proposition 1.10 and we may assume that
its projection coincides with the restriction of the projection of K0. Do the
same for ]3, 4[: put it above everything else, unknot it, and make its projection
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coincide with the corresponding one for K0, then for ]5, 6[,. . . , and finish with
]4n− 1, 4n[. �

7.4 Complements to Subsect. 6.4

Let β be an element of A(∅, {1, 2}). Let Γ be a diagram with support M as
in Definition 3.1. We define Ψ(β)(Γ ) to be the element of A(M) obtained by
inserting β d times on each degree d component of Γ (where a component of
Γ is a connected component of the dashed graph).

Lemma 7.16. Ψ(β)(Γ ) does not depend on the choice of the insertion loci.

Proof: It is enough to prove that moving β from an edge of Γ to another
one does not change the resulting element of A(M), when the two edges share
some vertex v. Since this move amounts to slide v through β, it suffices to
prove that sliding a vertex from some leg of a two leg-diagram to the other
one does not change the diagram modulo AS, IHX and STU, this is a direct
consequence of Lemma 3.4 when the piece of diagram inside D is β. �

It is now easy to check that Ψ(β) is compatible with the relations IHX,
STU and AS. This allows us to define continuous vector space endomorphisms
Ψ(β) of the A(M) such that, for any diagram Γ :

Ψ(β)([Γ ]) = Ψ(β)(Γ ) .

Say that (dn)n∈N ∈ A(M) is of filtration at least d if dk = 0 for any
k < d.

Ψ(β) satisfies the following properties:

Lemma 7.17. 1. Ψ(β) is compatible with the products of Subsect. 3.3. (Ψ(β)
(xy) = Ψ(β)(x)Ψ(β)(y).)

2. If β1 �= 0, Ψ(β) is an isomorphism of topological vector spaces such that
Ψ(β) and Ψ(β)−1 map elements of filtration at least d to elements of fil-
tration at least d.

Proof: The first property is obvious. For the second one, first note that β1 =
b1 for some non zero number b1. Thus, for x =

∑∞
i=d xi, Ψ(β)(x)− (bd1xd)

is of filtration at least d+ 1. This shows that Ψ(β) is injective and allows us
to construct a preimage for any element by induction on the degree, proving
that Ψ is onto. �

Lemma 7.18 (Vogel). Elements of A(∅, {1, 2}) are symmetric with respect
to the exchange of 1 and 2.

Proof: Since a chord is obviously symmetric, we can restrict ourselves to a
two-leg diagram with at least one trivalent vertex and whose two univalent
vertices are respectively numbered by 1 and 2. We draw it as
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1 2

where the dashed trivalent part inside the thick topological circle is not rep-
resented. Applying Lemma 3.4 where the annulus is a neighborhood of the
thick topological circle that contains the pictured trivalent vertex shows that
this diagram is equivalent to

1 2

This yields the relations

1 2 = 1 2 =
1

2

= 2 1 = 2 1

�
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Summary. I give an introduction to Euclidean quantum field theory from the
point of view of statistical physics, with emphasis both on Feynman graphs and
on the Wilson-Polchinski approach to renormalisation. In the second part I discuss
attempts to renormalise quantum field theories on noncommutative spaces.

1 From Classical Actions
to Lattice Quantum Field Theory

1.1 Introduction

Ignoring gravity, space-time is described by Minkowski space given by the
metric gµν = diag(1,−1,−1,−1). In particular, time plays a very different
rôle than space. Looking at a classical field theory modelled on Minkowski
space, the resulting field equations are hyperbolic ones. The formulation of
the associated quantum field theory requires a sophisticated mathematical
machinery. The classical reference is [1]. A comprehensive treatment can be
found in [2].

From our point of view, it is much easier for a beginner to first study
quantum field theory in Euclidean space E4 given by the metric gµν = δµν =
diag(1, 1, 1, 1). Euclidean quantum field theory is more than just a bad trick.
It has a physical interpretation as a spin system treated in the language
of statistical mechanics [3, 4]. Applications to physical models are treated
in [5]. There are rigorous theorems which under certain conditions allow to
translate quantities computed within Euclidean quantum field theory to the
Minkowskian version [6]. Eventually, from a practical point of view, computa-
tions of phenomenological relevance are almost exclusively performed in the
Euclidean situation, making use of the possibility to translate them into the
Minkowskian world. Our presentation of the subject is inspired by [7].

1.2 Classical Action Functionals

The starting point for both classical and quantum field theories are action
functionals. We ignore topological questions and regard all fields as smooth
(and integrable) functions on the Euclidean space E4. The most important
action functionals are the following ones.

R. Wulkenhaar: Euclidean Quantum Field Theory on Commutative and Noncommutative
Spaces, Lect. Notes Phys. 668, 59–100 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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– The real scalar field φ:

S[φ] =
∫

d4x

(
1
2
∂µφ∂

µφ+
1
2
m2φ2 +

λ

4!
φ4

)

. (1)

Here, m is the mass and λ the coupling constant. We use ∂µ := ∂
∂xµ and

raise or lower indices with the metric tensor gµν = δµν or gµν = δµν , such
as in ∂µ = gµν∂ν . Summation over the same upper and lower greek index
from 1 to 4 is self-understood (Einstein’s sum convention).

– The Maxwell action for the electromagnetic field A = {Aµ}µ=1,...,4 (the
photon):

S[A] =
∫

d4x
1

4g2
FµνF

µν , Fµν := ∂µAν − ∂νAµ , (2)

where g is the electron charge. That action is invariant under a gauge
transformation Aµ �→ Aµ + ∂µf for any smooth function f .

– The Dirac action for a spinor field (electron) ψ coupled to the electromag-
netic field:

S[ψ,A] =
∫

d4x 〈ψ, iγµ(∂µ − iAµ)ψ〉 . (3)

We regard the electron pointwise as ψ(x) ∈ C4 to be multiplied by the
traceless (4 × 4)-matrices γµ which satisfy γµγν + γνγµ = 2gµν14×4. By
〈 , 〉 we understand the scalar product in C4.

– There are matrix versions iAµ(x) ∈ su(n) (gluon field) with Fµν := ∂µAν−
∂νAµ− i[Aµ, Aν ] of (2) where additionally the matrix trace must be taken.
There is also a corresponding su(n)-generalisation of (3).

The importance of action functionals in classical field theory is that they
give rise to the equations of motion: A field configuration which satisfies the
equation of motion minimases the action functional (Hamilton’s principle).
For example, to get the equation of motion for the electromagnetic field we
vary (2) with respect to A and put the variation to zero:

0 = lim
ε→0

1
ε

(
S[A+ εÃ]− S[A]

)
=
∫

d4x
1
g2
∂µÃν F

µν . (4)

If Ã vanishes at infinity we can integrate (4) by parts and obtain, because
the variation is zero for any Ã, the Euclidean version of Maxwell’s equation
in the vacuum ∂µF

µν = 0.

1.3 A Reminder of Thermodynamics

The partition function is for the action what the free energy is for a thermo-
dynamical system. Let us consider a system characterised by discrete energy
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levels Ei. Since the energy is bounded from below, there will be a ground
state E0 with Ei ≥ E0, with equality for i = 0 only (we assume the ground
state to be non-degenerate). At zero temperature T = 0 and in thermody-
namical equilibrium the system will be found with an probability p0 = 1 in
the ground state. At a temperature T > 0, however, there is due to ther-
mal fluctuations some non-vanishing probability pi to find the system in the
energy state Ei. The probability distribution is governed by the entropy1

Σ(p) := −
∑

i

pi ln pi (5)

and the requirement that the free energy

FE(p) :=
∑

i

piEi − kBTΣ(p) (6)

is minimal in the thermodynamical equilibrium. Here, kB denotes Boltz-
mann’s constant. The probability distribution pmin which minimises (6) is
used to compute expectation values in thermodynamic equilibrium, such as
the average energy U =

∑
i p

min
i Ei > E0.

1.4 The Partition Function for Discrete Actions

Whereas a thermodynamical system is described by its energy levels, a field
theory is governed by its action. There is a striking similarity between the
energy in thermodynamics and the action in field theory in the sense that
the classical configuration is given by the minimum of the energy and the
action, respectively. In the same way as the entropy term leads to thermal
fluctuations away from the classical configuration if the reference energy kBT
is different from zero, we should expect quantum fluctuations away from
the classical field configuration if a reference action � is different from zero.
Assuming for the moment that in the field theory only discrete actions Si ≥
S0 are realised, we expect the quantum state to be given by the probability
distribution {pi} which minimises the “free action”

FS(p) :=
∑

i

piSi − �Σ(p) . (7)

The entropy is given by (5). In the classical case � = 0, the principle of min-
imising FS(p) reduces to Hamilton’s principle of the minimal action, because
minp FS(p) = S0 with pi = δi0.

We are going to compute the minimising probability distribution {pi} for
� > 0. For this purpose let us consider for two probability distributions {pi}
and {πi} with

∑
i pi =
∑

i πi = 1 the relative entropy

1 We avoid the standard symbol S for the entropy because S already denotes the
action.
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Σ(p|π) := −
∑

i

pi ln
pi

πi
. (8)

One has2 Σ(p|π) ≤ 0 with equality only for pi = πi. Let us consider

πi = Z−1e−
Si
� , Z =

∑

i

e−
Si
� . (9)

We get

FS(p) =
∑

i

piSi + �
∑

i

pi ln pi = −�Σ(p|π)− � lnZ ≥ −� lnZ , (10)

with equality for pi = πi only. Thus, the probability distribution {pmin
i }

which minimises (7) is the distribution (9) and the minimum is given by
FS(pmin) = −� lnZ.

Taking more and more states with decreasing difference we achieve in the
limit a continuous probability density p(i) ≥ 0 with

∫
di p(i) = 1 for the

action S(i). In this way we get for the free action

FS(p) =
∫

di p(i)S(i)− �Σ(p) ≥ FS(pmin) = −� lnZ ,

Σ(p) = −
∫

di p(i) ln p(i) ,

pmin(i) = Z−1e−
S(i)

� , Z =
∫

di e−
S(i)

� . (11)

We first get i ∈ R+ but rearranging the indices we can also achieve i ∈ Rn.
It is tempting now to identify the index i in (11) with the field φ in

(1). Such an identification requires φ ∈ Rn, which we achieve by a lattice
approximation to (1).

1.5 Field Theory on the Lattice

The following steps bring us from Euclidean space to a finite lattice. We first
pass to the 4-torus by imposing periodic boundary conditions on the field,
φ(x1, x2, x3, x4) = φ(x1 + L, x2, x3, x4) = · · · = φ(x1, x2, x3, x4 + L).
Next we restrict the 4-torus to the sublattice with equidistant spacing a =
L/N . This lattice has N4 points. If the field varies slowly, we can approximate

2 In order to prove (8) we consider the convex function f(u) = u ln u. As such,
f(
∑

i πiui) ≤
∑

i πif(ui). [Write π1 = α1, πj =
∏j−1

i=1 (1−αi)αj for 2 ≤ j ≤ n and
πn =
∏n−1

i=1 (1−αi), with 0 ≤ αi ≤ 1, and use the definition of convexity f(αu1 +
(1−α)u2) ≤ αf(u1)+(1−α)f(u2).] Taking ui = pi/πi we get with

∑
i pi = 1 and

f(1) = 0 the desired inequality S(p|π) ≤ 0. To obtain f(
∑

i πiui) =
∑

πif(ui)
we need ui = const, i.e. pi = πi due to the normalisation

∑
i pi =
∑

i πi = 1.
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it by its values φq at these lattice points q ∈ Z4
N . The partial derivative is

approximated by the difference quotient

(∂µφ)(x) �→ 1
a
(δµφ)q :=

1
a

(
φq+eµ

− φq

)
, (12)

where q+ eµ denotes the neighboured lattice point of q in the µth coordinate
direction. Now the action (1) can be approximated by

S[φ] = a4
∑

q∈Z
4
N

(
1
2
a−2(δµφ)q(δµφ)q +

1
2
m2φ2

q +
λ

4!
φ4

q

)

. (13)

Introducing dimensionless fields and masses φ̃q := aφq and m̃ := am (the
coupling constant λ = λ̃ is already dimensionless), we obtain for the action

S[φ̃] =
∑

q∈Z
4
N

(
1
2
(δµφ̃)q(δµφ̃)q +

1
2
m̃2φ̃2

q +
λ̃

4!
φ̃4

q

)

. (14)

We thus have φ̃ ∈ RN4
with components φ̃q ∈ R, for q = 1, . . . , N4. We

can now write the free action and its minimising probability distribution as
follows:

FS [pmin] =
∫

RN4
dφ̃ pmin(φ̃)S[φ̃]− �Σ(pmin) = −� lnZ , (15)

where dφ̃ =
∏N4

q=1 dφ̃q and

Σ(pmin) = −
∫

RN4
dφ̃ pmin(φ̃) ln pmin(φ̃) , (16)

pmin(φ̃) = Z−1e−S[φ̃]/� , Z =
∫

RN4
dφ̃ e−S[φ̃]/� . (17)

The interesting quantities in quantum field theory are the expectation
values of products of fields at n points q1, . . . , qn in quantum mechanical
equilibrium:

〈φ̃q1 . . . φ̃qn
〉 :=
∫

RN4
dφ̃ pmin(φ̃) φ̃q1 · · · φ̃qn

=

∫

RN4
dφ̃ φ̃q1 · · · φ̃qn

e−S[φ̃]/�

∫

RN4
dφ̃ e−S[φ̃]/�

.

(18)

These expectation values can also be regarded as the correlation functions
between the n fields at lattice sites q1, . . . , qn. The expectation values are
most conveniently organised by the generating functional

Z[j̃] =
∫

RN4
dφ̃ e

− 1
�
(S[φ̃]−

∑
q∈Z4

N
φ̃q j̃q)

. (19)
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We thus get

〈φ̃q1 . . . φ̃qn
〉 := Z[0]−1�n ∂nZ[j̃]

∂j̃q1 . . . ∂j̃qn

∣
∣
∣
j̃q=0

. (20)

Exercise 1.1. Evaluate 〈φ̃q1 . . . φ̃qn
〉 for the classical case � = 0. Hint: Insert

the minimising probability distribution into the first equation of (18). �

At the end we are interested in a continuum field theory. This is, in
principle, achieved by a limiting process for the expectation values (20). In
the first step we pass to an infinite lattice Z4 by taking the limit N → ∞.
This process is referred to as the thermodynamic limit. In the second step we
reintroduce the lattice spacing a by inverting the steps leading from (1) to
(14). This provides the lattice (aZ)4 embedded into the Euclidean space E4.
The difficulty is then to find an a-dependence of the dimensionless mass m̃(a)
and coupling constant λ̃(a) so that the limit a→ 0 (the continuum limit) of
the expectation values (20) exists. In this process the correlation length ξ of
the two-point function, i.e. the inverse physical mass, is kept constant. We
thus arrive at well-defined expectation values 〈φ̃(x1) . . . φ̃(xn)〉 for products of
continuum fields at n positions x1, . . . , xn. Since the limit a→ 0 for constant
λ means ξ

a →∞, we can equivalently regard the continuum limit as sending
ξ →∞ on a lattice with constant spacing a. This means that the continuum
limit corresponds to a critical point (where the correlation length diverges)
of a lattice model.

This programme to produce continuum n-point function is called con-
struction of a quantum field theory. So far this was successful in two and
partly in three dimensions only [8]. Since we are particularly interested in
four dimensions, a different (and less rigorous) treatment is required: pertur-
bative renormalisation.

2 Field Theory in the Continuum

2.1 Generating Functionals

The idea is to perform the two limits N → ∞ and a → 0 formally in the
partition function, giving

〈φ(x1) . . . φ(xn)〉 =
∫
Dφ φ(x1) · · ·φ(xn) e−S[φ]/�

∫
Dφ e−S[φ]/�

. (21)

Here, the “measure” Dφ is the formal limit of the measure aN4
dφ̃ as N →∞

and a → 0. Again it is useful to introduce a generating functional for the
n-point functions (21),
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Z[j] :=
∫

Dφ e−
1
�
(S[φ]−

∫
d4x φ(x)j(x)) . (22)

This generating functional has a formal meaning only and it is no surprise
that it will produce problems. Using functional derivatives

δF [j(y)]
δj(x)

:= lim
ε→0

1
ε

(
F [j(y) + εδ(x− y)]− F [j(y)]

)
(23)

we can rewrite (21) as

〈φ(x1) . . . φ(xn)〉 = Z[0]−1�n δnZ[j]
δj(x1) . . . δj(xn)

∣
∣
∣
j(x)=0

. (24)

There are two other important generating functionals derived from Z.
The logarithm of Z generates (as we see later) connected n-point functions,

W [j] = � lnZ[j] . (25)

By Legendre transformation we obtain the generating functional Γ [φcl] of
one-particle-irreducible (1PI) n-point functions. This construction goes as
follows: We first define the classical field φcl via

φcl(x) :=
δW [j]
δj(x)

. (26)

Then Γ [φcl], which is also referred to as the effective action, is defined as

Γ [φcl] :=
∫

d4x φcl(x)j(x)−W [j] , (27)

where j(x) has to be replaced by the inverse solution of (26).

2.2 Perturbative Solution

The (perturbative) evaluation of (22) is most conveniently performed in mo-
mentum space obtained by Fourier transformation

φ(x) =
∫

d4p

(2π)4
e−ipx φ̂(p) , φ̂(p) =

∫

d4x eipx φ(x) . (28)

The action (1) reads in momentum space

S[φ̂] =
∫

d4p

(2π)4
1
2
(p2 +m2)φ̂(p)φ̂(−p) + Sint[φ̂] , (29)

Sint[φ̂] =
λ

4!

∫ ( 4∏

i=1

d4pi

(2π)4

)

(2π)4δ

(
4∑

j=1

pj

)

φ̂(p1)φ̂(p2)φ̂(p3)φ̂(p4) . (30)
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For the free scalar field defined by Sint = 0 in (29) the generating func-
tional Z[j] is easy to compute:

Zfree[ĵ] :=
∫

Dφ̂ e−
1
�

∫
d4p

(2π)4

(
1
2 (p2+m2)φ̂(p)φ̂(−p)−φ̂(p)ĵ(−p)

)

=
∫

Dφ̂ e−
1
�

∫
d4p

(2π)4

(
1
2 (p2+m2)φ̂′(p)φ̂′(−p)− 1

2 (p2+m2)−1 ĵ(p)ĵ(−p)
)

= Z[0] e
1
2�

∫
d4p

(2π)4
(p2+m2)−1 ĵ(p)ĵ(−p)

, (31)

where we have abbreviated φ̂′(p) := φ̂(p) + (p2 + m2)−1ĵ(p) and used the
invariance of the measure Dφ̂ = Dφ̂′. The generating functional of free con-
nected n-point functions becomes

Wfree[ĵ] = W [0] +
1
2

∫
d4p

(2π)4
ĵ(−p) 1

(p2 +m2)
ĵ(p) , W [0] = � lnZ[0] .

(32)

The momentum space n-point functions are obtained from

(2π)4δ

(
n∑

i=1

pi

)

〈φ(p1) . . . φ(pn)〉 =
1

Z[0]
�nδnZ[ĵ]

δĵ(−p1) . . . δĵ(−pn)

∣
∣
∣
ĵ(p)=0

, (33)

where the functional derivation in momentum space is defined by

δF [ĵ(p)]
δĵ(q)

:= lim
ε→0

1
ε

(
F [ĵ(p) + ε(2π)4δ(p−q)]− F [ĵ(p)]

)
. (34)

Exercise 2.1. Compute the effective action Γ [φ̂cl] = −
∫
d4p φ̂cl(p)ĵ(−p) +

W [ĵ] for the free scalar field in momentum space. �

Let us now consider the full interacting φ4-theory with λ �= 0 in (30). We
get formally

Z[ĵ] : =
∫

Dφ̂ e−
1
�

Sint[φ̂(q)]− 1
�

∫
d4p

(2π)4

(
1
2 (p2+m2)φ̂(p)φ̂(−p)−φ̂(p)ĵ(−p)

)

= e−
1
�

Sint

[
�

δ
δĵ(−q)

](
Z[0] e

1
2�

∫
d4p

(2π)4
(p2+m2)−1 ĵ(p)ĵ(−p)

)
. (35)

The generating functional for connected n-point function becomes

W [ĵ] = � ln
(
1 + Zfree[ĵ]−1

(
e−

1
�

Sint

[
�

δ
δĵ

]

− 1
)
Zfree[ĵ]

)
+Wfree[ĵ] . (36)

It is convenient now to introduce a graphical description for W [ĵ]. We
symbolise the integrand in (32) by
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Wfree[ĵ] =
∫ ( 2∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1+p2)

(
1
2 ⊗ ⊗� �

ĵ(p1) ĵ(p2)p1 p2

)

, (37)

where the propagator � �
p1 p2 stands for (p2

1+m
2)−1. The interaction

part Sint of the action is represented by the vertex

Sint

[

�
δ

δĵ

]

=
∫ ( 4∏

i=1

d4pi

(2π)4

)

(2π)4δ

(
4∑

j=1

pj

)











� �

� �

�
��

�
��

�
��

�
��

�
��
�

��

�δ

δĵ(−p4)

�δ

δĵ(−p1)

�δ

δĵ(−p2)
�δ

δĵ(−p3)

p1

p4

p3

p2











,

(38)

where the cross �
�
�

� stands for λ
4! . The idea is to expand in (36) both

the exponential of (38) and the logarithm ln(1 + . . . ) into a Taylor series.
In this way one obtains a formal power series in the coupling constant λ
with coefficients given by Feynman graphs. To obtain a Feynman graph with
V vertices one writes V vertices (38) next to each other and evaluates the
functional derivations with respect to ĵ(p) by their action to the ĵ(q) in
the exponent given by (37). Integrating out the resulting δ-distributions one
arrives at order V = 1 in λ at

W [ĵ]V =1 =
∫ ( 4∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1+p2+p3+p4)W 1,0
p1,p2,p3,p4

[ĵ]

+
∫ ( 2∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1+p2)W 1,1
p1,p2

[ĵ] +W 1,2 , (39)

where

W 1,0
p1,p2,p3,p4

[ĵ] =

⊗ ⊗

⊗ ⊗

��� ���

��� ���

�
��
�

��

ĵ(p4)
ĵ(p1)

ĵ(p2) ĵ(p3)

p1
p4

p3

p2

= − λ
4!

(
4∏

i=1

ĵ(pi)
p2

i +m2

)

, (40)

W 1,1
p1,p2

[ĵ] =

⊗ ⊗��� ���
����
��

��

� �

ĵ(p1)
ĵ(p2)

p2
p1

−k k
= −λ�

4

(
2∏

i=1

ĵ(pi)
p2

i +m2

)∫
d4k

(2π)4
1

k2 +m2
,

(41)

W 1,2 =
��

��

��

���

�

�

�
−k1

k1

k2

−k2

= −λ�2

8

∫
d4k1

(2π)4
1

k2
1+m2

∫
d4k2

(2π)4
1

k2
2+m2

. (42)
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Exercise 2.2. Verify (39)–(42). �

Exercise 2.3. Perform the Legendre transformation of the sum of (39) and
(32) to Γ [φcl]V ≤1. Compare the �-independent part with (29) and (30). �

Exercise 2.4. Derive the graphical expression for W [ĵ]V =2. Convince your-
self that the resulting graphs are connected. �

Exercise 2.5. Prove that an L-loop graph contributing to W [ĵ] leads to a
factor �L. Hint: For a connected graph with L loops, I internal lines and V
vertices the Euler characteristic reads χ = L− I + V = 1. �

We thus deduce the following Feynman rules for the part W [ĵ]V of the
generating functional with V vertices in a φ4-model:

1. Draw the V vertices in a plane and connect in all possible ways the va-
lences either with each other or with external sources ĵ(pi) such that the
resulting graph is connected. The result is a sum of graphs with certain
multiplicities.

2. If the graph has n sources, represent the sources and their attached lines
by a factor

∏n
i=1(p

2
i +m2)−1ĵ(pi).

3. Represent each internal line connecting vertices by a factor (q2j +m2)−1 and
determine the momenta qj in terms of the external momenta pi originating
from the sources and L independent loop momenta kl by the requirement
that the total momentum flowing into each vertex is zero.

4. Add an integral operator
∫ ∏L

l=1
d4kl

(2π)4 for the independent loop momenta

and a factor
∫
(
∏n

i=1
d4pi

(2π)4

)

(2π)4δ(p1+ . . .+pn) for the independent mo-

menta of the sources. Multiply the result by a factor (−λ)V
�

L

4!V ! for an L-loop
graph with V vertices.

2.3 Calculation of Simple Feynman Graphs

When inserting Z[ĵ] = exp(W [ĵ]/�) into (33), the sources ĵ(pi) and the
integration operators

∫
d4pi

(2π)4 are removed. It remains the integration over
the internal momenta kl. Due to momentum conservation the integration
factorises into integrations over 1PI subgraphs. Let us thus consider an 1PI
subgraph with L loops, I internal lines and E external lines. Scaling the
independent loop momenta by a factor Λ, the integral will be scaled by a
factor Λ4L−2I for Λ � 1. Using Euler’s formula L = I − V + 1 and the
relation 4V = 2I + E (a valence of a vertex either attaches to one end of an
internal line or to an external line) we get Λ4L−2I = Λ4−E . This means that
the integral over the internal momenta of an 1PI graph with E ≤ 4 external
lines will be divergent. This divergence is due to the näıve way of performing
the N →∞ and a→ 0 limits in the partition function (22).
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In some cases (among them is the φ4-model) it is possible to eliminate the
divergences in a consistent way by expressing the perturbatively computed n-
point functions in terms of a finite number of physically observable quantities.
Such a model is called perturbatively renormalisable.

Let us describe the removal of divergences for the φ4-model. The first
step is to introduce a regulator ε which renders the integrals finite. There are
many known possibilities. A common feature of these regularisations is that
for dimensional reasons one also has to introduce a mass parameter µ. A very
convenient regularisation is dimensional regularisation where the integration
is performed in 4− 2ε dimensions, d4k �→ µ2εd4−2εk. With this change of the
integration one computes the generating functionals and one requires

(
δ2Γ [φ̂cl]

δφ̂cl(p1)δφ̂cl(p2)

∣
∣
∣
φ̂cl=0

)′

p1=p2=0

= m2
phys , (43)

(
1
2
∂2

∂p2
1

(
δ2Γ [φ̂cl]

δφ̂cl(p1)δφ̂cl(p2)

∣
∣
∣
φ̂cl=0

)′)

p1=−p2=0

= 1 , (44)

(
δ4Γ [φ̂cl]

δφ̂cl(p1)δφ̂cl(p2)δφ̂cl(p3)δφ̂cl(p4)

∣
∣
∣
φ̂cl=0

)′

pi=0

= λphys . (45)

By ( )′ we mean that the factor (2π)4δ(p1 + · · ·+ pn) is omitted.
This means that the parts of the effective action which correspond to

the mass, the amplitude of the kinetic term and the coupling constant are
normalised to their physical values. The original parameters m, g and an
additional wavefunction renormalisation factor Z are expressed in terms of
mphys, gphys, ε and µ via the normalisation conditions (43)–(45). To prove
renormalisability of the φ4-model amounts to show that after that replace-
ment the limit ε→ 0 of the n-point functions exists.

We will discuss in Sect. 3 another (more efficient) way to prove renormal-
isability. Here, we only demonstrate the method for a one-loop example. We
determine m[mphys, gphys, ε, µ] by computing the integral in (41) in dimen-
sional regularisation.

Exercise 2.6. Prove that the surface of the sphere x2
1 + . . . x2

n = 1 equals
2πn/2

Γ (n/2) . Hint: compute
∫
dnx e−x2

both in cartesian and radial coordinates. �

Using the Schwinger trick 1
An = 1

Γ (n)

∫∞
0
dααn−1e−αA we have in 4 − 2ε

dimensions
∫
d4−2εk

(2π)4
µ2ε

k2 +m2
=

2π2−εµ2ε

(2π)4Γ (2−ε)

∫ ∞

0

k3−2εdk

∫ ∞

0

dα e−α(k2+m2)

=
π2−εµ2ε

(2π)4Γ (2−ε)

∫ ∞

0

u(1−ε)du

∫ ∞

0

dα e−α(u+m2)
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=
π2−εµ2ε

(2π)4Γ (2−ε)Γ (2−ε)
∫ ∞

0

dα

α2−ε
e−αm2

=
m2

16π2

(
µ2

πm2

)ε

Γ (ε−1) = − m2

16π2ε

(
µ2

πm2

)ε
Γ (1+ε)
(1−ε)

= − m2

16π2ε
− m2

16π2

(

ln

(
µ2

πm2

)

+ 1 + ψ(1)

)

+O(ε) ,

(46)

where ψ(x) = d
dx lnΓ (x). We have exchanged the order of integrations. If

we now reinsert the coupling constant and � and pass to the 1PI function
(Exercises 2.1 and 2.3) we get from (43)

(
δ2Γ [φ̂cl]

δφ̂cl(p1)δφ̂cl(p2)

∣
∣
∣
φ̂cl=0

)′

p1=−p2=0

= m2 − m2λ�

32π2ε

(
µ2

πm2

)ε
Γ (1+ε)
(1−ε) +O(λ2)

≡ m2
phys . (47)

Solving the formal power series for m2 and using λ = λphys + O(λ2
phys) we

get

m2(ε) = m2
phys +

m2
physλphys�

32π2ε

(
µ2

πm2
phys

)ε
Γ (1+ε)
(1−ε) +O(λ2

phys) . (48)

In other words, choosing the bare mass m(ε) according to (48) removes the
divergence of the two-point function at first order in λphys. For the treatment
of subdivergences it is more convenient to perform the adjustment of m in
two steps: In the first step we choose m such that the singular 1

ε -term in (46)
is compensated. In the second step we adjust the finite part of m to satisfy
(43). Taking the limit ε→ 0 we get instead of (48)

m2 = m2
phys +

m2
physλphys�

32π2

(

ln

(
µ2

πm2
phys

)

+ 1 + ψ(1)

)

+O(λ2
phys) . (49)

More insight about this method is gained from Exercise 2.7. One sees that
the adjustment of (45) removes the divergences from the four-point function
at second order in λphys not only for zero momenta but for any momenta pi.

Exercise 2.7. Compute the integral
∫

d4k
(2π)4

1
(k2+m2)((k+p1+p2)2+m2) arising in

the Feynman graph

��� ���

��� ���

�
�

�
�

�
�

�
�

p1 p4

p3p2

��

��

�

�

k+p1+p2

k

(50)
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in dimensional regularisation. Hint: First bring the denominator using the
Feynman trick 1

AB =
∫ 1
0

dy
(Ay+B(1−y))2 into the form (k2 + 2kq + r2)2 and

then use the Schwinger trick. Next perform the k-integration and finally the
α-integration. The y-integral needs not to be computed. �

2.4 Treatment of Subdivergences

As part of the renormalisation process, the subtraction of divergences ∼ 1
εi

can only be carried out if these divergences appear in the n-point functions
(43)–(45) for which we impose normalisation conditions. This means, in par-
ticular, that the coefficient of the 1

εi -terms must not contain logarithms in
the momenta. However, if one computes näıvely the integral corresponding
to the graph

��� ���

��� ���

�
�

�
�

�
�

�
�

p1 p4

p3p2

��

��

��

��

�

�

�

�

k1+p1+p2

k1 k2+p1+p2

k2

(51)

as in Exercise 2.7, one does get logarithms of momenta in front of 1
ε . The

solution of this problem is a different subtraction of divergences in presence
of subdivergences.

The solution of this problem was found by Bogolyubov [1]. A review of
the most important renormalisation schemes can be found in [9]. Instead of
splitting the integral IG associated with a Feynman graph G into convergent
and divergent parts, there is a recursive construction of the integral to split.
For a Laurent series in ε, let

T

( ∞∑

i=−r

aiε
i

)

:=
−1∑

i=−r

aiε
i (52)

be the projection to the divergent part. Then one defines for a graph G with
disjoint subgraphs Gi the divergent part as

CG := −T










IG +
∑

{G1, . . . ,Gn}
Gi ∈ G, Gi ∩ Gj = ∅

CG1 · · · CGn
IG/(G1∪···∪Gn)










(53)

and the convergent part as

RG := (1− T )










IG +
∑

{G1, . . . ,Gn}
Gi ∈ G, Gi ∩ Gj = ∅

CG1 · · · CGn
IG/(G1∪···∪Gn)










. (54)
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Here, a graph G is understood a the set of vertices and internal lines, and the
sum runs over all sets of disjoint subgraphs. By G/(G1 ∪ · · · ∪ Gn) we mean
the graph obtained by shrinking the subgraphs G1, . . . ,Gn in G to a point.

Exercise 2.8. Using the result of Exercise 2.7, compute the integrals IG and
RG for the graph G given by (51). Hint: The only subgraphs of G are either
the left or the right one-loop subgraphs (50). �

There is an explicit solution of the recursion in terms of forests found by
Zimmermann [10]. The process of passing from IG to CG and RG might seem
quite unmotivated. However, as shown by Connes and Kreimer, there is the
structure of a Hopf algebra behind the renormalisation process. The sub-
traction (53), (54) is actually a division of divergences via the antipode of
the Hopf algebra, and the splitting (53), (54) is the Birkhoff decomposition
solving a Riemann-Hilbert problem [11, 12].

3 Renormalisation by Flow Equations

3.1 Introduction

We have mentioned that the continuum limit of a lattice field theory cor-
responds to the critical point of the lattice model. One of the main tools
to explore critical points in statistical physics are renormalisation group
methods. This subject was mainly developed by Wilson [3]. A particular
outcome was the understanding of renormalisation in terms of the scaling of
effective actions. This idea was further developed by Polchinski to a very effi-
cient proof that the φ4-model is renormalisable to all orders in perturbation
theory [13]. We refer to [14] for a textbook on this approach to renormali-
sation. Whereas renormalisability of the φ4-model can also be proven in the
previously presented Feynman graph approach, the superiority of Polchinski’s
method becomes manifest in the renormalisation problem of noncommutative
field theories. We shall therefore present the main ideas of Polchinski’s proof,
following closely the original article.

3.2 Derivation of the Polchinski Equation

The starting point is a reformulation of the generating functional Z[j] intro-
duced in (22). First one brutally removes the modes3 φ(p) with p2 > 2Λ2

in the measure Dφ of the partition function. The crucial idea is to take a
smooth cut-off distributed over the interval p2 = Λ2 . . . 2Λ2 which allows at
a later step to differentiate with respect to the cut-off scale Λ. In this way
3 In this section we work exclusively in momentum space so that we omit the hat

over a Fourier-transformed field for simplicity. We also use natural units � = 1.
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one obtains a differential equation (the Polchinski equation) which governs
the renormalisation flow of the effective action.

To be precise, we choose the cut-off function

K

(
p2

Λ2

)

=






1 for p2 ≤ Λ2 ,

1− exp



−
exp
(
− 1

2Λ2−p2

)

p2 − Λ2



 for Λ2 < p2 < 2Λ2 ,

0 for p2 ≥ 2Λ2 .

(55)

We consider the generating functional

Z[j, Λ] =
∫

Dφ exp(−S[φ, j, Λ]) ,

S[φ, j, Λ] :=
∫

d4p

(2π)4

(
1
2
(p2 +m2)K−1

(
p2

Λ2

)

φ(p)φ(−p)− φ(p)j(−p)
)

+ L[φ,Λ] + C[Λ] , (56)

with L[0, Λ] = 0. Unless φ(±p) = 0 for p2 ≥ 2Λ2, we have S[φ, j, Λ] = +∞,
which means Z[j, Λ] = 0. In other words, only modes φ(p) with momenta
p2 < 2Λ2 contribute to Z[j, Λ]. Now we compute
(

2φ(p)K−1
(

p2

Λ2

)
− (p2 +m2)−1 δS(φ, j, Λ)

δφ(−p)

)

exp(−S[φ, j, Λ])

=

(

φ(p)K−1( p2

Λ2 ) + (p2 +m2)−1j(p)− (p2 +m2)−1 δL

δφ(−p)

)

× exp(−S[φ, j, Λ]) . (57)

Functional derivation with respect to φ(p) gives

δ

δφ(p)

{(

2φ(p)K−1( p2

Λ2 )− (p2 +m2)−1 δS(φ, j, Λ)
δφ(−p)

)

exp (−S[φ, j, Λ])

}

=

{(

φ(p)K−1( p2

Λ2 ) + (p2 +m2)−1j(p)− (p2 +m2)−1 δL

δφ(−p)

)

×
(

− φ(−p)(p2 +m2)K−1
(

p2

Λ2

)
+ j(−p)− δL

δφ(p)

)

+

(

(2π)4δ(0)K−1( p2

Λ2 )− (p2 +m2)−1 δ2L

δφ(−p)δφ(p)

)}

exp(−S[φ, j, Λ]) .

(58)
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For simplicity we choose j(p) = 0 for p2 > Λ2. This condition is not necessary,
but it simplifies the following calculation considerably. We multiply (58) by

Λ
∂K(

p2

Λ2 )

∂Λ , which is non-zero for p2 > Λ2 only, and therefore annihilates j(±p).
Next, we integrate over d4p and finally apply the functional integration over
Dφ. This yields zero for the lhs of (58), because for each momentum p the
derivative δ

δφ(p) finds an integration over dφ(p) in the measure Dφ which by
Stokes’ theorem gives the value of the term in braces { } on the lhs of (58)
at the boundary φ(p) = ±∞. But exp(−S[∞, j, Λ]) = 0. We thus have

0 =
∫

Dφ
∫

d4p

(2π4)

{

φ(p)φ(−p)(p2 +m2)Λ
∂K−1( p2

Λ2 )
∂Λ

+ (2π)4δ(0)K−1( p2

Λ2 )Λ
∂K( p2

Λ2 )
∂Λ

+
1

p2 +m2
Λ
∂K( p2

Λ2 )
∂Λ

(
δL

δφ(p)
δL

δφ(−p) −
δ2L

δφ(p)δφ(−p)

)}

exp(−S[φ, j, Λ]) .

(59)

On the other hand, differentiating Z[j, Λ] in (56) with respect to Λ we
have

Λ
∂Z

∂Λ
= −
∫

D[φ]

{

Λ
∂C

∂Λ
+ Λ

∂L

∂Λ

+
∫

d4p

(2π)4

(
1
2
φ(p)φ(−p)(p2 +m2)Λ

∂

∂Λ
K−1( p2

Λ2 )

)}

exp(−S[φ, j, Λ]) .

(60)

Inserting (59) into (60) we arrive at

Λ
∂Z[j, Λ]
∂Λ

= 0 if (61)

Λ
∂C[Λ]
∂Λ

=
1
2

∫
d4p

(2π)4

(

(p2 +m2)−1Λ
∂K( p2

Λ2 )
∂Λ

δ2L

δφ(p)δφ(−p)

∣
∣
∣
φ=0

− (2π)4δ(0)K−1( p2

Λ2 )Λ
∂K( p2

Λ2 )
∂Λ

)

, (62)

Λ
∂L[φ,Λ]
∂Λ

= −1
2

∫
d4p

(2π)4
(p2 +m2)−1Λ

∂K( p2

Λ2 )
∂Λ

{
δL

δφ(p)
δL

δφ(−p)

−
[ δ2L

δφ(p)δφ(−p)
]

φ

}

, (63)

where
[
F [φ]
]
φ

:= F [φ]− F [0].
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We learn that the effect of restricting the integration modes in the parti-
tion function is undone if the effective action L[φ,Λ] and the vacuum energy
C[Λ] depend according to (63) and (62) on Λ. This means that instead of the
original generating functional Z[j] = Z[j,∞] we can equally well work with
Z[j, Λ] for finite Λ. If one computes the Feynman rules from Z[j, Λ], one finds
that the propagator is given by K( p2

Λ2 )(p2 + m2)−1 and the vertices by the
expansion coefficients of L[φ,Λ]. Since the loop integrations in these Feynman
graphs have a finite range, we obtain finite n-point functions if the effective
action L[φ,Λ] which evolves from L[φ,∞] via the flow (63) is bounded. In
other words, the problem to renormalise a quantum field theory is reduced to
the proof that the renormalisation flow described by (63) does not produce
singularities when starting from appropriate boundary conditions.

3.3 The Strategy of Renormalisation

If one näıvely integrates (63) from L[φ,∞] = Sint[φ] given by (30) down to
Λ one will encounter the same divergences as found e.g. in (46) and Exercise
2.7, which must be removed by the normalisation similar to (43)–(45). The
idea is thus to integrate in a first step the differential equation (63) between
two scales ΛR ≤ Λ ≤ Λ0 where the initial values ρ0 for L at Λ0 are adjusted
such that the distinguished functions (43)–(45) take given values at ΛR.

Let us expand L into field monomials,

L[φ,Λ,Λ0, ρ
0] =

∞∑

m=1

1
(2m)!

∫ ( 2m∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1 + · · ·+ p2m)

× L2m(p1, . . . , p2m;Λ,Λ0, ρ
0)φ(p1) · · ·φ(p2m) , (64)

keeping the symmetry φ �→ −φ. The dependence on the initial conditions
ρ0

i at Λ = Λ0 is written explicitly. Thus, (63) becomes an infinite system of
coupled differential equations for the amplitudes L2m(p1, . . . , p2m;Λ,Λ0, ρ

0)
which at Λ = Λ0 are parametrised by initial conditions ρ0

i . Anticipating
renormalisability we choose the initial condition

L[φ,Λ0, Λ0, ρ
0]

=
∫

d4p

(2π)4

(
1
2
ρ0
1φ(p)φ(−p) +

1
2
p2ρ0

2φ(p)φ(−p)
)

+
1
4!

∫ ( 4∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1 + · · ·+ p4) ρ0
3 φ(p1)φ(p2)φ(p3)φ(p4) .

(65)

The evolution of L[φ,Λ] according to (63) will produce more complicated
interactions than (65). Among these interactions we distinguish the same
Taylor coefficients as in (65):
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ρ1[Λ,Λ0, ρ
0] := L2(0, 0;Λ,Λ0, ρ

0) ,

ρ2[Λ,Λ0, ρ
0] :=

1
2
∂2

∂p2
L2(p,−p;Λ,Λ0, ρ

0)
∣
∣
∣
p=0

,

ρ3[Λ,Λ0, ρ
0] := L4(0, 0, 0, 0;Λ,Λ0, ρ

0) , (66)

with

ρi[Λ0, Λ0, ρ
0] = ρ0

i , i = 1, 2, 3 . (67)

At the end we are interested in the limit Λ0 → ∞. This limit re-
quires a carefully chosen Λ0-dependence of the initial data ρ0

i [Λ0] such that
ρi[ΛR, Λ0, ρ

0[Λ0]] take the given normalised values. We consider the identity

L[φ,ΛR, Λ
′
0, ρ

0[Λ′
0]]− L[φ,ΛR, Λ

′′
0 , ρ

0[Λ′′
0 ]]

≡
∫ Λ′

0

Λ′′
0

dΛ0

Λ0
Λ0

d

dΛ0

(

L[φ,ΛR, Λ0, ρ
0[Λ0]]

)

=
∫ Λ′

0

Λ′′
0

dΛ0

Λ0

(

Λ0
∂

∂Λ0
L[φ,ΛR, Λ0, ρ

0[Λ0]]

+
3∑

a=1

∂

∂ρ0
a

L[φ,ΛR, Λ0, ρ
0[Λ0]]Λ0

dρa[Λ0]
dΛ0

)

. (68)

On the other hand, we express the fact that ρa[ΛR, Λ0, ρ
0[Λ0]] is kept fixed:

0 = dρa[ΛR, Λ0, ρ
0[Λ0]] =

∂ρa[ΛR, Λ0, ρ
0[Λ0]]

∂Λ0
dΛ0

+
3∑

b=1

∂ρa[ΛR, Λ0, ρ
0[Λ0]]

∂ρ0
b

dρ0
b [Λ0] . (69)

To be precise, we choose

ρ1[ΛR, Λ0, ρ
0[Λ0]] = 0 , ρ2[ΛR, Λ0, ρ

0[Λ0]] = 0 , ρ3[ΛR, Λ0, ρ
0[Λ0]] = λ .

(70)

Assuming that we can invert the (3×3)-matrix ∂ρa

∂ρ0
b
, which is always possible

in perturbation theory, we can rewrite (69) as

dρ0
j [Λ0]
dΛ0

= −
3∑

i=1

∂ρ0
j

∂ρi[ΛR, Λ0, ρ0[Λ0]]
∂ρi[ΛR, Λ0, ρ

0[Λ0]]
∂Λ0

. (71)

Inserting this result into (68) we get

L[φ,ΛR, Λ
′
0, ρ

0[Λ′
0]]− L[φ,ΛR, Λ

′′
0 , ρ

0[Λ′′
0 ]] =
∫ Λ′

0

Λ′′
0

dΛ0

Λ0
V [φ,ΛR, Λ0, ρ

0[Λ0]] ,

(72)
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where

V [φ,Λ,Λ0, ρ
0[Λ0]] := Λ0

∂L[φ,Λ,Λ0, ρ
0]

∂Λ0

−
3∑

b=1

∂L[Λ,Λ0, ρ
0[Λ0]]

∂ρb[Λ,Λ0, ρ0[Λ0]]
Λ0
∂ρb[Λ,Λ0, ρ

0[Λ0]]
∂Λ0

, (73)

∂L[Λ,Λ0, ρ
0[Λ0]]

∂ρb[Λ,Λ0, ρ0[Λ0]]
:=

3∑

a=1

∂L[Λ,Λ0, ρ
0[Λ0]]

∂ρ0
a

∂ρ0
a

∂ρb[Λ,Λ0, ρ0[Λ0]]
. (74)

The function V is linear in L and therefore in L2m and its Taylor coefficients.
Therefore, the projection of V [φ,Λ,Λ0, ρ

0] to the initial field monomials as
in (66) vanishes identically for all Λ, which means that V filters out power-
counting divergent part of the effective action. It remains to show that the
other coefficients of V have a Λ0-dependence which lead to a convergence of
(72) in the limit Λ′

0 →∞.
For that purpose we compute the Λ-scaling of V . We define

M [V ] := −1
2

∫
d4p

(2π)4
(p2 +m2)−1Λ

∂K( p2

Λ2 )
∂Λ

{
2
δL

δφ(p)
δV

δφ(−p)

−
[ δ2V

δφ(p)δφ(−p)
]

φ

}
(75)

and expand M into field monomials,

M [V ] =
∞∑

m=1

1
(2m)!

∫ ( 2m∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1 + · · ·+ p2m)

×M2m[V ](p1, . . . , p2m;Λ,Λ0, ρ
0)φ(p1) · · ·φ(p2m) . (76)

As before we distinguish the coefficients

M1[V ] := M2[V ](0, 0;Λ,Λ0, ρ
0) ,

M2[V ] :=
1
2
∂2

∂p2
M2[V ](p,−p;Λ,Λ0, ρ

0)
∣
∣
∣
p=0

,

M3[V ] := M4[V ](0, 0, 0, 0;Λ,Λ0, ρ
0) . (77)

Then one finds

Λ
∂V

∂Λ
= M [V ]−

3∑

b=1

∂L

∂ρb
Mb[V ] , (78)

Λ
∂

∂Λ

(
∂L

∂ρb

)

= M
[ ∂L

∂ρb

]
−

3∑

a=1

∂L

∂ρa
Ma

[ ∂L

∂ρb

]
, (79)

where M [ ∂L
∂ρb

] arises from M [V ] by replacing V in (75) and (77) by ∂L
∂ρb

.
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Exercise 3.1. Prove (78) and (79). Hint: First differentiate (73) with respect
to Λ, taking into account the identity (a−1)′ = −(a−1)a′(a−1) in the ρ[Λ]-
part. The Λ-derivatives act on derivatives of L or ρ with respect to Λ0 or ρ0.
Since the derivatives commute, represent the second derivatives of L by the
result of the differentiation of (63) with respect to Λ0 or ρ0 and the second
derivatives of ρ by the projection similar to (77). Using the linearity of M [?]
and the φ-independence of the ρ-coefficients everything reassembles to (78).
The proof of (79) is similar. �

By estimating V using the differential equation (78) and knowledge of the
estimations of L and ∂L

∂ρb
obtained by solving (63) and (79) before we can via

(72) control the limit limΛ0→∞ L[φ,ΛR, Λ0, ρ
0[Λ0]].

3.4 Perturbative Solution of the Flow Equations

The evolution of the functions L, ∂L
∂ρb

and V is essentially determined by the
mass dimensions. We therefore absorb the dimensionality in an appropriate
power of Λ. Expanding the functions also into a power series in the coupling
constant we define

L[φ,Λ,Λ0, ρ
0[Λ0]]

=
∞∑

m=1

1
(2m)!

∫ ( 2m∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1 + · · ·+ p2m)

× Λ4−2m

( ∞∑

r=1

λrA
(r)
2m(p1, . . . , p2m;Λ,Λ0, ρ

0)

)

φ(p1) · · ·φ(p2m) , (80)

∂L

∂ρa
[φ,Λ,Λ0, ρ

0[Λ0]]

=
∞∑

m=1

1
(2m)!

∫ ( 2m∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1 + · · ·+ p2m)

× Λ4−2m−2δa1

( ∞∑

r=1

λrB
a(r)
2m (p1, . . . , p2m;Λ,Λ0, ρ

0)

)

φ(p1) · · ·φ(p2m) ,

(81)

V [φ,Λ,Λ0, ρ
0[Λ0]]

=
∞∑

m=1

1
(2m)!

∫ ( 2m∏

i=1

d4pi

(2π)4

)

(2π)4δ(p1 + · · ·+ p2m)

× Λ4−2m

( ∞∑

r=1

λrV
(r)
2m (p1, . . . , p2m;Λ,Λ0, ρ

0)

)

φ(p1) · · ·φ(p2m) . (82)

The functions A(r)
2m, B

a(r)
2m , V

(r)
2m are dimensionless. Inserting these definitions

into (63), (79) and (78) one gets
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(

Λ
∂

∂Λ
+ 4− 2m

)

A
(r)
2m(p1, . . . , p2m;Λ)

=

{

− 1
2

m∑

l=1

t−1∑

s=1

Q(P,Λ,m2)A(r−s)
2l (p1, . . . , p2l−1,−P ;Λ)

×A(s)
2m−2l+2 (p2l, . . . , p2m, P ;Λ) +

((
2m

2l−1

)

− 1

)

perm.

}

+
1
2

∫
d4p

(2πΛ)4
Q(p, Λ,m2)A(r)

2m+2(p1, . . . , p2m, p,−p;Λ) , (83)

(

Λ
∂

∂Λ
+ 4− 2m− 2δa1

)(

B
a(r)
2m (p1, . . . , p2m;Λ)

)

=

{

−
m∑

l=1

r−1∑

s=0

Q(P,Λ,m2)A(r−s)
2l (p1, . . . , p2l−1,−P ;Λ)

×Ba(s)
2m−2l+2(p2l, . . . , p2m, P ;Λ) +

((
2m

2l−1

)

− 1

)

perm.

}

+
1
2

∫
d4p

(2πΛ)4
Q(p, Λ,m2)Ba(r)

2m+2(p1, . . . , p2m, p,−p;Λ)

− 1
2

r∑

s=0

B
1(r−s)
2m (p1, . . . , p2m;Λ)

∫
d4q

(2πΛ)4
Q(q, Λ,m2)Ba(s)

4 (0, 0, q,−q;Λ)

− Λ2

2

r∑

s=0

B
2(r−s)
2m (p1, . . . , p2m;Λ)

×
∫

d4q

(2πΛ)4
Q(q, Λ,m2)

∂2B
a(s)
4 (p,−p, q,−q;Λ)

∂p2

∣
∣
∣
p=0

− 1
2

r∑

s=0

B
3(r−s)
2m (p1, . . . , p2m;Λ)

×
∫

d4q

(2πΛ)4
Q(q, Λ,m2)Ba(s)

6 (0, 0, 0, 0, q,−q;Λ) , (84)
(

Λ
∂

∂Λ
+ 4− 2m

)(

V
(r)
2m (p1, . . . , p2m;Λ)

)

=

{

−
m∑

l=1

r−1∑

s=1

Q(P,Λ,m2)A(r−s)
2l (p1, . . . , p2l−1,−P ;Λ)

× V (s)
2m−2l+2(p2l, . . . , p2m, P ;Λ) +

((
2m

2l−1

)

− 1

)

perm.

}

+
1
2

∫
d4p

(2πΛ)4
Q(p, Λ,m2) V (r)

2m+2(p1, . . . , p2m, p,−p;Λ)
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− 1
2

r∑

s=1

B
1(r−s)
2m (p1, . . . , p2m;Λ)

∫
d4q

(2πΛ)4
Q(q, Λ,m2)V (s)

4 (0, 0, q,−q;Λ)

− Λ2

2

r∑

s=1

B
2(r−s)
2m (p1, . . . , p2m;Λ)

×
∫

d4q

(2πΛ)4
Q(q, Λ,m2)

∂2V
(s)
4 (p,−p, q,−q;Λ)

∂p2

∣
∣
∣
p=0

− 1
2

r∑

s=1

B
3(r−s)
2m (p1, . . . , p2m;Λ)

×
∫

d4q

(2πΛ)4
Q(q, Λ,m2)V (s)

6 (0, 0, 0, 0, q,−q;Λ) , (85)

where Q(p, Λ,m2) = 1
p2+m2Λ

3 ∂K( p2

Λ2 )

∂Λ and P := p1 + · · · + p2l−1. There are
(

2m
2l−1

)
possibilities to assign 2l−1 of the 2m momenta to the first function

and the remaining ones to the second function.

Exercise 3.2. Prove (83), (84) and (85). Hint: In the last two equations
a trilinear term in the functions disappears because at vanishing external
momenta these functions are connected by Q(0, Λ,m2) = 0. (The support of
Q(p, Λ,m2) is Λ2 < p2 < 2Λ2.) �

Due to the grading in the coupling constant, the differential equa-
tions (83), (84) and (85) allow us to recursively compute the functions
A

(r)
2m, B

a(r)
2m , V

(r)
2m starting from A

(1)
4 = 1. The concrete form is not necessary

for the renormalisation proof. All we need are the norms

‖f‖ ≡ ‖f(p1, . . . , pm;Λ)‖ := max
p2

i≤2Λ2
|f(p1, . . . , pm;Λ)| (86)

of these functions. The norms are computed in terms of A(1)
4 = 1 and the

bounds
∫

d4p

(2π)4
|Q(p, Λ,m2)| ≤ CΛ4 ,

∣
∣
∣
∂n

∂pn
Q(p, Λ,m2)

∣
∣
∣ ≤ DnΛ

−n , (87)

for the propagator Q, for some constants C,Dn. Due to momentum conserva-
tion we also need a symbol ∂µ

i,j := ∂
∂piµ

− ∂
∂pjµ

for the independent momentum
derivatives.

Exercise 3.3. Verify (87). �

Now we can derive the estimations for the functions A(r)
2m, B

a(r)
2m , V

(r)
2m .

Lemma 3.4.

‖∂µ1
i1,j1

. . . ∂µd

id,jd
A

(r)
2m(p1, . . . , p2m;Λ)‖






≤ Λ−dP 2r−m
[
ln Λ0

ΛR

]

for r+1 ≥ m ,

= 0 for r+1 < m ,

(88)

where Pn[x] stands for a polynomial in x of degree n.
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Remarks on the proof. The condition A
(r)
2m ≡ 0 for r + 1 < m is actually

an additional requirement which guarantees a graphical interpretation of the
A-functions: a connected graph with r vertices has at most 2r + 2 external
legs. The Lemma is true for m = 2 and r = 1. Integrating the differential
equation (83) either from Λ0 down to Λ or from ΛR up to Λ one obtains by
induction upward in the number r of vertices and for given r downward in
the number 2m of external legs one of the estimations

‖∂µ1
i1,j1

. . . ∂µd

id,jd
A

(r)
2m(p1, . . . , p2m;Λ)‖

≤ ‖∂µ1
i1,j1

. . . ∂µd

id,jd
A

(r)
2m(p1, . . . , p2m;Λ0)‖

+ Λ2m+d−4

∫ Λ0

Λ

dΛ′Λ′ 3−2m−dP 2r−m−1

[

ln
Λ0

ΛR

]

(89)

or

‖∂µ1
i1,j1

. . . ∂µd

id,jd
A

(r)
2m(p1, . . . , p2m;Λ)‖

≤ ‖∂µ1
i1,j1

. . . ∂µd

id,jd
A

(r)
2m(p1, . . . , p2m;ΛR)‖

+ Λ2m+d−4

∫ Λ

ΛR

dΛ′Λ′ 3−2m−dP 2r−m−1

[

ln
Λ0

ΛR

]

. (90)

For m ≥ 3 we use (89) and the initial condition A
(r)
2m(p1, . . . , p2m;Λ0) = 0

to prove (88). In the same way we prove the (88) for m = 2, d ≥ 1.
Then one uses (90) with the initial condition A

(r)
4 (0, 0, 0, 0;ΛR) = δr1

(which normalises the physical coupling constant at ΛR to λ) to obtain
‖A(r)

4 (0, 0, 0, 0;Λ)‖ ≤ P 2r−2
[
ln Λ0

ΛR

]
. The total four-point function is then

reconstructed from Taylor’s theorem

A
(2)
4 (p1, p2, p3, p4;Λ)

= A
(r)
4 (0, 0, 0, 0;Λ)

+
3∑

i,j=1

pµ,i pν,j

∫ 1

0

dξ (1−ξ) ∂′µi,4∂′νj,4A
(r)
4 (p′1, . . . , p

′
4;Λ)
∣
∣
p′

k=ξpk
. (91)

The first derivative of A(r)
4 at zero momentum vanishes. We thus get (88) for

m = 2. The extension to m = 1 is similar, taking into account the initial
conditions for ρ1 and ρ2 at Λ0. The detailed proof is left as an exercise. �

Lemma 3.5.

∥
∥∂µ1

i1,j1
. . . ∂µd

id,jd
B

b(r)
2m (p1, . . . , p2m;Λ)

∥
∥






≤ Λ−dP 2r−m+1+δb3[
ln Λ0

ΛR

]

for r+2 ≥ m ,

= 0 for r+2 < m .

(92)
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Remarks on the proof. The first step is to derive the boundary condition

B
a(r)
2m (p1, . . . , p2m;Λ0) = δr0

(

δm1δ
b1 +

p2
1

Λ2
0

δm1δ
b2 + δm2δ

b3

)

, (93)

and the starting point r = 0 in (92) of the induction by explicitly evaluating
(74) for the initial data (65) at lowest order in the coupling constant. The
further proof is similar to that of (88), with integration according to (89),
apart from the problem of terms with s = 0 and s = r in the last three
lines of (84). For m ≥ 3 there is a problem with the third to last line only,
which fortunately appears for a = 3 only. One thus proves first (92) for
a = 1, 2 and using this result one repeats to proof for a = 3. Then one
passes to m = 2, d ≥ 1 and again excludes a = 3 to be processed later. The
full function Ba(r)

4 is reconstructed from Taylor’s theorem. The treatment of
m = 1 is similar. �

Lemma 3.6.

‖∂µ1
i1,j1

. . . ∂µd

id,jd
V

(r)
2m (p1, . . . , p2m;Λ)‖






≤ Λ−d

(

Λ2

Λ2
0

)

P 2r−m
[
ln Λ0

ΛR

]

for r+1 ≥ m ,

= 0 for r+1 < m .

(94)

Remarks on the proof. At Λ = Λ0 one has

V [φ,Λ0, Λ0, ρ
0] := Λ0

∂L[φ,Λ,Λ0, ρ
0]

∂Λ0

∣
∣
∣
Λ=Λ0

−
3∑

a=1

∂L[φ,Λ0, Λ0, ρ
0]

∂ρ0
a

Λ0
∂ρa[Λ,Λ0, ρ

0]
∂Λ0

∣
∣
∣
Λ=Λ0

. (95)

The result is zero for the distinguished coefficients (66). For all other inter-
action coefficients ⊥ ρ we have L[φ,Λ0, Λ0, ρ

0]
∣
∣
⊥ρ
≡ 0 independent of Λ0 and

ρ0. This means

0 = Λ0
∂

∂Λ0
L[φ,Λ0, Λ0, ρ

0]
∣
∣
⊥ρ

= Λ0
∂

∂Λ0
L[φ,Λ,Λ0, ρ

0]
∣
∣
⊥ρ

∣
∣
∣
Λ=Λ0

+ Λ
∂

∂Λ
L[φΛ,Λ0, ρ

0]
∣
∣
⊥ρ

∣
∣
∣
Λ=Λ0

. (96)

Using (88) one gets for m ≤ r+1

‖∂µ1
i1,j1

. . . ∂µd

id,jd
V

(r)
2m (p1, . . . , p2m;Λ0)

∣
∣
⊥ρ
‖ ≤ Λ−d

0 P 2r−m

[

ln
Λ0

ΛR

]

. (97)



Euclidean Quantum Field Theory 83

Next one sees that for the first non-vanishing function V (2)
6 (p1, . . . , p6;Λ) the

rhs of (85) is zero so that Λ−2V
(2)
6 (p1, . . . , p6;Λ) = const. With the initial

condition (97) one obtains

‖∂µ1
i1,j1

. . . ∂µd

id,jd
V

(2)
6 (p1, . . . , p2m;Λ)

∣
∣‖ ≤ Λ2

Λ2
0

Λ−dP 1

[

ln
Λ0

ΛR

]

. (98)

Since (85) is a linear differential equation, the factor Λ2

Λ2
0

first appearing in

(98) survives in all V
∣
∣
⊥ρ

coefficients. �

Theorem 3.7. The limit

lim
Λ0→∞

L
(r)
2m(p1, . . . , p2m;ΛR, Λ0, ρ

0[Λ0]) := L
(r)
2m(p1, . . . , p2m;ΛR,∞)

exists (order by order in perturbation theory) and satisfies

∥
∥L

(r)
2m(p1, . . . , p2m;ΛR,∞)− L(r)

2m(p1, . . . , p2m;ΛR, Λ0, ρ
0[Λ0])
∥
∥






≤ Λ4−2m
R

(
Λ2

R

Λ2
0

)
P 2r−m

[
ln ΛR

Λ0

]
for r+1 ≥ m ,

= 0 for r+1 < m .
(99)

Remarks on the proof. We reinsert the dimensional factors L
(r)
2m[ΛR] =

Λ4−2m
R A

(r)
2m[ΛR]. The existence of the limit and its property (99) follow from

(94) inserted into (72) and Cauchy’s criterion. �

Let us summarise what we have achieved. A quantum field theory is de-
termined by an initial (classical) action S which gives rise to generating func-
tionals Z[j] for the n-point functions. Performing the integration of the gen-
erating functional gives meaningless results. Thus, one has to introduce a
regularisation parameter ε and a mass scale µ and to fine-tune the initial ac-
tion S[ε] in such a way that the limit ε→ 0 for the n-point functions exists in
perturbation theory. These renormalised n-point functions will now depend
on µ. One possible regularisation is the momentum cut-off p2 ≤ 2Λ2

0, where
Λ0 = µ/ε. Thus one would take a Λ0-dependent initial action determined
by the requirement that for n-point functions the limit Λ0 → ∞ exists in
perturbation theory.

Here, a different approach is taken. We compare the cut-off theory at Λ0

with another theory cut-off at ΛR and require that the generating functionals
of both theories coincide. This leads to a certain evolution of the initial inter-
action of the theory at Λ0 to that of the other theory at ΛR. The evolution
is described by the Polchinski equation which is integrated from Λ0 down to
ΛR. Integrating the differential equation requires the specification of initial
conditions. It seems natural to take the given classical action at Λ0 as initial



84 R. Wulkenhaar

condition. However, renormalisation requires a fine-tuning of the initial ac-
tion at Λ0, which gives certain parts of the initial condition at Λ0 in terms
of their normalised values at ΛR.

In this way we obtain an effective action L[ΛR, Λ0] for the theory at ΛR

which still depends on the initial cut-off scale Λ0. At the end we want to send
Λ0 to∞. It is then a rather long proof that the limit limΛ0→∞ L[ΛR, Λ0] exists
(in perturbation theory). However, the proof is technically very simple. All
one needs are dimensional analysis and brutal majorisations, there is no need
to evaluate Feynman graphs and to discuss overlapping divergences. One thus
obtains a generating functional for renormalised n-point functions in which
the propagator (p2 + m2)−1K( p2

Λ2
R

) cuts off momenta bigger than
√

2ΛR.
One still has to evaluate Feynman graphs in order to obtain the n-point
functions. However, the loop momenta through the propagators are bounded
so that there are no divergences any more in these n-point functions. The
vertices in these Feynman graphs are given by the expansion coefficients of
the effective action L[ΛR,∞]. In some sense, the effective action is obtained
by integrating out in the partition function the fields with momenta bigger
than

√
2ΛR, avoiding the divergences by the mixed boundary conditions for

the flow equation.

4 Quantum Field Theory
on Noncommutative Geometries

4.1 Motivation

We have learned how the entropy term leads to quantum fluctuations about
action functionals on Euclidean space E4 and how to construct renormalised
n-point functions. For suitably chosen action functionals one achieves a re-
markable agreement of up to 10−11 between theoretical predictions derived
from these n-point functions and experimental data. This shows that quan-
tum field theories are very successful.

Unfortunately, this concept is inconsistent when taking gravity into ac-
count. The problem can not be cured by just developing the quantum field
theory on a Riemannian manifold with general metric gµν . The true problem
is that combining the fundamental principles of both general relativity and
quantum mechanics one concludes that space(-time) cannot be a differen-
tiable manifold [15]. To the best of our knowledge, such a possibility was first
discussed in [16].

To make this transparent, let us ask how we explore technically the geom-
etry of space(-time). The building blocks of a manifold are the points labelled
by coordinates {xµ} in a given chart. Points enter quantum field theory via
the values of the fields at the point labelled by {xµ}. This observation pro-
vides a way to “visualise” the points: we have to prepare a distribution of
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matter which is sharply localised around {xµ}. For a perfect visualisation we
need a δ-distribution of the matter field. This is physically not possible, but
one would think that a δ-distribution could be arbitrarily well approximated.
However, that is not the case, there are limits of localisability long before the
δ-distribution is reached.

Let us assume that there is a matter distribution which is believed to
have two separated peaks within a space-time region R of diameter d. How
do we test this conjecture? We perform a scattering experiment in the hope of
finding interferences which tell us about the internal structure in the region
R. We clearly need test particles of de Broglie wave length λ = �c

E � d,
otherwise we can only resolve a single peak. For λ→ 0 the gravitational field
of the test particles becomes important. The gravitational field created by an
energy E can be measured in terms of the Schwarzschild radius

rs =
2GNE

c4
=

2GN�

λc3
� 2GN�

dc3
, (100)

where GN is Newton’s constant. If the Schwarzschild radius rs becomes larger
than the radius d

2 , the inner structure of the region R can no longer be
resolved (it is behind the horizon). Thus, d

2 ≥ rs leads to the condition

d
2

� �P :=

√
GN�

c3
, (101)

which means that the Planck length �P is the fundamental length scale below
of which length measurements become meaningless. Space-time cannot be a
manifold.

Since geometric concepts are indispensable in physics, we need a replace-
ment for the space-time manifold which still has a geometric interpretation.
Quantum physics tells us that whenever there are measurement limits we have
to describe the situation by non-commuting operators on a Hilbert space.
Fortunately for physics, mathematicians have developed a generalisation of
geometry, baptised noncommutative geometry [17], which is perfectly de-
signed for our purpose. However, in physics we need more than just a better
geometry: We need renormalisable quantum field theories modelled on such
a noncommutative geometry.

Remarkably, it turned out to be very difficult to renormalise quantum
field theories even on the simplest noncommutative spaces [18]. It would be a
wrong conclusion, however, that this problem singles out the standard com-
mutative geometry as the only one compatible with quantum field theory.
The problem tells us that we are still at the very beginning of understand-
ing quantum field theory. Thus, apart from curing the contradiction between
gravity and quantum physics, in doing quantum field theory on noncommu-
tative geometries we learn a lot about quantum field theory itself.
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4.2 The Noncommutative RD

The simplest noncommutative generalisation of Euclidean space is the so-
called noncommutative RD. Although this space arises naturally in a certain
limit of string theory [19], we should not expect it to be a good model for
nature. In particular, the noncommutative RD does not allow for gravity. For
us the main purpose of this space is to develop an understanding of quantum
field theory which has a broader range of applicability.

The noncommutative RD, D = 2, 4, 6, . . . , is defined as the algebra RD
θ

which as a vector space is given by the space S(RD) of (complex-valued)
Schwartz class functions of rapid decay, equipped with the multiplication
rule

(a � b)(x) =
∫

dDk

(2π)D

∫

dDy a(x+ 1
2θ·k) b(x+y) eik·y , (102)

(θ·k)µ = θµνkν , k·y = kµy
µ , θµν = −θνµ .

The entries θµν in (102) have the dimension of an area. The physical inter-
pretation is ‖θ‖ ≈ �2P . Much information about the noncommutative RD can
be found in [20].

Exercise 4.1. Prove associativity ((a � b) � c)(x) = (a � (b � c))(x) of (102).
Show that the product (102) is noncommutative, a � b �= b � a and that
complex conjugation is an involution, a � b = b � a. Show

∫
dDx (a � b)(x) =∫

dDx a(x)b(x). Verify that partial derivatives are derivations, ∂µ(a � b) =
(∂µa) � b + a � (∂µb). Hint: One often needs the identity

∫
dDk

(2π)D eik·(x−y) =
δ(x− y). �

Exercise 4.2. The multiplier algebra M(RD
θ ) consists of the distributions f

which satisfy f�a ∈ RD
θ and a�f ∈ RD

θ , for all a ∈ RD
θ and the same �-product

(102). Verify that for the coordinate functions yµ ∈ M(RD
θ ), yµ(x) := xµ,

one has
(
[yµ, yν ]� � a

)
(x) :=

(
yµ � (yν � a)− yν � (yµ � a)

)
(x) = iθµνa(x). �

4.3 Field Theory on Noncommutative RD

A field theory is defined by an action functional. We obtain action functionals
on RD

θ by replacing in action functionals on ED the ordinary product of
functions by the �-product. For example, the noncommutative φ4-action is
given by

S[φ] :=
∫

dDx

(
1
2
∂µφ � ∂

µφ+
1
2
m2φ � φ+

λ

4!
φ � φ � φ � φ

)

. (103)

As described in Sect. 1, the entropy term leads to quantum fluctuations away
from the minimum of (103). Expectation values are governed by the probabil-
ity distribution which minimises the free action. A convenient way to organise
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the expectation values is the generating functional Z[j] which is perturba-
tively solved by Feynman graphs. Due to

∫
dDx (a � b)(x) =

∫
dDx a(x)b(x),

see Exercise 4.1, the propagator in momentum space is unchanged. For later

purpose it is, however, convenient to write it as a double line,
p

=

(p2 + m2)−1. The novelty are phase factors in the vertices, which we also
write in double line notation,

�
��
�

�
�
�

�

�
��
�

�
��
�

p1

p4

p3

p2 =
λ

4!
e−

i
2

∑
i<j pµ

i pν
j θµν . (104)

Exercise 4.3. Derive the Feynman rule (104) by repeating the steps leading
to (38) for the interaction term in (103). �

The double line notation reflects the fact that the vertex (104) is invariant
only under cyclic permutations of the legs (using momentum conservation).
The resulting Feynman graphs are ribbon graphs which depend crucially on
how the valences of the vertices are connected. For planar graphs the total
phase factor of the integrand is independent of internal momenta, whereas
non-planar graphs have a total phase factor which involves internal momenta.
Planar graphs are integrated as usual. The resulting phase factor is precisely
of the form of the original two-point function or vertex (104) so that the
divergence can be removed via the normalisation conditions (43)–(45). Non-
planar graphs require a separate treatment.

According to [21] there is a closed formula for the integral associated
to a noncommutative Feynman graph in terms of the intersection matrices
I, J,K which encode the phase factors and the incidence matrix E . We give an
orientation to each inner line l and let kl be the momentum flowing through
the line l. For each vertex v we define4

Evl =






1 if l leaves from v ,
−1 if l arrives at v ,
0 if l is not attached to v .

(105)

We let Pv be the total external momentum flowing into the vertex v. Re-
stricting ourselves to 4 dimensions, an 1PI Feynman graph G with I internal
lines and V vertices gives rise to the integral

IG =
∫ I∏

l=1

d4kl

(k2
l +m2)

V∏

v=1

(2π)4δ

(

Pv −
l∑

l=1

Evlkl

)

× exp iθµν

(
I∑

m,n=1

Imnkµ
mk

ν
n +

I∑

m=1

V∑

v=1

Jmvkµ
mP

ν
v +

V∑

v,w=1

KvwPµ
v P

ν
w

)

.

(106)
4 We assume that tadpoles (a line starting and ending at the same vertex) are

absent.
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One can show that Imn, Jmv,Kvw ∈ {1,−1, 0} after use of momentum con-
servation [22]. In terms of Schwinger parameters, this integral is evaluated
to

IG = (2π)4δ

(
V∑

v=1

Pv

)
1

16Iπ2L
exp

(

iθµν

V∑

v,w=1

KvwPµ
v P

ν
w

)

×
∫ ∞

0

I∏

l=1

dαl
e−
∑ I

l=1 αlm
2

√
detA detB

exp

(

− 1
4
(JP̃ )TA−1(JP̃ )

+
1
4

(

ĒA−1(JP̃ ) + 2iP ′

)T

B−1

(

ĒA−1(JP̃ ) + 2iP ′

))

, (107)

where

Amn
µν := αmδ

mnδµν − iImnθµν , (JP̃ )m
µ :=

V∑

v=1

JmvθµνP
ν
v ,

Ē v̄l := Ev̄l , P ′v̄
µ := Pµ

v̄ for v̄ = 1, . . . , V−1 ,

Bv̄w̄
µν :=

I∑

m,n=1

Ē v̄m(A−1)µν
mnĒ w̄n . (108)

The formula (107) is referred to as the parametric integral representation of
a noncommutative Feynman graph.

Exercise 4.4. Verify (107). Hint: First introduce Schwinger parameters and
the identity δ(qv) =

∫
d4yv eiyvqv for each vertex in (106). Complete the

squares in k and perform the Gaußian k-integrations. Write yv̄ = yV + zv̄ for
v̄ = 1, . . . , V−1 and notice that

∑V
v=1 yvEvl =

∑V −1
v̄=1 zv̄Ē v̄l. Then perform the

yV -integration, complete the squares for zv̄ and finally evaluate the Gaußian
zv-integrations. �

Possible divergences of (107) show up in the αi → 0 behaviour. In order to
analyse them one reparametrises the integration domain in (107), similar to
the usual procedure described in [2]. For each sector

απ1 ≤ απ2 ≤ · · · ≤ απI
related to a permutation π of 1, . . . , I (109)

one defines απi
=
∏I

j=i β
2
j , with 0 ≤ βI <∞ and 0 ≤ βj ≤ 1 for j �= I. The

leading contribution for small βj has a topological interpretation.
A ribbon graph can be drawn on a genus-g Riemann surface with possibly

several holes to which the external legs are attached [21, 23]. We say more
on ribbon graphs on Riemann surfaces in Sect. 5. We explain, in particu-
lar, how a ribbon graph G defines a Riemann surface. On such a Riemann
surface one considers cycles, i.e. equivalence classes of closed paths which
cannot be contracted to a point. Actually one also factorises with respect to
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commutants, i.e. one considers the path aba−1b−1 involving two cycles a, b
as trivial. We let cG(Gi) be the number of non-trivial cycles of the ribbon
graph G wrapped by the subgraph Gi. Next, there may exist external lines
m,n such that the graph obtained by connecting m,n has to be drawn on
a Riemann surface of genus gmn > g. If this happens one declares an index
j(G) = 1, otherwise j(G) = 0. The index extends to subgraphs by defining
jG(Gi) = 1 if there are external lines m,n of G which are already attached
to Gi so that the line connecting m,n wraps a cycle of the additional genus
g → gmn of G.

Now we can formulate the relation between the parametric integral rep-
resentation and the topology of the ribbon graph. Each sector (109) of
the α-parameters defines a sequence of (possibly disconnected) subgraphs
G1 ⊂ G2 ⊂ · · · ⊂ GI = G, where Gi is made of the i double-lines π1, . . . , πi

and the vertices to which these lines are attached. If Gi forms Li loops it has
a power-counting degree of divergence ωi = 4Li − 2i. Then one has

IG = (2π)4δ

(
V∑

v=1

Pv

)
1

8Iπ2L(det θ)g
exp

(

iθµν

V∑

v,w=1

KvwPµ
v P

ν
w

)

×
∫ ∞

0

dβI e−β2
I m2

β
1+ωI−4cG(G)
I

∫ 1

0

(
I−1∏

i=1

dβi

β
1+ωi−4cG(Gi)
i

)

× exp

(

−f(π, P )
I∏

i=1

1
β2jG(Gi)

)
(
1 +O(β2)

)
, (110)

where f(π, P ) ≥ 0, with equality for exceptional momenta. The (very com-
plicated) proof of (110) was given by Chepelev and Roiban [21, 23]. In order
to obtain a finite integral IG , we obviously need

1. ωi−4cG(Gi) < 0 for all i if j(G) = 0 or j(G) = 1 but the external momenta
are exceptional,

2. ωi − 4cG(Gi) < 0 or jG(Gi) = 1 for all i if j(G) = 1 and the external
momenta are non-exceptional.

There are two types of divergences for which these conditions are violated.
First let the non-planarity be due to internal lines only, j(G) = 0. Since

the total graph G is non-planar, one has cG(G) > 0 and therefore no superfi-
cial divergence. However, there might exist subgraphs Gi related to a sector of
integration (109) where ωi−4cG(Gi) ≥ 0. The standard example is a subgraph
consisting of three or more disconnected loops wrapping the same handle of
the Riemann surface. In this case the integral (107) does not exist unless one
introduces a regulator. The problem is that such a subdivergence may appear
in graphs with an arbitrary number of external lines. In the commutative the-
ory this also happens, but there we renormalise already the subdivergence
via the procedure described in Sect. 2.4. This procedure is based on normal-
isation conditions, which can only be imposed for local divergences. Since a
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non-planar graph wrapping a handle of a Riemann surface is clearly a non-
local object (it cannot be reduced to a point, i.e. a counterterm vertex), it is
not possible in the noncommutative case to remove that subdivergence. We
are thus forced to use normalisation conditions for the total graph, but as
the problem is independent of the number of external legs of the total graph,
we finally need an infinite number of normalisation conditions. Hence, the
model is not renormalisable in the standard way. The proposal to treat this
problem is a reordering of the perturbation series [18].

The second class of problems is found in graphs where the non-planarity
is at least partly due to the external legs, j(G) = 1. This means that there
is no way to remove possible divergences in these graphs by normalisation
conditions. Fortunately, these graphs are superficially finite as long as the
external momenta are non-exceptional. Subdivergences are supposed to be
treated by a resummation. However, since the non-exceptional external mo-
menta can become arbitrarily close to exceptional ones, these graphs are
unbounded: For every δ > 0 one finds non-exceptional momenta such that∣
∣〈φ(x1) . . . φ(xn)〉

∣
∣ > δ−1. We present in Sect. 5 a different approach which

solves all these problems.

5 Renormalisation Group Approach
to Noncommutative Scalar Models

5.1 Introduction

We have seen that quantum field theories on noncommutative RD are not
renormalisable by standard Feynman graph evaluations. One may speculate
that the origin of this problem is the too näıve way one performs the contin-
uum limit. A way to treat the limit more carefully is the use of flow equations.
We can therefore hope that applying Polchinski’s method to the noncommu-
tative φ4-model we are able to prove renormalisability to all orders. There
is, however, a serious problem of the momentum space proof. We have to
guarantee that planar graphs only appear in the distinguished interaction co-
efficients for which we fix the boundary condition at ΛR. Non-planar graphs
have phase factors which involve inner momenta. Polchinski’s method con-
sists in taking norms of the interaction coefficients, and these norms ignore
possible phase factors. Thus, we would find that boundary conditions for
non-planar graphs at ΛR are required. Since there is an infinite number of
different non-planar structures, the model is not renormalisable in this way. A
more careful examination of the phase factors is also not possible because the
cut-off integrals prevent the Gaußian integration required for the parametric
integral representation (107).

Fortunately, there is a matrix representation of the noncommutative RD

where the �-product becomes a simple product of infinite matrices. The price
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for this simplification is that the propagator becomes complicated, but the
difficulties can be overcome.

5.2 Matrix Representation

For simplicity we restrict ourselves to the noncommutative R2. There exists
a matrix base {fmn(x)}m,n∈N of the noncommutative R2 which satisfies

(fmn � fkl)(x) = δnkfml(x) ,
∫

d2x fmn(x) = 2πθ1 , (111)

where θ1 := θ12 = −θ21. In terms of radial coordinates x1 = ρ cosϕ, x2 =
ρ sinϕ one has

fmn(ρ, ϕ) = 2(−1)mei(n−m)ϕ
√

m!
n!

(√
2ρ2

θ1

)n−m

Ln−m
m

(
2ρ2

θ1

)
e−

ρ2

θ1 , (112)

where Lα
n(z) are the Laguerre polynomials. The matrix representation was

also used to obtain exactly solvable noncommutative quantum field theories
[26, 27].

Exercise 5.1. Prove (111). [If you have a table of special functions you can

also prove (112)]. Hint: First define f00(x1, x2) := 2 e−
(x2

1+x2
2)

θ1 and check f00 �
f00 = f00. Define creation and annihilation operators a = 1√

2
(x1 + ix2)

and ā = 1√
2
(x1− ix2) and the corresponding derivatives ∂

∂a = 1√
2
( ∂

∂x1
− i ∂

∂x2
)

and ∂
∂ā = 1√

2
( ∂

∂x1
+i ∂

∂x2
). Derive general rules for a� f , f � a, ā � f , f � ā and

prove that fmn = 1√
m!n!θm+n

ā�m � f00 � a
�n with b�n := b � b�(n−1) satisfies

(111). In order to obtain (112) one has to resolve the �-product in favour of
an ordinary product, pass to radial coordinates and compare the result with
the definition of Laguerre polynomials. �

Now we can write down the noncommutative φ4-action in the matrix base
by expanding the field as φ(x) =

∑
m,n∈N

φmnfmn(x). It turns out, however,
that in order to prove renormalisability we have to consider a more general
action than (103) at the initial scale Λ0. This action is obtained by adding a
harmonic oscillator potential to the standard noncommutative φ4-action:

S[φ] :=
∫

d2x

(
1
2
∂µφ � ∂

µφ+
1
2
Ω2(x̃µφ) � (x̃µφ) +

1
2
µ2

0φ � φ

+
λ

4!
φ � φ � φ � φ

)

(x)

= 2πθ1
∑

m,n,k,l

(
1
2
Gmn;klφmnφkl +

λ

4!
φmnφnkφklφlm

)

, (113)
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where x̃µ := 2(θ−1)µνxν and

Gmn;kl :=
∫

d2x

2πθ1

(

∂µfmn � ∂
µfkl +Ω2(x̃µfmn) � (x̃µfkl) + µ2

0fmn � fkl

)

.

(114)

We view Ω as a regulator and refer to the action (113) as describing a regu-
larised φ4-model. One finds

Gmn;kl =

(

µ2
0+(n+m+1)µ2

)

δnkδml

− µ2
√
ω (n+1)(m+1) δn+1,kδm+1,l − µ2

√
ω nmδn−1,kδm−1,l , (115)

where µ2 = 2(1+Ω2)
θ1

and
√
ω = 1−Ω2

1+Ω2 , with −1 <
√
ω ≤ 1.

Exercise 5.2. Prove (115) using the formulae derived in Exercise 5.1. �

The kinetic matrix Gmn;kl has the important property that Gmn;kl = 0 unless
m+k = n+l. The same relation is induced for the propagator ∆nm;lk defined
by
∑∞

k,l=0Gmn;kl∆lk;sr =
∑∞

k,l=0∆nm;lkGkl;rs = δmrδns:

∆mn;kl =
δm+k,n+l

(1+
√

1−ω)µ2

min(m+l,k+n)
2∑

v=
|m−l|

2

B

(

1
2+ µ2

0
2
√

1−ω µ2 + 1
2 (m+k)−v, 1+2v

)

×
√(

n

v+n−k
2

)(
k

v+k−n
2

)(
m

v+m−l
2

)(
l

v+ l−m
2

)(
(1−

√
1−ω)2

ω

)v

× 2F1

(
1+2v , 1

2 + µ2
0

2
√

1−ω µ2− 1
2 (m+k)+v

3
2+ µ2

0
2
√

1−ω µ2 + 1
2 (m+k)+v

∣
∣
∣
∣
(1−

√
1−ω)2

ω

)

. (116)

Here, B(a, b) is the Beta-function and F (a, b
c ; z) the hypergeometric function.

The derivation of (116), which is performed in [28], involves Meixner polyno-
mials [29] in a crucial way. We recall that in the momentum space version of
the φ4-model, the interactions contain oscillating phase factors which make
a renormalisation by flow equations impossible. Here we use an adapted base
which eliminates the phase factors from the interaction. We see from (116)
that these oscillations do not reappear in the propagator. Note that all matrix
elements ∆nm;lk are non-zero for m+ k = n+ l.

5.3 The Polchinski Equation for Matrix Models

Introducing a cut-off for the matrix indices

∆K
nm;lk(Λ) = K

(
mµ2

Λ2

)
K
(

nµ2

Λ2

)
K
(

kµ2

Λ2

)
K
(

lµ2

Λ2

)
∆nm;lk , (117)
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for the same function K as in (55), one can derive in analogy to (63) the
Polchinski equation in the matrix base of R2

θ:

Λ
∂L[φ,Λ]
∂Λ

=
∑

m,n,k,l

1
2
Λ
∂∆K

nm;lk(Λ)
∂Λ

(
∂L[φ,Λ]
∂φmn

∂L[φ,Λ]
∂φkl

− 1
2πθ1

[ ∂2L[φ,Λ]
∂φmn ∂φkl

]

φ

)

. (118)

Again, the differential equation (118) ensures (together with easier differen-
tial equations for functions such as C) that the partition function Z[J,Λ] is
actually independent of the cut-off Λ. This means that we can equally well
evaluate the partition function for finite Λ, where it leads to Feynman graphs
with vertices given by the Taylor expansion coefficients A(V )

m1n1;...;mN nN in

L[φ,Λ] = λ

∞∑

V =1

(
2πθ1λ
)V −1 ∞∑

N=2

1
N !

∑

mi,ni

A(V )
m1n1;...;mN nN

[Λ]φm1n1 · · ·φmN nN
.

(119)

These vertices are connected with each other by internal lines ∆K
nm;lk(Λ) and

to sources jkl by external lines ∆K
nm;lk(Λ0). Since the summation variables

are cut-off in the propagator ∆K
nm;lk(Λ), loop summations are finite, provided

that the interaction coefficients A(V )
m1n1;...;mN nN [Λ] are finite.

Inserting the expansion (119) into (118) and restricting to the part with
N external legs we get the graphical expression

Λ
∂

∂Λ

.........
.
.
.
..
.
.
.
.. . . . . . . .

n1

m1

n2m2

mN

nN

=
1
2

∑

m,n,k,l

N−1∑

N1=1

...
.
...

...
.
...

m1
n1

nN1
mN1 mN1+1

nN1+1

nNmN

k

l

n

m

− 1
4πθ1

∑

m,n,k,l

...
.
...

...
.
...m1

n1

ni−1

mi−1

mi

ni

nN

mN

n m

k l

(120)

Combinatorial factors are not shown and symmetrisation in all indices mini

has to be performed. On the rhs of (120) the two valences mn and kl of
subgraphs are connected to the ends of a ribbon which symbolises the dif-

ferentiated propagator
n

lm

k
= Λ ∂

∂Λ∆
K
nm;lk. We see that for the simple fact

that the fields φmn carry two indices, the effective action is expanded into
ribbon graphs.
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In the expansion of L there will occur very complicated ribbon graphs
with crossings of lines which cannot be drawn any more in a plane. A general
ribbon graph can, however, be drawn on a Riemann surface of some genus g.
In fact, a ribbon graph defines the Riemann surfaces topologically through
the Euler characteristic χ. We have to regard here the external lines of the
ribbon graph as amputated (or closed), which means to directly connect the
single lines mi with ni for each external leg mini. A few examples may help
to understand this procedure:

n1

m1

m3

n3

m4

n4

m2
n2

n5
m5

n6
m6 ⇒

L̃= 2
I = 3
V = 3
g= 0
B= 2
N = 6

n1

m1

m2

n2

⇒

L̃= 1
I = 3
V = 2
g= 1
B= 1
N = 2

(121)

The genus is computed from the number L̃ of single-line loops, the number I
of internal (double) lines and the number V of vertices of the graph according
to Euler’s formula χ = 2 − 2g = L̃ − I + V . The number B of boundary
components of a ribbon graph is the number of those loops which carry
at least one external leg. There can be several possibilities to draw the graph
and its Riemann surface, but L̃, I, V,B and thus g remain unchanged. Indeed,
the Polchinski equation (118) interpreted as in (120) tells us which external
legs of the vertices are connected. It is completely irrelevant how the ribbons
are drawn between these legs. In particular, there is no distinction between
overcrossings and undercrossings.

We expect that non-planar ribbon graphs with g > 0 and/or B > 1
behave differently under the renormalisation flow than planar graphs having
B = 1 and g = 0. This suggests to introduce a further grading in g,B in the
interactions coefficients A(V,B,g)

m1n1;...;mN nN . Technically, our strategy is to apply
the summations in (120) either to the propagator or the subgraph only and to
maximise the other object over the summation indices. For that purpose one
has to introduce further characterisations of a ribbon graph which disappear
at the end, see [24].

5.4 φ4-Theory on Noncommutative R2

First one estimates the A-functions by solving (118) perturbatively:
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Lemma 5.3. The homogeneous parts A(V,B,g)
m1n1;...;mN nN of the coefficients of the

effective action describing a regularised φ4-theory on R2
θ in the matrix base

are for 2 ≤ N ≤ 2V+2 and
∑N

i=1(mi−ni) = 0 bounded by
∣
∣A(V,B,g)

m1n1;...;mN nN
[Λ,Λ0, ω, ρ0]

∣
∣

≤
(
Λ2

µ2

)2−V −B−2g(
1√
1−ω

)3V −N
2 +B+2g−2

P 2V −N
2

[
ln
Λ0

ΛR

]
. (122)

We have A(V,B,g)
m1n1;...;mN nN ≡ 0 for N > 2V+2 or

∑N
i=1(mi−ni) �= 0.

The proof of (122) for general matrix models by induction goes over 20
pages! The formula specific for the φ4-model on R2

θ follows from the as-
ymptotic behaviour of the cut-off propagator (117,116) and a certain index
summation, see [24, 25].

We see from (122) that the only divergent function is

A(1,1,0)
m1n1;m2n2

= A
(1,1,0)
00;00 δm1n2δm2n1

+

(

A(1,1,0)
m1n1;m2n2

[Λ,Λ0, ρ
0]−A(1,1,0)

00;00 δm1n2δm2n1

)

, (123)

which is split into the distinguished divergent function

ρ[Λ,Λ0, ρ
0] := A

(1,1,0)
00;00 [Λ,Λ0, ρ

0] (124)

for which we impose the boundary condition ρ[ΛR, Λ0, ρ
0] = 0 and a conver-

gent part with boundary condition at Λ0.
One remarks that the limit ω → 1 in (122) is singular. In fact the esti-

mation for ω = 1 with an optimal choice of the ρ-coefficients (different than
(124)!) would be
∑

Es

∣
∣A(V,V e,B,g,ι)

m1n1;...;mN nN
[Λ,Λ0, 1, ρ0]

∣
∣

≤
(
Λ

µ

)V −N
2 −B−2g+2(

µ

µ0

)3V −N
2 +B+2g−2

P 2V −N
2

[

ln
Λ0

ΛR

]

. (125)

Since the exponent of Λ can be arbitrarily large, there would be an infinite
number of divergent interaction coefficients, which means that the φ4-model
is not renormalisable when keeping ω = 1.

The limit Λ0 → ∞ is now governed by an identity like (72) and a ρ-
subtracted function like (73) for which one has a differential equation like
(78). It is then not difficult to see that the regularised φ4-model with ω < 1
is renormalisable. It turns out that one can even prove more [25]: On can
endow the parameter ω for the oscillator frequency with an Λ0-dependence
so that in the limit Λ0 → ∞ one obtains a standard φ4-model without the
oscillator term:
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Theorem 5.4. The φ4-model on R2
θ is (order by order in the coupling con-

stant) renormalisable in the matrix base by adjusting the bare mass Λ2
0ρ[Λ0] to

give A(1,1,0)
m1n1;m2n2 [ΛR] = 0 and by performing the limit Λ0 →∞ along the path

of regulated models characterised by ω[Λ0] = 1 − (1 + ln Λ0
ΛR

)−2. The limit

A
(V,B,g)
m1n1;...;mN nN [ΛR,∞] := limΛ0→∞A

(V,B,g)
m1n1;...;mN nN [ΛR, Λ0, ω[Λ0], ρ0[Λ0]] of

the expansion coefficients of the effective action L[φ,ΛR, Λ0, ω[Λ0], ρ0[Λ0]]
exists and satisfies

∣
∣
∣λ

(

2πθ1λ

)V −1

A(V,V e,B,g,ι)
m1n1;...;mN nN

[ΛR,∞]

−
(

2πθ1λ

)V −1

A(V,V e,B,g,ι)
m1n1;...;mN nN

[ΛR, Λ0, 1− 1

(1+ln
Λ0
ΛR

)2
, ρ0]
∣
∣
∣

≤ Λ4
R

Λ2
0

(
λ

Λ2
R

)V(
µ2(1 + ln Λ0

ΛR
)

Λ2
R

)B+2g−1

P 5V −N−1

[

ln
Λ0

ΛR

]

.

(126)

In this way we have proven that the real φ4-model on R2
θ is perturbatively

renormalisable when formulated in the matrix base. This proof was not simply
a generalisation of Polchinski’s original proof to the noncommutative case.
The näıve procedure would be to take the standard φ4-action at the initial
scale Λ0, with Λ0-dependent bare mass to be adjusted such that at ΛR it
is scaled down to the renormalised mass. Unfortunately, this does not work.
In the limit Λ0 → ∞ one obtains an unbounded power-counting degree of
divergence for the ribbon graphs. The solution is the observation that the
cut-off action at Λ0 is (due to the cut-off) not translation invariant. We are
therefore free to break the translational symmetry of the action at Λ0 even
more by adding a harmonic oscillator potential for the fields φ. There exists a
Λ0-dependence of the oscillator frequency Ω with limΛ0→∞Ω = 0 such that
the effective action at ΛR is convergent (and thus bounded) order by order
in the coupling constant in the limit Λ0 →∞. This means that the partition
function of the original (translation-invariant) φ4-model without cut-off and
with suitable divergent bare mass can equally well be solved by Feynman
graphs with propagators cut-off at ΛR and vertices given by the bounded
expansion coefficients of the effective action at ΛR. Hence, this model is
renormalisable, and in contrast to the näıve Feynman graph approach in
momentum space [23] there is no problem with exceptional configurations.
Whereas the treatment of the oscillator potential is easy in the matrix base,
a similar procedure in momentum space will face enormous difficulties. This
makes clear that the adaptation of Polchinski’s renormalisation programme
is the preferred method for noncommutative field theories.
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5.5 φ4-Theory on Noncommutative R4

The renormalisation of φ4-theory on R4
θ in the matrix base is performed

in an analogous way. We choose a coordinate system in which θ1 = θ12 =
−θ21 and θ2 = θ34 = −θ43 are the only non-vanishing components of θ.
Moreover, we assume θ1 = θ2 for simplicity. Then we expand the scalar field
according to φ(x) =

∑
m1,n1,m2,n2∈N

φm1
m2

n1
n2
fm1n1(x1, x2)fm2n2(x3, x4). The

action (113) with integration over R4 leads then to a kinetic term generalising
(115) and a propagator generalising (116). Using estimates on the asymptotic
behaviour of that propagator one proves the four-dimensional generalisation
of Lemma 5.3 on the power-counting degree of the N -point functions. For
ω < 1 one finds that all non-planar graphs (B > 1 and/or g > 0) and all
graphs with N ≥ 6 external legs are convergent.

The remaining infinitely many planar two- and four-point functions have
to be split into a divergent ρ-part and a convergent complement. Using some
sort of locality for the propagator (116) one proves that

Aplanar
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m2

n1
n2

; k1
k2

l1
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−Aplanar
0
0

0
0 ; 00

0
0
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1
0
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0
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0
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0
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)
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−m2
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0
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0
1
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0
0

0
0 ; 00

0
0

)

δm1l1δn1k1δm2l2δn2k2
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1
0

1
0 ; 00

0
0

(
√
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+
√
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)
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0
1

0
1 ; 00

0
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are convergent functions, thus identifying
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ρ1 := Aplanar
0
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0
0
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ρ2 := Aplanar
1
0

0
0 ; 00

1
0
−Aplanar

0
0

0
0 ; 00

0
0

= Aplanar
0
1

0
0 ; 00

0
1
−Aplanar

0
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0
0 ; 00

0
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1
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0
1

0
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0
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0
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0
0 ; 00

0
0
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as the distinguished divergent ρ-functions. Details are given in [28].
The function ρ0 has no commutative analogue in (66). Due to (127) it

corresponds to a normalisation condition for the frequency parameter ω in
(115). This means that in contrast to the two-dimensional case we cannot
remove the oscillator potential with the limit Λ0 → ∞. In other words, the
oscillator potential in (113) is a necessary companionship to the �-product
interaction. This observation is in agreement with the UV/IR-entanglement
first observed in [18]. Whereas the UV/IR-problem prevents the renormal-
isation of φ4-theory on R4

θ in momentum space [23], we have found a self-
consistent solution of the problem by providing the unique (due to properties
of the Meixner polynomials) renormalisable extension of the action. We re-
mark that the diagonalisation of the free action via the Meixner polynomials
leads to discrete momenta as the only difference to the commutative case.
The inverse of such a momentum quantum can be interpreted as the size of
the (finite!) universe, as it is seriously discussed in cosmology [30].
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16. E. Schrödinger, “Über die Unanwendbarkeit der Geometrie im Kleinen,” Natur-
wiss. 31, 342 (1934). 84

17. A. Connes, “Noncommutative geometry,” Academic Press (1994). 85
18. S. Minwalla, M. Van Raamsdonk, N. Seiberg, “Noncommutative perturbative

dynamics,” JHEP 0002, 020 (2000) [arXiv:hep-th/9912072]. 85, 90, 98
19. N. Seiberg, E. Witten, “String theory and noncommutative geometry,” JHEP

9909, 032 (1999) [arXiv:hep-th/9908142]. 86
20. V. Gayral, J. M. Gracia-Bond́ıa, B. Iochum, T. Schücker, J. C. Várilly, “Moyal
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Summary. We present an elementary introduction to compactifications with un-
broken supersymmetry. After explaining how this requirement leads to internal
spaces of special holonomy we describe Calabi-Yau manifolds in detail. We also
discuss orbifolds as examples of solvable string compactifications.

1 Introduction

The need to study string compactification is a consequence of the fact that a
quantum relativistic (super)string cannot propagate in any space-time back-
ground. The dynamics of a string propagating in a background geometry
defined by the metric GMN is governed by the Polyakov action

SP = − 1
4πα′

∫

Σ

d2σ
√
−hhαβ∂αX

M∂βX
NGMN (X) . (1.1)

Here σα, α = 0, 1, are local coordinates on the string world-sheet Σ, hαβ is
a metric on Σ with h = dethαβ , and XM , M = 0, . . . , D − 1, are functions
Σ ↪→ space-time M with metric GMN (X). α′ is a constant of dimension
(length)2. SP is the action of a two-dimensional non-linear σ-model with
target space M, coupled to two-dimensional gravity (hαβ) where the D-
dimensional metric GMN appears as a coupling function (which generalizes
the notion of a coupling constant). For flat space-time with metric GMN =
ηMN the two-dimensional field theory is a free theory. The action (1.1) is
invariant under local scale (Weyl) transformations hαβ → e2ωhαβ , X

M →
XM . One of the central principles of string theory is that when we quantize
the two-dimensional field theory we must not loose this local scale invariance.
In the path-integral quantization this means that it is not sufficient if the
action is invariant because the integration measure might receive a non-trivial
Jacobian which destroys the classical symmetry. Indeed, for the Polyakov
action anomalies occur and produce a non-vanishing beta function β

(G)
MN ≡

α′RMN +O(α′2). Requiring β(G)
MN = 0 to maintain Weyl invariance gives the

Einstein equations for the background metric: only their solutions are viable
(perturbative) string backgrounds. But there are more restrictions.

Besides the metric, in the Polyakov action (1.1) other background fields
can appear as coupling functions: an antisymmetric tensor-field BMN (X)

A. Font and S. Theisen: Introduction to String Compactification,
Lect. Notes Phys. 668, 101–181 (2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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and a scalar, the dilaton φ(X).1 The background value of the dilaton de-
termines the string coupling constant, i.e. the strength with which strings
interact with each other. Taking into account the fermionic partners (under
world-sheet supersymmetry) of XM and hαβ gives beta functions for BMN

and φ that vanish for constant dilaton and zero antisymmetric field only if
D = 10. This defines the critical dimension of the supersymmetric string
theories. We thus have to require that the background space-time M10 is a
ten-dimensional Ricci-flat manifold with Lorentzian signature. Here we have
ignored the O(α′2) corrections, to which we will briefly return later. The
bosonic string which has critical dimension 26 is less interesting as it has no
fermions in its excitation spectrum.

The idea of compactification arises naturally to resolve the discrepancy be-
tween the critical dimension D = 10 and the number of observed dimensions
d = 4. SinceM10 is dynamical, there can be solutions, consistent with the re-
quirements imposed by local scale invariance on the world-sheet, which make
the world appear four-dimensional. The simplest possibility is to have a back-
ground metric such that space-time takes the product form M10 =M4×K6

where e.g. M4 is four-dimensional Minkowski space and K6 is a compact
space which admits a Ricci-flat metric. Moreover, to have escaped detection,
K6 must have dimensions of size smaller than the length scales already probed
by particle accelerators. The type of theory observed in M4 will depend on
properties of the compact space. For instance, in the classic analysis of su-
perstring compactification of [2], it was found that when K6 is a Calabi-Yau
manifold, the resulting four-dimensional theory has a minimal number of su-
persymmetries [2]. One example of Calabi-Yau space discussed in [2] was the
Z-manifold obtained by resolving the singularities of a T6/Z3 orbifold. It was
soon noticed that string propagation on the singular orbifold was perfectly
consistent and moreover exactly solvable [3]. These lectures provide an intro-
duction to string compactifications on Calabi-Yau manifolds and orbifolds.

The outline is as follows. In Sect. 2 we give a short review of compacti-
fication à la Kaluza-Klein. Our aim is to explain how a particular choice of
compact manifold imprints itself on the four-dimensional theory. We also dis-
cuss how the requirement of minimal supersymmetry singles out Calabi-Yau
manifolds. In Sect. 3 we introduce some mathematical background: complex
manifolds, Kähler manifolds, cohomology on complex manifolds. We then
give a definition of Calabi-Yau manifolds and state Yau’s theorem. Next we
present the cohomology of Calabi-Yau manifolds and discuss their moduli
1 There are other p-form fields, but their coupling to the world-sheet cannot be

incorporated into the Polyakov action. The general statement is that the massless
string states in the (NS,NS) sector, which are the metric, the anti-symmetric
tensor and the dilaton, can be added to the Polyakov action. The massless p-
forms in the (R,R) sector cannot. This can only be done within the so-called
Green-Schwarz formalism and its extensions by Siegel and Berkovits; for review
see [1].
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spaces. As an application we work out the massless content of type II super-
strings compactified on Calabi-Yau manifolds. In Sect. 4 we study orbifolds,
first explaining some basic properties needed to describe string compactifi-
cation on such spaces. We systematically compute the spectrum of string
states starting from the partition function. The techniques are next applied
to compactify type II strings on T2n/ZN orbifolds that are shown to allow un-
broken supersymmetries. These toroidal Abelian orbifolds are in fact simple
examples of spaces of special holonomy and the resulting lower-dimensional
supersymmetric theories belong to the class obtained upon compactification
on Calabi-Yau n-folds. We end with a quick look at recent progress. In Ap-
pendix A we fix our conventions and recall a few basic notions about spinors
and Riemannian geometry. Two technical results which will be needed in the
text are derived in Appendices B and C.

In these notes we review well known principles that have been applied
in string theory for many years. There are several important developments
which build on the material presented here which will not be discussed: mirror
symmetry, D-branes and open strings, string dualities, compactification on
manifolds with G2 holonomy, etc. The lectures were intended for an audience
of beginners in the field and we hope that they will be of use as preparation
for advanced applications. We assume that the reader is already familiar with
basic concepts in string theory that are well covered in textbooks [4, 5, 6].
But most of Sects. 2 and 3 do not use string theory at all. We have included
many exercises whose solutions will eventually appear on [7].

2 Kaluza-Klein Fundamentals

Kaluza and Klein unified gravity and electromagnetism in four dimensions by
deriving both interactions from pure gravity in five dimensions. Generalizing
this, one might attempt to explain all known elementary particles and their
interactions from a simple higher dimensional theory. String theory naturally
lives in ten dimensions and so lends itself to the Kaluza-Klein program.

The discussion in this section is relevant for the field theory limit of string
theory, where its massive excitation modes can be neglected. The dynamics of
the massless modes is then described in terms of a low-energy effective action
whose form is fixed by the requirement that it reproduces the scattering
amplitudes as computed from string theory. However, when we compactify
a string theory rather than a field theory, there are interesting additional
features to which we return in Sect. 4.

In the following we explain some basic results in Kaluza-Klein compact-
ifications of field theories. For a comprehensive review see for instance [8]
which cites the original literature. The basic material is well covered in [4]
which also discusses the string theory aspects.
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2.1 Dimensional Reduction

Given a theory in D dimensions we want to derive the theory that results
upon compactifying D − d coordinates on an internal manifold KD−d. As a
simple example consider a real massless scalar in D=5 with action

S0 = −1
2

∫

d5x ∂Mϕ∂Mϕ , (2.1)

where ∂M = ηMN∂N with ηMN = ηMN = diag(−,+, · · · ,+), M,N =
0, · · · , 4. The flat metric is consistent with the five-dimensional spaceM5 hav-
ing product form M5 = M4 × S1, where M4 is four-dimensional Minkowski
space and S1 is a circle of radius R. We denote xM = (xµ, y), µ = 0, · · · , 3,
so that y ∈ [0, 2πR]. The field ϕ satisfies the equation of motion

�ϕ = 0 ⇒ ∂µ∂
µϕ+ ∂2

yϕ = 0 . (2.2)

Now, since ϕ(x, y) = ϕ(x, y + 2πR), we can write the Fourier expansion

ϕ(x, y) =
1√
2πR

∞∑

n=−∞
ϕn(x)einy/R . (2.3)

Notice that Yn(y) ≡ 1√
2πR

einy/R are the orthonormalized eigenfunctions of
∂2

y on S1. Substituting (2.3) in (2.2) gives

∂µ∂
µϕn −

n2

R2
ϕn = 0 . (2.4)

This clearly means that ϕn(x) are 4-dimensional scalar fields with masses
n/R. This can also be seen at the level of the action. Substituting (2.3) in
(2.1) and integrating over y (using orthonormality of the Yn) gives

S0 = −
∞∑

n=−∞

1
2

∫

d4x

[

∂µϕn ∂
µϕ∗

n +
n2

R2
ϕ∗

nϕn

]

. (2.5)

This again shows that in four dimensions there is one massless scalar ϕ0

plus an infinite tower of massive scalars ϕn with masses n/R. We are usually
interested in the limit R → 0 in which only ϕ0 remains light while the ϕn,
n �= 0, become very heavy and are discarded. We refer to this limit in which
only the zero mode ϕ0 is kept as dimensional reduction because we could
obtain the same results demanding that ϕ(xM ) be independent of y. More
generally, dimensional reduction in this restricted sense is compactification on
a torus TD−d, discarding massive modes, i.e. all states which carry momentum
along the directions of the torus.

The important concept of zero modes generalizes to the case of curved
internal compact spaces. However, it is only in the case of torus compactifi-
cation that all zero modes are independent of the internal coordinates. This
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guarantees the consistency of the procedure of discarding the heavy modes
in the sense that a solution of the lower-dimensional equations of motion is
also a solution of the full higher-dimensional ones.

In D dimensions we can have other fields transforming in various repre-
sentations of the Lorentz group SO(1,D−1). We then need to consider how
they decompose under the Lorentz group in the lower dimensions. Tech-
nically, we need to decompose the representations of SO(1,D− 1) under
SO(1, d− 1) × SO(D− d) associated to Md × KD−d. For example, for a
vector AM transforming in the fundamental representation D we have the
branching D = (d,1) + (1,D − d). This just means that AM splits into Aµ,
µ = 0, · · · , d−1 and Am, m = d, · · · ,D− 1. Aµ is a vector under SO(1, d−1)
whereas Am, for each m, is a singlet, i.e. the Am appear as (D − d) scalars
in d dimensions. Similarly, a two-index antisymmetric tensor BMN decom-
poses into Bµν , Bµm and Bmn, i.e. into an antisymmetric tensor, vectors and
scalars in d dimensions.

Exercise 2.1: Perform the dimensional reduction of:

– Maxwell electrodynamics.

S1 = −1
4

∫

d4+nxFMNF
MN , FMN = ∂MAN − ∂NAM . (2.6)

– Action for a 2-form gauge field BMN .

S2 = − 1
12

∫

d4+nxHMNPH
MNP , HMNP = ∂MBNP + cyclic . (2.7)

We also need to consider fields that transform as spinors under the Lorentz
group. Here and below we will always assume that the manifolds considered
are spin manifolds, so that spinor fields can be defined. As reviewed in Appen-
dix A, inD dimensions, the Dirac matrices ΓM are 2[D/2]×2[D/2]-dimensional
([D/2] denotes the integer part of D/2). The Γµ and Γm, used to build the
generators of SO(1, d−1) and SO(D−d), respectively, then act on all 2[D/2]

spinor components. This means that an SO(1,D−1) spinor transforms as
a spinor under both SO(1, d−1) and SO(D−d). For example, a Majorana
spinor ψ in D=11 decomposes under SO(1, 3)×SO(7) as 32 = (4, 8), where
4 and 8 are respectively Majorana spinors of SO(1, 3) and SO(7). Hence,
dimensional reduction of ψ gives rise to eight Majorana spinors in d = 4.

We are mainly interested in compactification of supersymmetric theories
that have a set of conserved spinorial charges QI , I = 1, · · · ,N . Fields orga-
nize into supermultiplets containing both fermions and bosons that transform
into each other by the action of the generators QI [9]. In each supermultiplet
the numbers of on-shell bosonic and fermionic degrees of freedom do match
and the masses of all fields are equal. Furthermore, the action that deter-
mines the dynamics of the fields is highly constrained by the requirement of
invariance under supersymmetry transformations. For instance, for D= 11,
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N =1, there is a unique theory, namely eleven-dimensional supergravity. For
D=10, N =2 there are two different theories, non-chiral IIA (Q1 and Q2 are
Majorana-Weyl spinors of opposite chirality) and chiral IIB supergravity (Q1

and Q2 of same chirality). For D= 10, N = 1, a supergravity multiplet can
be coupled to a non-Abelian super Yang-Mills multiplet provided that the
gauge group is E8 × E8 or SO(32) to guarantee absence of quantum anom-
alies. The above theories describe the dynamics of M-theory and the various
string theories at low energies.

One way to obtain four-dimensional supersymmetric theories is to start
in D= 11 or D= 10 and perform dimensional reduction, i.e. compactify on
a torus. For example, we have just explained that dimensional reduction of
a D = 11 Majorana spinor produces eight Majorana spinors in d = 4. This
means that starting with D=11, N =1, in which Q is Majorana, gives a d=4,
N = 8 theory upon dimensional reduction. As another interesting example,
consider D=10, N =1 in which Q is a Majorana-Weyl spinor. The 16 Weyl
representation of SO(1, 9) decomposes under SO(1, 3)× SO(6) as

16 = (2L, 4̄) + (2R,4) , (2.8)

where 4, 4̄ are Weyl spinors of SO(6) and 2L,R are Weyl spinors of SO(1, 3)
that are conjugate to each other. If we further impose the Majorana condition
inD=10, then dimensional reduction of Q gives rise to four Majorana spinors
in d = 4. Thus, N = 1, 2 supersymmetric theories in D = 10 yield N = 4, 8
supersymmetric theories in d=4 upon dimensional reduction.

Toroidal compactification of superstrings gives theories with too many su-
persymmetries that are unrealistic because they are non-chiral, they cannot
have the chiral gauge interactions observed in nature. Supersymmetric ex-
tensions of the Standard Model require d=4, N =1. Such models have been
extensively studied over the last 25 years (for a recent review, see [10]). One
reason is that supersymmetry, even if it is broken at low energies, can explain
why the mass of the Higgs boson does not receive large radiative corrections.
Moreover, the additional particles and particular couplings required by su-
persymmetry lead to distinct experimental signatures that could be detected
in future high energy experiments.

To obtain more interesting theories we must go beyond toroidal com-
pactification. As a guiding principle we demand that some supersymmetry
is preserved. As we will see, this allows a more precise characterization of
the internal manifold. Supersymmetric string compactifications are moreover
stable, in contrast to non-supersymmetric vacua that can be destabilized by
tachyons or tadpoles. Now, we know that in the real world supersymmetry
must be broken since otherwise the superpartner of e.g. the electron would
have been observed. Supersymmetry breaking in string theory is still an open
problem.



Introduction to String Compactification 107

2.2 Compactification, Supersymmetry
and Calabi-Yau Manifolds

Up to now we have not included gravity. When a metric field GMN is present,
the fact that space-time MD has a product form Md × KD−d, with KD−d

compact, must follow from the dynamics. If the equations of motion have
such a solution, we say that the system admits spontaneous compactification.
The vacuum expectation value (vev) of GMN then satisfies

〈GMN (x, y)〉 =
(
ḡµν(x) 0

0 ḡmn(y)

)

, (2.9)

where xµ and ym are the coordinates of Md and KD−d respectively. Note
that with this Ansatz there are no non-zero components of the Christoffel
symbols and the Riemann tensor which carry both Latin and Greek indices.
An interesting generalization of (2.9) is to keep the product form but with
the metric components on Md replaced by e2A(y)ḡµν(x), where A(y) is a so-
called “warp factor” [11]. This still allows maximal space-time symmetry in
Md. For instance 〈Gµν(x, y)〉 = e2A(y)ηµν is compatible with d-dimensional
Poincaré symmetry. In these notes we do not consider such warped product
metrics.

We are mostly interested in D-dimensional supergravity theories and we
will search for compactifications that preserve some degree of supersymme-
try. Instead of analyzing whether the equations of motion, which are highly
nonlinear, admit solutions of the form (2.9), it is then more convenient to
demand (2.9) and require unbroken supersymmetries in Md. A posteriori it
can be checked that the vevs obtained for all fields are compatible with the
equations of motion.

We thus require that the vacuum satisfies ε̄Q|0〉 = 0 where ε(xM ) para-
metrizes the supersymmetry transformation which is generated by Q, both
Q and ε being spinors of SO(1,D−1). This, together with δεΦ = [ε̄Q, Φ],
means that 〈δεΦ〉 ≡ 〈0|[ε̄Q, Φ]|0〉 = 0 for every field generically denoted by
Φ. Below we will be interested in the case where Md is Minkowski space.
Then, with the exception of a vev for the metric ḡµν = ηµν and a d-form
F̄µ1...µd

= εµ1...µd
, a non-zero background value of any field which is not a

SO(1, d−1) scalar, would reduce the symmetries of Minkowski space. In par-
ticular, since fermionic fields are spinors that transform non-trivially under
SO(1, d−1), 〈ΦFermi〉 = 0. Hence, 〈δεΦBose〉 ∼ 〈ΦFermi〉 = 0 and we only need
to worry about 〈δεΦFermi〉. Now, among the ΦFermi in supergravity there is
always the gravitino ψM (or N gravitini if there are N supersymmetries in
higher dimensions) that transforms as

δεψM = ∇M ε+ · · · , (2.10)

where ∇M is the covariant derivative defined in Appendix A. The . . . stand
for terms which contain other bosonic fields (dilaton, BMN and p-form fields)
whose vevs are taken to be zero. Then, 〈δεψM 〉 = 0 gives
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〈∇M ε〉 ≡ ∇̄M ε = 0 ⇒ ∇̄mε = 0 and ∇̄µε = 0 . (2.11)

Notice that in ∇̄M there appears the vev of the spin connection ω̄. Spinor
fields ε, which satisfy (2.11) are covariantly constant (in the vev metric); they
are also called Killing spinors.

The existence of Killing spinors, which is a necessary requirement for a
supersymmetric compactification, restricts the class of manifolds on which
we may compactify. To see this explicitly, we iterate (2.11) to obtain the
integrability condition (since the manipulations until (2.14) are completely
general, we drop the bar)

[∇m,∇n]ε =
1
4
Rmn

abΓabε =
1
4
RmnpqΓ

pqε = 0 , (2.12)

where Γab = 1
2 [Γa, Γb] and Rmnpq is the Riemann tensor on KD−d.

Exercise 2.2: Verify (2.12) using (A.12).

Next we multiply by Γn and use the Γ property

ΓnΓ pq = Γnpq + gnpΓ q − gnqΓ p , (2.13)

where Γnpq is defined in (A.2). The Bianchi identity

Rmnpq +Rmqnp +Rmpqn = 0 (2.14)

implies that ΓnpqRmnpq = 0. In this way we arrive at

R̄mqΓ̄
q ε = 0 . (2.15)

From the linear independence of the Γ q ε it follows that a necessary condition
for the existence of a Killing spinor on a Riemannian manifold is the vanishing
of its Ricci tensor:

R̄mq = 0 . (2.16)

Hence, the internal KD−d is a compact Ricci-flat manifold. This is the same
condition as that obtained from the requirement of Weyl invariance at the
level of the string world-sheet and it is also the equation of motion derived
from the supergravity action if all fields except the metric are set to zero.

One allowed solution is KD−d = TD−d, i.e. a (D−d) torus that is compact
and flat. This means that dimensional reduction is always possible and, since
ε is constant because in this case ∇̄m ε = ∂mε = 0, it gives the maximum
number of supersymmetries in the lower dimensions. The fact that supersym-
metry requires KD−d to be Ricci-flat is a very powerful result. For example,
it is known that Ricci-flat compact manifolds do not admit Killing vectors
other than those associated with tori. Equivalently, the Betti number b1 only
gets contributions from non-trivial cycles associated to tori factors in KD−d.
The fact that the internal manifold must have Killing spinors encodes much
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more information. To analyze this in more detail below we specialize to a
six-dimensional internal K6 which is the case of interest for string compacti-
fications from D=10 to d=4.

Before doing this we need to introduce the concept of holonomy group H
[12, 13]. Upon parallel transport along a closed curve on an m-dimensional
manifold, a vector v is rotated into Uv. The set of matrices obtained in this
way forms H. The U ’s are necessarily matrices in O(m) which is the tangent
group of the Riemannian Km. HenceH ⊆ O(m). For manifolds with an orien-
tation the stronger condition H ⊆ SO(m) holds. Now, from (A.14) it follows
that for a simply-connected manifold to have non-trivial holonomy it has to
have curvature. Indeed, the Riemann tensor (and its covariant derivatives),
when viewed as a Lie-algebra valued two-form, generate H. If the manifold
is not simply connected, the Riemann tensor and its covariant derivatives
only generate the identity component of the holonomy group, called the re-
stricted holonomy group H0 for which H0 ⊆ SO(m). Non-simply connected
manifolds can have non-trivial H without curvature, as exemplified in the
following exercise.

Exercise 2.3: Consider the manifold S1 ⊗ Rn endowed with the metric

ds2 = R2dθ2 + (dxi +Ωi
jx

jdθ)2 , (2.17)

where Ωi
j is a constant anti-symmetric matrix, i.e. a generator of the rotation

group SO(n) and R is the radius of S1. Show that this metric has vanishing
curvature but that nevertheless a vector, when parallel transported around
the circle, is rotated by an element of SO(n).

Under parallel transport along a loop in K6, spinors are also rotated by
elements ofH. But a covariantly constant spinor such as ε remains unchanged.
This means that ε is a singlet under H. But ε is an SO(6) spinor and hence it
has right- and left-chirality pieces that transform respectively as 4 and 4̄ of
SO(6) $ SU(4). How can ε be anH-singlet? Suppose thatH = SU(3). Under
SU(3) the 4 decomposes into a triplet and a singlet: 4SU(4) = (3 + 1)SU(3).
Thus, if H = SU(3) there is one covariantly constant spinor of positive and
one of negative chirality, which we denote ε±. If H were SU(2) there would
be two right-handed and two left-handed covariantly constant spinors since
under SU(2) the 4 decomposes into a doublet and two singlets. There could
be as many as four covariantly constant spinors of each chirality as occurs
when K6 = T6 and H0 is trivial since the torus is flat.

Let us now pause to show that if K6 has SU(3) holonomy, the resulting
theory in d = 4 has precisely N = 1 supersymmetry if it had N = 1 in
D = 10. Taking into account the decomposition (2.8) and the discussion in
the previous paragraph, we see that the allowed supersymmetry parameter
takes the form

ε = εR ⊗ ε+ + εL ⊗ ε− . (2.18)

Since ε is also Majorana it must be that εR = ε∗L and hence εR and εL
form just a single Majorana spinor, associated to a single supersymmetry
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generator. Similarly, if K6 has SU(2) holonomy the resulting d = 4 theory
will have N =2 supersymmetry. Obviously, the number of supersymmetries
in d=4 is doubled if we start from N =2 in D=10.

2n-dimensional compact Riemannian manifolds with SU(n) ⊂ SO(2n)
holonomy are Calabi-Yau manifolds CYn. We have just seen that they admit
covariantly constant spinors and that they are Ricci-flat. We will learn much
more about Calabi-Yau manifolds in the course of these lectures and we will
also make the definition more precise. For n = 1 there is only one CY1,
namely the torus T2. The only CY2 is the K3 manifold. For n ≥ 3 there is
a huge number. We will give simple examples of CY3 in Sect. 3. Many more
can be found in [14]. We want to remark that except for the trivial case n = 1
no metric with SU(n) holonomy on any CYn is known explicitly. Existence
and uniqueness have, however, been shown (cf. Sect. 3).

Calabi-Yau manifolds are a class of manifolds with special holonomy.
Generically on an oriented manifold one has H $ SO(m). Then the following
question arises: which subgroups G ⊂ SO(m) do occur as holonomy groups
of Riemannian manifolds? For the case of simply connected manifolds which
are neither symmetric nor locally a product of lower dimensional manifolds,
this question was answered by Berger. His classification along with many of
the properties of the manifolds is discussed at length in [12, 13]. All types of
manifolds with special holonomy do occur in the context of string compacti-
fication, either as the manifold on which we compactify or as moduli spaces
(cf. Sect. 3.6).

Exercise 2.4: Use simple group theory to work out the condition on the
holonomy group of seven- and eight-dimensional manifolds which gives the
minimal amount of supersymmetry if one compactifies eleven-dimensional
supergravity to four or three dimensions or ten-dimensional supergravity to
d = 3 and d = 2, respectively.

Going back to the important case, N =1, D=10, d=4, and the require-
ment of unbroken supersymmetry we find the following possibilities. The
internal K6 can be a torus T6 with trivial holonomy and hence ε leads to
d=4, N =4 supersymmetry. K6 can also be a product K3× T2 with SU(2)
holonomy and ε leads to N = 2 in d = 4. Finally, K6 can be a CY3 that
has SU(3) holonomy so that ε gives d=4, N =1 supersymmetry. These are
the results for heterotic and type I strings. For type II strings the number
of supersymmetries in the lower dimensions is doubled since we start from
N =2 in D=10.

Let us also consider compactifications from N = 1, D = 10 to d = 6. In
this case unbroken supersymmetry requires K4 to be the flat torus T4 or
the K3 manifold with SU(2) holonomy. Toroidal compactification does not
reduce the number of real supercharges (16 in N = 1, D = 10), thus when
the internal manifold is T4 the theory in d= 6 has N = 2, or rather (1,1),
supersymmetry. Here the notation indicates that one supercharge is a left-
handed and the other a right-handed Weyl spinor. The SO(1, 5) Weyl spinors



Introduction to String Compactification 111

are complex since a Majorana-Weyl condition cannot be imposed in d= 6.
Compactification on K3 gives d= 6, N = 1, or rather (1,0), supersymmetry.
This can be understood from the decomposition of the 16 Weyl representation
of SO(1, 9) under SO(1, 5)× SO(4),

16 = (4L,2) + (4R,2′) , (2.19)

where 4L,R and 2, 2′ are Weyl spinors of SO(1, 5) and SO(4). In both groups
each Weyl representation is its own conjugate. Since the supersymmetry pa-
rameter ε in D= 10 is Majorana-Weyl, its (4L,2) piece has only eight real
components which form only one complex 4L and likewise for (4R,2′). Then,
if the holonomy is trivial, ε gives one 4L plus one 4R supersymmetry in d=6.
Instead, if the holonomy is SU(2) ⊂ SO(4) $ SU(2)×SU(2), only one SO(4)
spinor, say 2, is covariantly constant and then ε gives only one 4L supersym-
metry. Starting from N = 2 in D = 10 there are the following possibilities.
Compactification on T4 gives (2,2) supersymmetry for both the non-chiral
IIA and the chiral IIB superstrings. However, compactification on K3 gives
(1,1) supersymmetry for IIA but (2,0) supersymmetry for IIB.

From the number of unbroken supersymmetries in the lower dimensions
we can already observe hints of string dualities, i.e. equivalences of the com-
pactifications of various string theories. For example, in d= 6, the type IIA
string on K3 is dual to the heterotic string on T4 and in d = 4, type IIA
on CY3 is dual to heterotic on K3 × T2. On the heterotic side non-Abelian
gauge groups are perturbative but on the type IIA side they arise from non-
perturbative effects, namely D-branes wrapping homology cycles inside the
K3 surface. We will not discuss string dualities in these lectures. For a ped-
agogical introduction, see [6].

2.3 Zero Modes

We now wish to discuss Kaluza-Klein reduction when compactifying on
curved internal spaces. Our aim is to determine the resulting theory in d di-
mensions. To begin we expand all D-dimensional fields, generically denoted
Φmn···

µν··· (x, y), around their vacuum expectation values

Φmn···
µν··· (x, y) = 〈Φmn···

µν··· (x, y)〉+ ϕmn···
µν··· (x, y) . (2.20)

We next substitute in the D-dimensional equations of motion and use the
splitting (2.9) of the metric. Keeping only linear terms, and possibly fixing
gauge, gives generic equations

Odϕ
mn···
µν··· +Ointϕ

mn···
µν··· = 0 , (2.21)

where Od, Oint are differential operators of order p (p = 2 for bosons and
p = 1 for fermions) that depend on the specific field.

We next expand ϕmn···
µν··· in terms of eigenfunctions Y mn···

a (y) of Oint in
KD−d. This is
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ϕmn···
µν··· (x, y) =

∑

a

ϕaµν···(x) Y mn···
a (y) . (2.22)

Since OintY
mn···
a (y) = λaY

mn···
a (y), from (2.21) we see that the eigenvalues λa

determine the masses of the d-dimensional fields ϕaµν···(x). With R a typical
dimension of KD−d, λa ∼ 1/Rp. We again find that in the limit R → 0 only
the zero modes of Oint correspond to massless fields ϕ0µν···(x).

To obtain the effective d-dimensional action for the massless fields ϕ0 in
general it is not consistent to simply set the massive fields, i.e. the coefficients
of the higher harmonics, to zero [8]. The problem with such a truncation is
that the heavy fields, denoted ϕh, might induce interactions of the ϕ0 that are
not suppressed by inverse powers of the heavy mass. This occurs for instance
when there are cubic couplings ϕ0 ϕ0 ϕh. When the zero modes Y0(y) are
constant or covariantly constant a product of them is also a zero mode and
then by orthogonality of the Ya(y) terms linear in ϕh cannot appear after
integrating over the extra dimensions, otherwise they might be present and
generate corrections to quartic and higher order couplings of the ϕ0. Even
when the heavy fields cannot be discarded it might be possible to consistently
determine the effective action for the massless fields [15].

We have already seen that for scalar fields Oint is the Laplacian ∆. On
a compact manifold ∆ has only one scalar zero mode, namely a constant
and hence a scalar in D dimensions produces just one massless scalar in
d dimensions. An important and interesting case is that of Dirac fields in
which both Od and Oint are Dirac operators Γ · ∇. The number of zero
modes of ∇/ ≡ Γm∇m happen to depend only on topological properties of
the internal manifold KD−d and can be determined using index theorems [4].
When the internal manifold is Calabi-Yau we can also exploit the existence
of covariantly constant spinors. For instance, from the formula ∇/ 2 = ∇m∇m,
which is valid on a Ricci-flat manifold, it follows that when K6 is a CY3, the
Dirac operator has only two zero modes, namely the covariantly constant ε+
and ε−.

Among the massless higher dimensional fields there are usually p-form
gauge fields A(p) with field strength F (p+1) = dA(p) and action

Sp = − 1
2(p+ 1)!

∫

MD

F (p+1) ∧ ∗F (p+1) . (2.23)

After fixing the gauge freedom A(p) → A(p)+dΛ(p−1) by imposing d∗A(p) = 0,
the equations of motion are

∆DA
(p) = 0 , ∆D = dd∗ + d∗d . (2.24)

If the metric splits into a d-dimensional and a (D − d)-dimensional part, as
in (2.9), the Laplacian ∆D also splits ∆D = ∆d + ∆D−d. Then, Oint is the
Laplacian ∆D−d. The number of massless d-dimensional fields is thus given
by the number of zero modes of the internal Laplacian. This is a cohomology
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problem, as we will see in detail in Sect. 3. In particular, the numbers of zero
modes are given by Betti numbers br. For example, there is a 2-form that
decomposes BMN → Bµν⊕Bµm⊕Bmn. Each term is an n-form with respect
to the internal manifold, where n is easily read from the decomposition. Thus,
from Bµν we obtain only one zero mode since b0 = 1, from Bµm we obtain b1
modes that are vectors in d dimensions and from Bmn we obtain b2 modes
that are scalars in d dimensions. In general, from a p-form in D dimensions
we obtain bn massless fields, n = 0, · · · , p, that correspond to (p − n)-forms
in d dimensions.

Let us now consider zero modes of the metric that decomposes gMN →
gµν ⊕ gµm ⊕ gmn. From gµν there is only one zero mode, namely the lower
dimensional graviton. Massless modes coming from gµm, that would behave
as gauge bosons in d dimensions, can appear only when b1 �= 0 and the
internal manifold has continuous isometries. Massless modes arising from
gmn correspond to scalars in d dimensions. To analyze these modes we write
gmn = ḡmn + hmn. We know that a necessary condition for the fluctuations
hmn not to break supersymmetry is Rmn(ḡ+h) = 0 just as Rmn(ḡ) = 0. Thus,
the hmn are degeneracies of the vacuum, they preserve the Ricci-flatness.

The hmn are usually called moduli. They are free parameters in the com-
pactification which change the size and shape of the manifold but not its
topology. For instance, a circle S1 has one modulus, namely its radius R.
The fact that any value of R is allowed manifests itself in the space-time
theory as a massless scalar field with vanishing potential. The 2-torus, that
has one Kähler modulus and one complex structure modulus, is another in-
structive example. To explain its moduli we define T2 by identifications in a
lattice Λ. This means T2 = R2/Λ. We denote the lattice vectors e1, e2 and
define a metric Gmn = em · en. The Kähler modulus is just the area

√
detG.

If there is an antisymmetric field Bmn then it is natural to introduce the
complex Kähler modulus T via

T =
√

detG+ iB12 . (2.25)

The complex structure modulus, denoted U , is

U = −i |e2|
|e1|

eiϕ(e1,e2) =
1
G11

(
√

detG− iG12) . (2.26)

U is related to the usual modular parameter by τ = iU . τ can be writ-
ten as a ratio of periods of the holomorphic 1-form Ω = dz. Specifically,
τ =
∫

γ2
dz/
∫

γ1
dz, where γ1, γ2 are the two non-trivial one-cycles (associ-

ated to e1, e2). While all tori are diffeomorphic as real manifolds, there is no
holomorphic map between two tori with complex structures τ and τ ′ unless
they are related by a SL(2,Z) modular transformation, cf. (4.28). This is
a consequence of the geometric freedom to make integral changes of lattice
basis, as long as the volume of the unit cell does not change (see e.g. [16]).
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Furthermore, in string theory compactification there is a T -duality symme-
try, absent in field theory, that in circle compactification identifies R and
R′ = α′/R, whereas in T2 compactification identifies all values of T related
by an SL(2,Z)T transformation (for review, see e.g. [17]). Compactification
on a torus will thus lead to two massless fields, also denoted U and T , with
completely arbitrary vevs but whose couplings to other fields are restricted by
invariance of the low-energy effective action under SL(2,Z)U and SL(2,Z)T .

The metric moduli of CY 3-folds are also divided into Kähler moduli and
complex structure moduli. This will be explained in Sect. 3.6.

Our discussion of compactification so far has been almost entirely in terms
of field theory, rather than string theory. Of course, what we have learned
about compactification is also relevant for string theory, since at low energies,
where the excitation of massive string modes can be ignored, the dynamics of
the massless modes is described by a supergravity theory in ten dimensions
(for type II strings) coupled to supersymmetric Yang-Mills theory (for type
I and heterotic strings).

But there are striking differences between compactifications of field the-
ories and string theories. When dealing with strings, it is not the classical
geometry (or even topology) of the space-time manifold M which is relevant.
One dimensional objects, such as strings, probe M differently from point
particles. Much of the attraction of string theory relies on the hope that the
modification of the concept of classical geometry to “string geometry” at dis-
tances smaller than the string scale ls =

√
α′ (which is of the order of the

Planck length2, i.e. ∼ 10−33cm) will lead to interesting effects and eventu-
ally to an understanding of physics in this distance range. At distances large
compared to ls a description in terms of point particles should be valid and
one should recover classical geometry.

One particular property of string compactification as compared to point
particles is that there might be more than one manifold Km which leads to
identical theories. This resembles the situation of point particles on so-called
isospectral manifolds. However, in string theory the invariance is more fun-
damental, as no experiment can be performed to distinguish between the
manifolds. This is an example of a duality, of which many are known. T -
duality of the torus compactification is one simple example which was al-
ready mentioned. A particularly interesting example which arose from the
study of Calabi-Yau compactifications is mirror symmetry . It states that
for any Calabi-Yau manifold X there exists a mirror manifold X̂, such that
IIA(X) = IIB(X̂). Here the notation IIA(X) means the full type IIA string
theory, including all perturbative and non-perturbative effects, compactified
onX. For the heterotic string with standard embedding of the spin connection
2 This is fixed by the identification of one of the massless excitation modes of

the closed string with the graviton and comparing its self-interactions, as com-
puted from string theory, with general relativity. This leads to a relation between
Newton’s constant and α′.
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in the gauge connection [2] mirror symmetry means het(X) = het(X̂). The
manifolds comprising a mirror pair are very different, e.g. in terms of their
Euler numbers χ(X) = −χ(X̂). The two-dimensional torus, which we dis-
cussed above, is its own mirror manifold, but mirror symmetry exchanges
the two types of moduli: U ↔ T . In compactifications on Calabi-Yau 3-folds,
mirror symmetry also exchanges complex structure and Kähler moduli be-
tween X and X̂.

Mirror symmetry in string compactification is a rather trivial consequence
of its formulation in the language of two-dimensional conformal field theory.
However, when cast in the geometric language, it becomes highly non-trivial
and has lead to surprising predictions in algebraic geometry. Except for a few
additional comments at the end of Sect. 3.6 we will not discuss mirror symme-
try in these lectures. An up-to-date extensive coverage of most mathematical
and physical aspects of mirror symmetry has recently appeared [18].

3 Complex Manifolds, Kähler Manifolds,
Calabi-Yau Manifolds

3.1 Complex Manifolds

In the previous chapter we have seen how string compactifications which pre-
serve supersymmetry directly lead to manifolds with SU(3) holonomy. These
manifolds have very special properties which we will discuss in this chapter. In
particular they can be shown to be complex manifolds. We begin this chapter
with a review of complex manifolds and of some of the mathematics necessary
for the discussion of CY manifolds. Throughout we assume some familiarity
with real manifolds and Riemannian geometry. None of the results collected
in this chapter are new, but some of the details we present are not readily
available in the (physics) literature. Useful references are [4, 19, 20, 21, 22]
(physics), [12, 23, 24, 25, 26, 27] (mathematics) and, in particular, [28]. In
this section we use Greek indices for the (real) coordinates on the compacti-
fication manifold, which we will generically call M .

A complex manifold M is a differentiable manifold admitting an open
cover {Ua}a∈A and coordinate maps za : Ua → Cn such that za ◦ z−1

b is
holomorphic on zb(Ua ∩Ub) ⊂ Cn for all a, b. za = (z1

a, . . . , z
n
a ) are local holo-

morphic coordinates and on overlaps Ua ∩ Ub, zi
a = f i

ab(zb) are holomorphic
functions, i.e. they do not depend on z̄i

b. (When considering local coordinates
we will often drop the subscript which refers to a particular patch.) A complex
manifold thus looks locally like Cn. Transition functions from one coordinate
patch to another are holomorphic functions. An atlas {Ua, za}a∈A with the
above properties defines a complex structure on M . If the union of two such
atlases has again the same properties, they are said to define the same com-
plex structure; cf. differential structure in the real case, which is defined by
(equivalence classes) of C∞ atlases. n is called the complex dimension of M :
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Fig. 1. Coordinate maps on complex manifolds

n = dimC(M). Clearly, a complex manifold can be viewed as a real manifold
with even (real) dimension, i.e. m = 2n. Not all real manifolds of even di-
mension can be endowed with a complex structure. For instance, among the
even-dimensional spheres S2n, only S2 admits a complex structure. However,
direct products of odd-dimensional spheres always admit a complex structure
([24], p.4).

Example 3.1: Cn is a complex manifold which requires only one single
coordinate patch. We can consider Cn as a real manifold if we identify it
with R2n in the usual way by decomposing the complex coordinates into
their real and imaginary parts (i =

√
−1):

zj = xj + iyj , z̄j = xj − iyj , j = 1 . . . , n . (3.1)

We will sometimes use the notation xn+j ≡ yj . For later use we give the
decomposition of the partial derivatives

∂j ≡
∂

∂zj
=

1
2

(
∂

∂xj
− i ∂

∂yj

)

, ∂̄j ≡
∂

∂z̄j
=

1
2

(
∂

∂xj
+ i

∂

∂yj

)

. (3.2)

and the differentials

dzj = dxj + idyj , dz̄j = dxj − idyj . (3.3)

Locally, on any complex manifold, we can always choose real coordinates as
the real and imaginary parts of the holomorphic coordinates. A complex man-
ifold is thus also a real analytic manifold. Moreover, since det ∂(x1

a,...,x2n
a )

∂(x1
b ,...,x2n

b )
=

∣
∣
∣det ∂(zi

a,...,zn
a )

∂(z1
b ,...,∂zn

b )

∣
∣
∣
2

> 0 on Ua ∩ Ub, any complex manifold is orientable.

Example 3.2: A very important example, for reasons we will learn mo-
mentarily, is n-dimensional complex projective space CPn, or, simply, Pn.
Pn is defined as the set of (complex) lines through the origin of Cn+1. A
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line through the origin can be specified by a single point and two points
z and w define the same line iff there exists λ ∈ C∗ ≡ C − {0} such that
z = (z0, z1 . . . , zn) = (λw0, λw1, . . . , λwn) ≡ λ · w. We thus have

Pn =
Cn+1 − {0}

C∗ (3.4)

The coordinates z0, . . . , zn are called homogeneous coordinates on Pn. Often
we write [z] = [z0 : z1 : · · · : zn]. Pn can be covered by n+1 coordinate patches
Ui = {[z] : zi �= 0}, i.e. Ui consists of those lines through the origin which do
not lie in the hyperplane zi = 0. (Hyperplanes in Pn are n − 1-dimensional
submanifolds, or, more generally, codimension-one submanifolds.) In Ui we
can choose local coordinates as ξk

i = zk

zi . They are well defined on Ui and
satisfy

ξk
i =

zk

zi
=
zk

zj

/ zi

zj
=
ξk
j

ξi
j

(3.5)

which is holomorphic on Ui ∩ Uj where ξi
j �= 0. Pn is thus a complex mani-

fold. The coordinates ξi = (ξ1i , . . . , ξ
n
i ) are called inhomogeneous coordinates.

Alternatively to (3.4) we can also define Pn as Pn = S2n+1/U(1), where U(1)
acts as z → eiφz. This shows that Pn is compact.

Exercise 3.1: Show that P1 $ S2 by examining transition functions between
the two coordinate patches that one obtains after stereographically projecting
the sphere onto C ∪ {∞}.

A complex submanifold X of a complex manifold Mn is a set X ⊂ Mn

which is given locally as the zeroes of a collection f1, . . . , fk of holomorphic
functions such that rank(J) ≡ rank

(
∂(f1,...,fk)
∂(z1,...,zn)

)
= k. X is a complex mani-

fold of dimension n − k, or, equivalently, X has codimension k in Mn. The
easiest way to show that X is indeed a complex manifold is to choose local
coordinates on M such that X is given by z1 = z2 = · · · = zk = 0. It is then
clear that if M is a complex manifold so is X. More generally, if we drop the
condition on the rank, we get the definition of an analytic subvariety. A point
p ∈ X is a smooth point if rank(J(p)) = k. Otherwise p is called a singular
point. For instance, for k = 1, at a smooth point there is no simultaneous
solution of p = 0 and dp = 0.

The importance of projective space, or more generally, of weighted projec-
tive space which we will encounter later, lies in the following result: there are
no compact complex submanifolds of Cn. This is an immediate consequence
of the fact that any global holomorphic function on a compact complex man-
ifold is constant, applied to the coordinate functions (for details, see [25],
p.10). This is strikingly different from the real analytic case: any real ana-
lytic compact or non-compact manifold can be embedded, by a real analytic
embedding, into RN for sufficiently large N (Grauert-Morrey theorem).
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An algebraic variety X ⊂ Pn is the zero locus in Pn of a collection of
homogeneous polynomials {pα(z0, . . . , zn)}. (A function f(z) is homogeneous
of degree d if it satisfies f(λz) = λdf(z). Taking the derivative w.r.t. λ and
setting λ = 1 at the end, leads to the Euler relation

∑
zi∂if(z) = d · f(z).)

More generally one would consider analytic varieties, which are defined
in terms of holomorphic functions rather than polynomials. However by the
theorem of Chow every analytic subvariety of Pn is in fact algebraic. In more
sophisticated mathematical language this means that every analytic subva-
riety of Pn is the zero section of some positive power of the universal line
bundle over Pn, cf. e.g. [23].

An example of an algebraic submanifold of P4 is the quintic hypersurface
which is defined as the zero of the polynomial p(z) =

∑4
i=0(z

i)5 in P4. We
will see later that this is a three-dimensional Calabi-Yau manifold, and in fact
(essentially) the only one that can be written as a hypersurface in P4, i.e. X =
{[z0 : · · · : z4] ∈ P4|p(z) = 0}. We can get others by looking at hypersurfaces
in products of projective spaces or as complete intersections of more than
one hypersurface in higher-dimensional projective spaces and/or products of
several projective spaces (here we need several polynomials, homogeneous
w.r.t. each Pn). The more interesting generalization is however to enlarge the
class of ambient spaces and look at weighted projective spaces.

A weighted projective space is defined much in the same way as a projec-
tive space, but with the generalized C∗ action on the homogeneous coordi-
nates

λ · z = λ · (z0, . . . , zn) = (λw0z0, . . . , λwnzn) (3.6)

where, as before, λ ∈ C∗ and the non-zero integer wi is called the weight of
the homogeneous coordinate zi. We will consider cases where all weights are
positive. However, when one is interested in non-compact situations, one also
allows for negative weights. We write Pn[w0, . . . , wn] ≡ Pn[w].

Different sets of weights may give isomorphic spaces. A simple example
is Pn[kw] $ Pn[w]. One may show that one covers all isomorphism classes if
one restricts to so-called well-formed spaces [29]. Among the n+1 weights of
a well-formed space no set of n weights has a common factor. E.g. P2[1, 2, 2]
is not well formed whereas P2[1, 1, 2] is.

Weighted projective spaces are singular, which is most easily demon-
strated by means of an example. Consider P2[1, 1, 2], i.e. (z0, z1, z2) and
(λz0, λz2, λ2z2) denote the same point. For λ = −1 the point [0 : 0 : z2] ≡
[0 : 0 : 1] is fixed but λ acts non-trivially on its neighborhood: we have a Z2

orbifold singularity at this point. This singularity has locally the form C2/Z2,
where Z2 acts on the coordinates (x1, x2) of C2 as Z2 : (x1, x2) �→ −(x1, x2).
In general there is a fixed point for every weight greater than one, a fixed
curve for every pair of weights with a common factor greater than one and
so on.
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A hypersurface Xd[w] in weighted projective space is defined as the van-
ishing locus of a quasi-homogeneous polynomial, p(λ · z) = λdp(z), where d is
the degree of p(z), i.e.

Xd[w] =
{

[z0 : · · · : zb] ∈ Pn[w]
∣
∣
∣ p(z) = 0

}
(3.7)

In this case the Euler relation generalizes to
∑
wiz

i∂ip(z) = d · p(z).
Exercise 3.2: Of how many points consist the following “hypersurfaces”? (1):
(z0)2 + (z1)2 = 0 in P1; (2): (z0)3 + (z1)2 = 0 in P1[2, 3]. The number of
points is equal to the Euler number (the Euler number of a smooth point
is one, as can be seen from the Euler formula χ = #vertices − #edges +
#two dimensional faces∓ . . . of a triangulated space. This also follows from
the familiar fact that after removing two points from a sphere with Euler
number two one obtains a cylinder whose Euler number is zero).

It can happen that the hypersurface does not pass through the singular-
ities of the ambient space. Take again the example P2[1, 1, 2] and consider
the quartic hypersurface. At the fixed point [0 : 0 : z2] only the monomial
(z2)2 survives and the hypersurface constraint would require that z2 = 0.
But the point z0 = z1 = z2 = 0 is not in P2[1, 1, 2]. As a second example
consider P3[1, 1, 2, 2]. We now find a singular curve rather than a singular
point, namely z0 = z1 = 0 and a generic hypersurface will intersect this
curve in isolated points. To obtain a smooth manifold one has to resolve the
singularity, which in this example is a Z2 singularity. We will not discuss the
process of resolution of the singularities but it is mathematically well defined
and under control and most efficiently described within the language of toric
geometry [30, 31].

Weighted projective spaces are still not the most general ambient spaces
one considers in actual string compactifications, in particular when one con-
siders mirror symmetry (see below). The more general concept is that of a
toric variety. Toric varieties have some very simple features which allow one
to reduce many calculations to combinatorics. Weighted projective spaces are
a small subclass of toric varieties. For details we refer to Chap. 7 of [18] and
to [31, 32].

We have seen that any complex manifold M can be viewed as a real
(analytic) manifold. The tangent space at a point p is denoted by Tp(M)
and the tangent bundle by T (M). The complexified tangent bundle TC(M) =
T (M)⊗C consists of all tangent vectors of M with complex coefficients, i.e.
v =
∑2n

j=1 v
j ∂

∂xj with vi ∈ C. With the help of (3.2) we can write this as

v =
2n∑

j=1

vj ∂

∂xj
=

n∑

j=1

(vj + ivn+j)∂j +
n∑

j=1

(vj − ivn+j)∂̄j

≡ v1,0 + v0,1 (3.8)
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We have thus a decomposition

TC(M) = T 1,0(M)⊕ T 0,1(M) (3.9)

into vectors of type (1, 0) and of type (0, 1): T 1,0(M) is spanned by {∂i} and
T 0,1(M) by {∂̄i}. Note that T 0,1

p (M) = T 1,0
p (M) and that the splitting into

the two subspaces is preserved under holomorphic coordinate changes. The
transition functions of T 1,0(M) are holomorphic, and we therefore call it the
holomorphic tangent bundle. A holomorphic section of T 1,0(M) is called a
holomorphic vector field; its component functions are holomorphic.

T 1,0(M) is just one particular example of a holomorphic vector bundle
E

π−→M . Holomorphic vector bundles of rank k are characterized by their
holomorphic transition functions which are elements of Gl(k,C) (rather than
Gl(n,R) as in the real case) with holomorphic matrix elements.

In the same way as in (3.9) we decompose the dual space, the space of
one-forms:

T ∗
C
(M) = T ∗1,0(M)⊕ T ∗0,1(M) . (3.10)

T ∗1,0(M) and T ∗0,1(M) are spanned by {dzi} and {dz̄i}, respectively. By
taking tensor products we can define differential forms of type (p, q) as sec-

tions of
p
∧T ∗1,0(M)

q
∧T ∗0,1(M). The space of (p, q)-forms will be denoted by

Ap,q. Clearly Ap,q = Aq,p. If we denote the space of sections of
r
∧T ∗

C
(M) by

Ar, we have the decomposition

Ar =
⊕

p+q=r

Ap,q . (3.11)

This decomposition is independent of the choice of local coordinate system.
Using the underlying real analytic structure we can define the exterior

derivative d. If ω ∈ Ap,q, then

dω ∈ Ap+1,q ⊕Ap,q+1 . (3.12)

We write dω = ∂ω+ ∂̄ω with ∂ω ∈ Ap+1,q and ∂̄ω ∈ Ap,q+1. This defines the
two operators

∂ : Ap,q → Ap+1,q , ∂̄ : Ap,q → Ap,q+1 , (3.13)

and
d = ∂ + ∂̄ . (3.14)

The following results are easy to verify:

d2 = (∂ + ∂̄)2 ≡ 0 ⇒ ∂2 = 0 , ∂̄2 = 0 , ∂∂̄ + ∂̄∂ = 0 . (3.15)

Here we used that ∂2 : Ap,q → Ap+2,q, ∂̄2 : Ap,q → Ap,q+2, (∂∂̄ + ∂̄∂) :
Ap,q → Ap+1,q+1, i.e. that the three operators map to three different spaces.
They must thus vanish separately.
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Equation (3.14) is not true on an almost complex manifold. Alternative
to the way we have defined complex structures we could have started with an
almost complex structure – a differentiable isomorphism J : T (M) → T (M)
with J2 = −� – such that the splitting (3.9) of T (M) is into eigenspaces of J
with eigenvalues +i and −i, respectively. Then (3.12) would be replaced by
dω ∈ Ap+2,q−1 ⊕ Ap+1,q ⊕ Ap,q+1 ⊕ Ap−1,q+2 and (3.14) by d = ∂ + ∂̄ + . . . .
Only if the almost complex structure satisfies an integrability condition – the
vanishing of the Nijenhuis tensor – do (3.12) and (3.14) hold. A theorem of
Newlander and Nierenberg then guarantees that we can construct on M an
atlas of holomorphic charts and M is a complex manifold in the sense of the
definition that we have given, see e.g. [13, 25].

ω is called a holomorphic p-form if it is of type (p, 0) and ∂̄ω = 0, i.e. if it
has holomorphic coefficient functions. Likewise ω̄ of type (0, q) with ∂̄ω̄ = 0
is called anti-holomorphic. Ωp(M) denotes the vector-space of holomorphic
p-forms. We leave it as an exercise to write down the explicit expressions, in
terms of coefficients, of ∂ω, etc.

3.2 Kähler Manifolds

The next step is to introduce additional structures on a complex manifold: a
hermitian metric and a hermitian connection.

A hermitian metric is a covariant tensor field of the form
∑n

i,j=1 gi̄dz
i ⊗

dz̄j , where gi̄ = gi̄(z) (here the notation is not to indicate that the compo-
nents are holomorphic functions; they are not!) such that gjı̄(z) = gi̄(z) and
gi̄(z) is a positive definite matrix, that is, for any {vi} ∈ Cn, vigi̄v̄

̄ ≥ 0 with
equality only if all vi = 0. To any hermitian metric we associate a (1, 1)-form

ω = i

n∑

i,j=1

gi̄dz
i ∧ dz̄j . (3.16)

ω is called the fundamental form associated with the hermitian metric g.

Exercise 3.3: Show that ω is a real (1, 1)-form, i.e. that ω = ω̄.

One can introduce a hermitian metric on any complex manifold (see e.g. [26],
p. 145).

Exercise 3.4: Show that

ωn

n!
= (i)ng(z)dz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n

= (i)n(−1)n(n−1)/2g(z)dz1 ∧ · · · ∧ dzn ∧ dz̄1 ∧ · · · ∧ dz̄n

= 2ng(z)dx1 ∧ · · · ∧ dx2n (3.17)

where ωn = ω ∧ · · · ∧ ω︸ ︷︷ ︸
n factors

and g = det(gi̄) > 0. ωn is thus a good volume

form on M . This shows once more that complex manifolds always possess an
orientation.
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The inverse of the hermitian metric is gi̄ which satisfies gjı̄gjk̄ = δı̄
k̄

and
gi̄g

k̄ = δk
i (summation convention used). We use the metric to raise and

lower indices, whereby they change their type. Note that under holomorphic
coordinate changes, the index structure of the metric is preserved, as is that
of any other tensor field.

A hermitian metric g whose associated fundamental form ω is closed,
i.e. dω = 0, is called a Kähler metric. A complex manifold endowed with a
Kähler metric is called a Kähler manifold. ω is the Kähler form. An immediate
consequence of dω = 0 ⇒ ∂ω = ∂̄ω = 0 is

∂igjk̄ = ∂jgik̄ , ∂̄igjk̄ = ∂̄kgjı̄ (Kähler condition) . (3.18)

From this one finds immediately that the only non-zero coefficients of the
Riemannian connection are

Γ k
ij = gkl̄∂igjl̄ , Γ k̄

ı̄̄ = glk̄∂̄ı̄gl̄ . (3.19)

The vanishing of the connection coefficients with mixed indices is a necessary
and sufficient condition that under parallel transport the holomorphic and
the anti-holomorphic tangent spaces do not mix (see below).

Note that while all complex manifolds admit a hermitian metric, this does
not hold for Kähler metrics. Counterexamples are quaternionic manifolds
which appear as moduli spaces of type II compactifications on Calabi-Yau
manifolds. Another example is S2p+1⊗S2q+1, q > 1. A complex submanifold
X of a Kähler manifold M is again a Kähler manifold, with the induced
Kähler metric. This follows easily if one goes to local coordinates on M where
X is given by z1 = · · · = zk = 0.

From (3.18) we also infer the local existence of a real Kähler potential K
in terms of which the Kähler metric can be written as

gi̄ = ∂i∂̄jK (3.20)

or, equivalently, ω = i∂∂̄K. The Kähler potential is not uniquely defined:
K(z, z̄) and K(z, z̄) + f(z) + f̄(z̄) lead to the same metric if f and f̄ are
holomorphic and anti-holomorphic functions (on the patch on which K is
defined), respectively.

From now on, unless stated otherwise, we will restrict ourselves to Kähler
manifolds; some of the results are, however, true for arbitrary complex man-
ifolds. Also, if in doubt, assume that the manifold is compact.

Exercise 3.5: Determine a hermitian connection by the two requirements: (1)
The only non-vanishing coefficients are Γ i

jk and Γ ı̄
̄k̄

and (2) ∇igjk̄ = 0. Show
that the connection is torsionfree, i.e. T k

ij ≡ Γ k
ij − Γ k

ji = 0 if g is a Kähler
metric. Check that the connection so obtained is precisely the Riemannian
connection, i.e. the hermitian and the Riemannian structures on a Kähler
manifold are compatible.
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Exercise 3.6: Derive the components of the Riemann tensor on a Kähler man-
ifold. Show that the only non-vanishing components of the Riemann tensor
are those with the index structure Ri̄kl̄ and those related by symmetries. In
particular the components of the type Rij∗∗ are zero. Show that the non-
vanishing components are

Ri̄kl̄ = −∂i∂̄̄gkl̄ + gmn̄(∂igkn̄)(∂̄̄gml̄) . (3.21)

Here the sign conventions are such that [∇i,∇̄]Vk = −Ri̄k
lVl.

Exercise 3.7: The Ricci tensor is defined as Ri̄ ≡ gkl̄Ri̄kl̄. Prove that

Ri̄ = −∂i∂̄̄(log det g) . (3.22)

Show that this is the same (up to a sign) as Riµ̄
µ = Riµ̄νg

µν , µ = (k, k̄).

One also defines the Ricci-form (of type (1, 1)) as

R = iRjk̄dz
j ∧ dz̄k = −i∂∂̄ log(det g) (3.23)

which satisfies dR = 0. Note that log(det g) is not a globally defined function
since det g transforms as a density under change of coordinates. R is however
globally defined (why?).

We learn from (3.23) that the Ricci form depends only on the volume
form of the Kähler metric and on the complex structure (through ∂ and ∂̄).
Under a change of metric, g → g′, the Ricci form changes as

R(g′) = R(g)− i∂∂̄ log
(

det(g′
kl̄

)
det(gkl̄)

)

, (3.24)

where the ratio of the two determinants is a globally defined non-vanishing
function on M .

Example 3.3: Complex projective space. To demonstrate that it is a Kähler
manifold we give an explicit metric, the so called Fubini-Study metric. Recall
that Pn = {[z0 : · · · : zn]; 0 �= (z0 : · · · : zn) ∈ Cn+1} and U0 = {[1, z1 : · · · :
zn]} $ Cn is an open subset of Pn. Set

gi̄ = ∂i∂̄ log(1 + |z1|2 + · · ·+ |zn|2) ≡ ∂i∂̄ ln(1 + |z|2) (3.25)

or, equivalently,

ω = i∂∂̄ log(1 + |z|2) = i

(
dzi ∧ dz̄i

1 + |z|2 − z̄idzi ∧ zjdz̄j

(1 + |z|2)2
)

(3.26)

Closure of ω is obvious if one uses (3.15). From (3.25) we also immediately
read off the Kähler potential of the Fubini-Study metric (cf. (3.20)) on U0.
Clearly this is only defined locally.
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Exercise 3.8: Show that for any non-zero vector u, uigi̄ū
̄ ≥ 0 to prove

positive definiteness of the Fubini-Study metric.

On the other hand, ω is globally defined on Pn. To see this, let U1 =
{(w0, 1, w2, . . . , wn)} ⊂ Pn and check what happens to ω on the overlap
U0 ∩ U1 = {[1 : z1 : · · · : zn] = [w0 : 1 : w2 : · · · : wn]}, where zi = wi

w0 , for all
i �= 1 and z1 = 1

w0 . Then

ω = i∂∂̄ log(1 + |z1|2 + · · ·+ |zn|2) = i∂∂̄ log

(

1 +
1

|w0|2 +
n∑

i=2

|wi|2
|w0|2

)

= i
(
∂∂̄ log(1 + |w|2)− ∂∂̄ log(|w0|2)

)
= i∂∂̄ log(1 + |w|2) (3.27)

since w0 is holomorphic on U0∩U1. So ω and the corresponding Kähler metric
are globally defined. Complex projective space is thus a Kähler manifold and
so is every complex submanifold. With3

det(gi̄) =
1

(1 + |z|2)n+1
(3.28)

one finds

Ri̄ = −∂i∂̄̄ log
(

1
(1 + |z|2)n+1

)

= (n+ 1)gi̄ (3.29)

which shows that the Fubini-Study metric is a Kähler-Einstein metric and
Pn a Kähler-Einstein manifold.

3.3 Holonomy Group of Kähler Manifolds

The next topic we want to discuss is the holonomy group of Kähler man-
ifolds. Recall that the holonomy group of a Riemannian manifold of (real)
dimension m is a subgroup of O(m). It follows immediately from the index
structure of the connection coefficients of a Kähler manifold that under par-
allel transport elements of T 1,0(M) and T 0,1(M) do not mix. Since the length
of a vector does not change under parallel transport, the holonomy group of
a Kähler manifold is a subgroup of U(n) where n is the complex dimension
of the manifold.4 In particular, elements of T 1,0(M) transform as n and el-
ements of T 0,1(M) as n of U(n). Consider now parallel transport around an
infinitesimal loop in the (µ, ν)-plane with area δaµν = −δaνµ. Under parallel
transport around this loop a vector V changes by an amount δV given in
(A.14). In complex coordinates this is δV i = −δakl̄Rkl̄

i
jV

j . From what we

3 To show this, use det(δij−viv̄) = exp (tr log(δij − viv̄)) = exp
(
log(1 − |v|2)

)
=

(1 − |v|2).
4 The unitary group U(n) is the set of all complex n × n matrices which leave

invariant a hermitian metric gi̄ = gjı̄, i.e. UgU† = g. For the choice gi̄ = δij

one obtains the familiar condition UU† = �.
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said above it follows that on a Kähler manifold the matrix −δakl̄Rkl̄i
j must

be an element of the Lie algebra u(n). The trace of this matrix, which is pro-
portional to the Ricci tensor, generates the u(1) part in the decomposition
u(n) $ su(n) ⊕ u(1). We thus learn that the holonomy group of a Ricci-
flat Kähler manifold is a subgroup of SU(n). Conversely, one can show that
any 2n-dimensional manifold with U(n) holonomy admits a Kähler metric
and if it has SU(n) holonomy it admits a Ricci-flat Kähler metric. This uses
the fact that holomorphic and anti-holomorphic indices do not mix, which
implies that all connection coefficients with mixed indices must vanish. One
then proceeds with the explicitly construction of an almost complex structure
with vanishing Nijenhuis tensor. Details can be found in [4, 28].

We should mention that strictly speaking the last argument is only valid
for the restricted holonomy group H0 (which is generated by parallel trans-
port around contractible loops). Also, in general only the holonomy around
infinitesimal loops is generated by the Riemann tensor. For finite (but still
contractible) loops, derivatives of the Riemann tensor of arbitrary order will
appear [12]. For Kähler manifolds we do however have the U(n) invariant split
of the indices µ = (i, ı̄) and U(n) is a maximal compact subgroup of SO(2n).
Thus the restricted holonomy group is not bigger than U(n) For simply con-
nected manifolds the restricted holonomy group is already the full holonomy
group. For non-simply connected manifolds the full holonomy group and the
restricted holonomy group may differ. Their quotient is countable and the
restricted holonomy group is the identity component of the full holonomy
group, i.e. for a generic Riemannian manifold it is SO(m) (cf. [12]).

3.4 Cohomology of Kähler Manifolds

Before turning to the next subject, homology and cohomology on complex
manifolds, we will give a very brief and incomplete summary of these concepts
in the real situation, which, of course, also applies to complex manifolds, if
they are viewed as real analytic manifolds.

On a smooth, connected manifold M one defines p-chains ap as formal
sums ap =

∑
i ciNi of p-dimensional oriented submanifolds on M . If the co-

efficients ci are real (complex, integer), one speaks of real (complex, integral)
chains. Define ∂ as the operation of taking the boundary with the induced
orientation. ∂a ≡

∑
ci∂Ni is then a p − 1-chain. Let Zp = {ap|∂ap = ∅} be

the set of cycles, i.e. the set of chains without boundary and let Bp = {∂ap+1}
be the set of boundaries. Since ∂∂ap = ∅, Bp ⊂ Zp. The p-th homology group
of M is defined as

Hp = Zp/Bp . (3.30)

Depending on the coefficient group one gets Hp(M,R), Hp(M,C), Hp(M,Z),
etc. Elements of Hp are equivalence classes of cycles zp $ zp + ∂ap+1, called
homology classes and denoted by [zp].
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One version of Poincaré duality is the following isomorphism between
homology groups, valid on orientable connected smooth manifolds of real
dimension m:

Hr(M,R) $ Hm−r(M,R) . (3.31)

One defines the r-th Betti number br as

br = dim(Hr(M,R)) . (3.32)

They are toplogical invariants of M . As a consequence of Poincaré duality,

br(M) = bm−r(M) . (3.33)

We now turn to de Rham cohomology, which is defined with the exterior
derivative operator d : Ar → Ar+1. Let Zp be the set of closed p-forms, i.e.
Zp = {ωp|dωp = 0} and let Bp be the set of exact p-forms Bp = {dωp−1}.
The de Rham cohomology groups Hp are defined as the quotients

Hp
D.R. = Zp/Bp . (3.34)

Elements ofHp are equivalence classes of closed forms ωp $ ωp+dαp−1, called
cohomology classes and denoted by [ωp]. Each equivalence class possesses one
harmonic representative, i.e. a zero mode of the Laplacian ∆ = dd∗ + d∗d.
The action of ∆ on p-forms is

∆ωµ1···µp
= −∇ν∇νωµ1···µp

−pRν[µ1ω
ν

µ2···µp]−
1
2
p(p−1)Rνρ[µ1µ2ω

νρ
µ3···µp] .

(3.35)
Since the number of (normalizable) harmonic forms on a compact manifold
is finite, the Betti numbers are all finite.

Exercise 3.9: Derive (3.35).

Given both the homology and the cohomology classes, we can define an
inner product

π(zp, ωp) =
∫

zp

ωp , (3.36)

where π(zp, ωp) is called a period (of ωp). We speak of an integral cohomology
class [ωp] ∈ HD.R.(M,Z) if the period over any integral cycle is integer.

Exercise 3.10: Prove, using Stoke’s theorem, that the integral does not depend
on which representatives of the two classes are chosen.

A theorem of de Rham ensures that the above inner product between
homology and cohomology classes is bilinear and non-degenerate, thus estab-
lishing an isomorphism between homology and cohomology. The following
two facts are consequences of de Rham’s theorem:
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(1) Given a basis {zi} for Hp and any set of periods νi, i = 1, . . . , bp, there
exists a closed p-from ω such that π(zi, ω) = νi.

(2) If all periods of a p-form vanish, ω is exact.

Another consequence of de Rham’s theorem is the following important result:
Given any p-cycle z there exists a closed (m− p)-form α, called the Poincaré
dual of z such that for any closed p-form ω

∫

z

ω =
∫

M

α ∧ ω . (3.37)

Since ω is closed, α is only defined up to an exact form. In terms of their
Poincaré duals α and β we can define the intersection number A ·B between
a p-cycle A and an (m− p)-cycle B as

A ·B =
∫

M

α ∧ β . (3.38)

This notion is familiar from Riemann surfaces.
So much for the collection of some facts about homology and cohomology

on real manifolds. They are also valid on complex manifolds if one views
them as real analytic manifolds. However one can use the complex structure
to define (among several others) the so-called Dolbeault cohomology or ∂̄-
cohomology. As the (second) name already indicates, it is defined w.r.t. the
operator ∂̄ : Ap,q(M) → Ap,q+1(M). A (p, q)-form α is ∂̄-closed if ∂̄α = 0. The
space of ∂̄-closed (p, q)-forms is denoted by Zp,q

∂̄
. A (p, q)-form β is ∂̄-exact if it

is of the form β = ∂̄γ for γ ∈ Ap,q−1. Since ∂̄2 = 0, ∂̄(Ap,q(M)) ⊂ Zp,q+1

∂̄
(M).

The Dolbeault cohomology groups are then defined as

Hp,q

∂̄
(M) =

Zp,q

∂̄
(M)

∂̄(Ap,q−1(M))
. (3.39)

There is a lemma (by Dolbeault) analogous to the Poincaré-lemma, which
ensures that the Dolbeault cohomology groups (for q ≥ 1) are locally5 trivial.
This is also referred to as the ∂̄-Poincaré lemma.

The dimensions of the (p, q) cohomology groups are called Hodge numbers

hp,q(M) = dimC(Hp,q

∂̄
(M)) . (3.40)

They are finite for compact, complex manifolds [23]. The Hodge numbers of
a Kähler manifold are often arranged in the Hodge diamond:
5 More precisely, on polydiscs Pr = {z ∈ C

n|zi| < r, for all i = 1, . . . , n}.
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h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h3,0 h2,1 h1,2 h0,3

h3,1 h2,2 h1,3

h3,2 h2,3

h3,3

(3.41)

which we have displayed here for a three complex dimensional Kähler mani-
fold. We will later show that for a Calabi-Yau manifold of the same dimension
the only independent Hodge numbers are h1,1 and h2,1.

We can now define a scalar product between two forms, ϕ and ψ, of type
(p, q):6

ψ =
1
p!q!

ψi1...ip ̄1...̄q
(z)dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq (3.42)

and likewise for ϕ. First define

(ϕ,ψ)(z) =
1
p!q!

ϕi1...ip ̄1...̄q
(z)ψ̄i1...ip ̄1...̄q (z) (3.43)

where

ψ̄i1...ip ̄1...̄q (z) = gi1k̄1 · · · gipk̄pgl1 ̄1 · · · glq ̄qψk1...kp l̄1...l̄q (z) . (3.44)

Later we will also need the definition

ψ̄ =
1
p!q!

ψi1...ip ̄1...̄q
dzi1 ∧ · · · ∧ dz̄jq =

1
p!q!

ψ̄ji...jq ı̄1...̄ıp
dzj1 ∧ · · · ∧ dz̄ip ,

(3.45)
where

ψk1...kp l̄1...l̄q = (−1)pqψ̄l1...lq k̄1...k̄p
. (3.46)

The inner product ( , ) : Ap,q ×Ap,q → C is then

(ϕ,ψ) =
∫

M

(ϕ,ψ)(z)
ωn

n!
. (3.47)

The following two properties are easy to verify:

(ψ,ϕ) = (ϕ,ψ) ,
(ϕ,ϕ) ≥ 0 with equality only for ϕ = 0 . (3.48)

6 A good and detailed reference for the following discussion is the third chapter of
[26].
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We define the Hodge-∗ operator ∗ : Ap,q → An−q,n−p, ψ �→ ∗ψ by requiring7

(ϕ,ψ)(z)
ωn

n!
= ϕ(z) ∧ ∗ψ̄(z) . (3.49)

Exercise 3.11: Show that for ψ ∈ Ap,q,

∗ ψ = (i)n(−1)n(n−1)/2+np

p!q!(n−p)!(n−q)! gεm1...mp
̄1...̄n−p

εn̄1...n̄q
l1...ln−q

(3.50)

·ψm1...mpn̄1...n̄q
dzl1 ∧ · · · ∧ dzln−q ∧ dz̄j1 ∧ · · · ∧ dz̄jn−p ∈ An−q,n−p .

Here we defined εi1...in
= ±1 and its indices are raised with the metric, as

usual; i.e. ε̄1...̄n = ±g−1.
Exercise 3.12: Prove the following properties of the ∗-operator:

∗ ψ̄ = ∗ψ ,

∗∗ψ = (−1)p+q ψ , ψ ∈ Ap,q . (3.51)

Exercise 3.13: For ω the fundamental form and α an arbitrary real (1, 1)-
form, derive the following two identities, valid on a three-dimensional Kähler
manifold:

∗ α =
1
2
(ω, α)(z)ω ∧ ω − α ∧ ω ,

∗ ω =
1
2
ω ∧ ω . (3.52)

Exercise 3.14: Show that on a three-dimensional complex manifold for Ω ∈
A3,0 and α ∈ A2,1,

∗Ω = −iΩ ,

∗ α = iα . (3.53)

Given the scalar product (3.47), we can define the adjoint of the ∂̄ oper-
ator, ∂̄∗ : Ap,q(M) → Ap,q−1(M) via

(∂̄∗ψ,ϕ) = (ψ, ∂̄ϕ) , ∀ϕ ∈ Ap,q−1(M) . (3.54)

Exercise 3.15: Show that on M compact,

∂̄∗ = − ∗ ∂ ∗ . (3.55)

Exercise 3.16: Show that, given a (p, q)-form ψ,

(∂̄∗ψ)i1...ip ̄2...̄q
= (−1)p+1∇̄1ψi1...ip ̄1...̄q

. (3.56)

We now define the ∂̄-Laplacian as
7 Note that there are several differing notations in the literature; e.g. Griffiths and

Harris define an operator ∗GH : Ap,q → An−p,n−q. What they call ∗GH ψ we have
called ∗ψ̄.
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∆∂̄ = ∂̄∂̄∗ + ∂̄∗∂̄ , ∆∂̄ : Ap,q(M) → Ap,q(M) (3.57)

and call ψ a (∂̄−)harmonic form if it satisfies

∆∂̄ψ = 0 . (3.58)

The space of harmonic (p, q)-forms on M is denoted by Hp,q(M).

Exercise 3.17: Show that on a compact manifold, ψ is harmonic iff ∂̄ψ =
∂̄∗ψ = 0, i.e. a harmonic form has zero curl and zero divergence with respect
to its anti-holomorphic indices. Show furthermore that a harmonic form is
orthogonal to any exact form and is therefore never exact.

In analogy to de Rham cohomology, one has the (complex version of the)
Hodge Theorem: Ap,q has a unique orthogonal decomposition

Ap,q = Hp,q ⊕ ∂̄Ap,q−1 ⊕ ∂̄∗Ap,q+1 . (3.59)

In other words, every ϕ ∈ Ap,q has a unique decomposition

ϕ = h+ ∂̄ψ + ∂̄∗η (3.60)

where h ∈ Hp,q, ψ ∈ Ap,q−1 and η ∈ Ap,q+1. If ∂̄ϕ = 0 then ∂̄∗η = 0,8 i.e. we
have the unique decomposition of ∂̄-closed forms

Zp,q

∂̄
= Hp,q ⊕ ∂̄Ap,q−1 (3.61)

With reference to (3.39) we have thus shown that

Hp,q

∂̄
(M) $ Hp,q(M) (3.62)

or, in words, every ∂̄-cohomology class of (p, q)-forms has a unique harmonic
representative ∈ Hp,q. Conversely, every harmonic form defines a cohomology
class.

The Kähler class of a Kähler form ω is the set of Kähler forms belonging
to the cohomology class [ω] of ω.

Exercise 3.18: Prove that the Kähler form is harmonic.

In addition to the ∂̄-Laplacian ∆∂̄ , one defines two further Laplacians on a
complex manifold: ∆∂ = ∂∂∗ + ∂∗∂ and the familiar ∆d = dd∗ + d∗d. The
importance of the Kähler condition is manifest in the following result which
is valid on Kähler manifolds but not generally on complex manifolds:

∆∂̄ = ∆∂ =
1
2
∆d (3.63)

i.e. the ∂̄−, ∂− and d−harmonic forms coincide. An elementary proof of
(3.63) proceeds by working out the three Laplacians in terms of covariant
8 From ∂̄ϕ = ∂̄∂̄∗η it follows that (∂̄ϕ, η) = (∂̄∂̄∗η, η) = (∂̄∗η, ∂̄∗η).
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derivatives and Riemann tensors on a Kähler manifold. For other proofs, see
e.g. [23].

One immediate consequence of (3.63) is that∆d does not change the index
type of a form. Another important consequence is that on Kähler manifolds
every holomorphic p-form is harmonic and vice-versa, every harmonic (p, 0)
form is holomorphic. Indeed, if α ∈ Ωp ⊂ Ap,0, ∂̄α = 0 and ∂̄∗α = 0. The
latter is true since ∂̄∗ : Ap,q → Ap,q−1 and can also be seen directly from
(3.56). Conversely, ∆α = 0 implies ∂̄α = 0 which, for α ∈ Hp,0, means
α ∈ Ωp.

It follows from (3.63) that on Kähler manifolds
∑

p+q=r

hp,q = br ,

∑

p,q

(−1)p+qhp,q =
∑

r

(−1)rbr = χ(M) , (3.64)

where χ(M) is the Euler number of M . The decomposition of the Betti num-
bers into Hodge numbers corresponds to the U(n) invariant decomposition
µ = (i, ı̄). The second relation also holds in the non-Kähler case where the
first relation is replaced by an inequality (≥); i.e. the decomposition of forms
(3.11) does not generally carry over to cohomology. Note that (3.64) relates
real and complex dimensions.

In general, the Hodge numbers depend on the complex structure. On com-
pact manifolds which admit a Kähler metric, these numbers do however not
change under continuous deformations of the complex structure. They also
do not depend on the metric. What does depend on the metric is the har-
monic representative of each class, but the difference between such harmonic
representatives is always an exact form.

The Hodge numbers of Kähler manifolds are not all independent. From
Ap,q = Aq,p we learn

hp,q = hq,p . (3.65)

This symmetry ensures that all odd Betti numbers of Kähler manifolds are
even (possibly zero). Furthermore, since [∆d, ∗] = 0 and since ∗ : Ap,q →
An−q,n−p we conclude

The existence of a closed (1, 1)-form, the Kähler form ω (which is in fact
harmonic, cf. Exercise 3.18), ensures that

hp,p > 0 for p = 0, . . . , n . (3.67)

Indeed, ωp ∈ Hp,p(M) is obviously closed. If it were exact for some p, then
ωn were also exact. But this is impossible since ωn is a volume form. h0,0 = 1
if the manifold is connected. The elements of H0,0(M,C) are the complex

hp,q = hn−q,n−p (3.65)
= hn−p,n−q . (3.66)
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constants. One can show that on Pn the Kähler form generates the whole
cohomology, i.e. hp,p(Pn) = 1 for p = 0, . . . n, with all other Hodge numbers
vanishing.

For instance, on a connected three-dimensional Kähler manifold, these
symmetries leave only five independent Hodge numbers, e.g. h1,0, h2,0, h1,1,
h2,1 and h3,0. For Ricci-flat Kähler manifolds, which we will consider in detail
below, we will establish three additional restrictions on its Hodge numbers.

We have already encountered one important cohomology class on Kähler
manifolds: from (3.23) we learn that R ∈ H1,1(M,C) and from (3.24) that
under change of metric R varies within a given cohomology class. In fact, one
can show that, if properly normalized, the Ricci form defines an element on
H1,1(M,Z). This leads us directly to a discussion of Chern classes.

Given a Kähler metric, we can define a matrix valued 2-form Θ of type
(1, 1) by

Θj
i = gjp̄Rip̄kl̄dzk ∧ dz̄l . (3.68)

One defines the Chern form

c(M) = 1+
∑

i

ci(M) = det
(

� +
it

2π
Θ

)

|t=1 = (1+tφ1(g)+t2φ2(g)+. . . )|t=1

(3.69)
which has the following properties (cf. e.g. [12, 27]):

• dφi(g) = 0 and [φi] ∈ Hi,i(M,C) ∩H2i(M,R),
• [φi(g)] is independent of g,
• ci(M) is represented by φi(g).

ci(M) is the ith Chern class of the manifold M . In these lectures we only
need c1(M) which is expressed in terms of the Ricci form:

φ1(g) =
i

2π
Θi

i =
i

2π
Rkl̄dz

k ∧ dz̄l =
1
2π
R = − i

2π
∂∂̄ log det(gkl̄) .

For c1(M), the first two properties have been proven in (3.23) and (3.24).
Moreover, if

dv = vdz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n

is any volume form on M , we can represent c1(M) by

c1(M) = −
[
i

2π
∂∂̄ log(v)

]

. (3.70)

This is so since v = f det(g) for a non-vanishing positive function f on M .

Example 3.4: Let M = Pn, endowed with the Fubini-Study metric. We then
have (cf. (3.29)) R = (n+ 1)ω, i.e. c1(Pn) = 1

2π (n+ 1)[ω].

We say that c1(M) > 0 (< 0) if c1(M) can be represented by a positive
(negative) form. In local coordinates this means
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φ1 = iφkl̄dz
k ∧ dz̄l , (3.71)

where φkl̄ is a positive (negative) definite matrix. We say that c1(M) = 0 if
the first Chern class is cohomologous to zero. Clearly c1(Pn) > 0. Note that,
e.g. a c1(M) > 0 means that

∫
C c1 > 0 for any curve C in M .

3.5 Calabi-Yau Manifolds

We are now prepared to give a definition of a Calabi-Yau manifold:
A Calabi-Yau manifold is a compact Kähler manifold with vanishing first

Chern class.
While it is obvious that any Ricci-flat Kähler manifold has vanishing first

Chern class, the opposite is far from trivial. This problem was first considered
by Calabi in a more general context. He asked the question whether any
representative of c1(M) is the Ricci-form of some Kähler metric. (One can
show that any two such representatives differ by a term of the form ∂∂̄f where
f ∈ C∞(M,R). This is the content of the ∂∂̄-Lemma, cf. [12], 2.110.) Calabi
also showed that if such a Kähler metric exists, then it must be unique. Yau
provided the proof that such a metric always exists if M is compact.

The precise statement of Yau’s theorem is: let M be a compact Kähler
manifold, ω its Kähler form, c1(M) its first Chern class. Any closed real two-
form of type (1,1) belonging to 2πc1(M) is the Ricci form of one and only
one Kähler metric in the class of ω.

For vanishing first Chern class, which is the case we are interested in,
this means that given any Kähler metric g with associated Kähler form ω,
one can always find a unique Ricci-flat Kähler metric g′ with Kähler form ω′

such that [ω] = [ω′], i.e. a Kähler manifold with c1(M) = 0 admits a unique
Ricci-flat Kähler form in each Kähler class.

Since the first Chern class is represented by the Ricci form and since
the latter changes under change of metric by an exact form, i.e. R(g′) =
R(g) + dα (cf. (3.24)), vanishing of the first Chern class is necessary for
having a Ricci-flat metric. This is the easy part of the theorem. To prove
that this is also sufficient is the hard part. Yau’s proof is an existence proof.
In fact no Calabi-Yau metric has ever been constructed explicitly. In the
non-compact case the situation in this respect is better; examples are the
Eguchi-Hanson metrics, see e.g. [28], and the metric on the deformed and
the resolved conifold [33]. They play a rôle in the resolution of singularities
(orbifold and conifold singularities, respectively) which can occur in compact
CY manifolds at special points in their moduli space.

The compact Kähler manifolds with zero first Chern class are thus pre-
cisely those which admit a Kähler metric with zero Ricci curvature, or
equivalently, with restricted holonomy group contained in SU(n). Following
common practice we will talk about Calabi-Yau manifolds if the holonomy
group is precisely SU(n). This excludes tori and direct product spaces.
We want to mention in passing that any compact Kähler manifold with



134 A. Font and S. Theisen

c1(M) = c2(M) = 0 is flat, i.e. M = Cn/Γ . This shows that while Ricci-
flatness is characterized by the first Chern class, flatness is characterized by
the second Chern class.

We should mention that the analysis that we sketched in the introduction,
which led to considering Ricci-flat manifolds, was based on a perturbative
string theory analysis which was further restricted to lowest order in α′. If
one includes α′-corrections, both the beta-function equations and the super-
symmetry transformations will be corrected and the Ricci-flatness condition
is also modified. One finds the requirement Ri̄ + α′3(R4)i̄ = 0, where (R4)
is a certain tensor composed of four powers of the curvature. It has been
shown that the α′-corrections to the Ricci-flat metric, which one has at low-
est order, do not change the cohomology class. They are always of the form
∂∂̄(...) and are thus cohomologically trivial [34]. In other words, supersym-
metry preserving string compactifications require manifolds which admit a
Ricci-flat Kähler metric but the actual background configuration might have
a metric with non-vanishing Ricci tensor.

One often defines Calabi-Yau manifolds as those compact complex Kähler
manifolds with trivial canonical bundle. We now want to digress to explain
the meaning of this statement and to demonstrate that it is equivalent to the
definition given above. Chern classes can be defined for any complex vector
bundle over M . By ci(M) as defined above we mean the Chern classes of the
tangent bundle. Given a connection on the vector bundle, the Chern classes
can be expressed by the curvature of the connection in the same way as for
the tangent bundle with the hermitian connection.

Exercise 3.19: Show that c1(T ∗M) = −c1(TM).

A central property of Chern classes is that they do not depend on the
choice of connection. They are topological cohomology classes in the base
space of the vector bundle (see e.g. [25], p.90). An important class of vector
bundles over a complex manifold are those with fibers of (complex) dimension
one, the so called line bundles with fiber C (complex vector bundles of rank
one). Holomorphic line bundles have holomorphic transition functions and a
holomorphic section is given in terms of local holomorphic functions. Each
holomorphic section defines a local holomorphic frame (which is, of course,
one-dimensional for a line-bundle). One important and canonically defined
line bundle is the canonical line bundle K(M) =

n
∧T ∗1,0(M) whose sections

are forms of type (n, 0), where n = dimC(M). It is straightforward to verify
that [∇i,∇̄]ωi1...,in

= −Ri̄ωi1...in
, i.e. its curvature form is the negative of

the Ricci form of the Kähler metric. This shows that c1(M) = −c1(K(M))
and if c1(M) = 0 the first Chern class of the canonical bundle also vanishes.
For a line bundle this means that it is trivial. Consequently there must exist
a globally defined nowhere vanishing section, i.e. globally defined nowhere
vanishing holomorphic n-form onM . One finds from (3.35) that on a compact
Ricci-flat Kähler manifold any holomorphic p-form is covariantly constant.
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This means that the holonomy groupH of a Calabi-Yau manifold is contained
in SU(n).

Example 3.5: In this example we consider complex hypersurfaces in Pn

which are expressed as the zero set of a homogeneous polynomial. We already
know that they are Kähler. We want to compute c1 of the hypersurface as a
function of the degree d of the polynomial and of n. From this we can read
off the condition for the hypersurface to be a Calabi-Yau manifold. This can
be done with the tools we have developed so far, even though more advanced
and shorter derivations of the result can be found in the literature, see e.g.
[23] or [12]. Later we will encounter another way to see that d = n+1 means
c1(X) = 0 by explicitly constructing the unique holomorphic n-form which,
as we will see, must exist on a Calabi-Yau n-fold. The calculation is presented
in Appendix C. The result we find there is

2πc1(X) = (n+ 1− d)[ω] . (3.72)

It follows that the first Chern class c1(X) is positive, zero or negative accord-
ing to d < n+ 1, d = n+ 1 and d > n+ 1, respectively.

We have thus found an easy way to construct Calabi-Yau manifolds. For
one-folds, a cubic hypersurface in P2 is a 2-torus and for two-folds, a quartic
hypersurface in P3 is a K3. If we are interested in three-folds, we have to
choose the quintic hypersurface in P4. This is in fact the simplest example,
which we will study further below.

The Calabi-Yau condition on the degree generalizes to the case of hy-
persurfaces in weighted projective spaces. Given a weighted projective space
Pn[w] and a hypersurface X specified by the vanishing locus of a quasi-
homogeneous polynomial of degree d, we find

c1(X) = 0 ⇔ d =
n∑

i=1

wi . (3.73)

The condition on the degrees and weights can also be easily written down for
complete intersections in products of weighted projective spaces.

As we have discussed before, in the generic case the hypersurface will
be singular. To get a smooth Calabi-Yau manifold one has to resolve the
singularities in such a way that the canonical bundle remains trivial.

Example 3.6: An example of a CY3 hypersurface in weighted projective
space where no resolution is necessary is the sextic in P4[1, 1, 1, 1, 2]. The em-
bedding space has only isolated singular points which are avoided by a generic
hypersurface. On the other hand, the octic hypersurface in P4[1, 1, 2, 2, 2] can-
not avoid the singular Z2 surface of the embedding space and has thus itself
a singular Z2 curve which must be “repaired” in order to obtain a smooth
CY manifold.
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We should mention that the construction of the first Chern class that we
present in Appendix C does not provide the Ricci-flat metric. In fact, the
Ricci-flat metric is never the induced metric. As we have mentioned once be-
fore, a Ricci-flat Kähler metric on a compact Kähler manifold has never been
constructed explicitly. Interesting examples of non-compact Ricci-flat Kähler
manifolds, which are of potential interest for M -theory and the AdS/CFT
correspondence, are the cotangent bundles of spheres of any dimension and
the complex cotangent bundle on Pn for any n. The latter are hyper-Kähler
manifolds, which are always Ricci-flat. For these manifolds Ricci-flat metrics
are known explicitly. For instance, T ∗S3 is the deformed conifold.

Let us come back to the fact that a compact Kähler manifold with SU(n)
holonomy always possesses a nowhere vanishing covariantly constant (n, 0)-
form Ω, called a complex volume form which is in fact unique (up to multi-
plication by a constant). Locally it can always be written as

Ωi1...in
= f(z)εi1...in

(3.74)

with f a non-vanishing holomorphic function in a given coordinate patch and
εi1...in

= ±1. Before proving this we want to derive two simple corollaries:
(1) Ω is holomorphic. Indeed, ∂̄ı̄Ωj1...jn

= ∇ı̄Ωj1...jn
= 0, because Ω is co-

variantly constant.
(2) Ω is harmonic. To show this we still have to demonstrate ∂̄∗Ω = 0. But
this obvious since ∂̄∗ = − ∗ ∂∗ and ∗ : An,0 → An,0 and ∂An,0 = 0.

A simple argument that Ω always exists is the following [12, 35]. Start
at any point p in M and define Ωp = dz1 ∧ · · · ∧ dzn, where {zi} are local
coordinates. Then parallel transport Ω to every other point on M . This
is independent of the path taken, since when transported around a closed
path (starting and ending at p), Ω is a singlet under SU(n) and is thus
unchanged. This defines Ω everywhere on M . Ω can also be constructed
explicitly with the help of the covariantly constant spinor: Ωijk = εTγijkε.
Here γijk is the antisymmetrized product of three γ-matrices which satisfy
{γi, γj} = {γı̄, γ̄} = 0, {γi, γ̄} = 2gi̄. The proof that Ω thus defined satisfies
all the necessary properties is not difficult. It can be found in [4, 28].

We now show that Ω is essentially unique. Assume that given Ω there
were a Ω′ with the same properties. Then, since Ω is a form of the top degree,
we must have Ω′ = fΩ where f is a non-singular function. Since we require
∂̄Ω′ = 0, f must in fact be holomorphic. On a compact manifold this implies
that f is constant.

Conversely, the existence of Ω implies c1 = 0. Indeed, with (3.74), we can
write the Ricci form as

R = i∂∂̄ log det(gkl̄) = −i∂∂̄ log
(
Ωi1...in

Ω̄̄1...̄n
gi1 ̄1 · · · gin ̄n

)
. (3.75)

The argument of the logarithm is a globally defined function and the Ricci
form is thus trivial in cohomology, implying c1 = 0.
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For hypersurfaces in weighted projective spaces one can explicitly con-
struct Ω by extending the construction of holomorphic differentials on a Rie-
mann surface (see e.g. [23]). Once constructed we know that Ω is essentially
unique (up to a multiplicative constant on the hypersurface).

Consider first the torus defined as a hypersurface in P2 specified by the
vanishing locus of a cubic polynomial, f(x, y, z) = 0. This satisfies (3.72).
The unique holomorphic differential (written in a patch with z = 1) is ω =
−dy/(∂f/∂x) = dx/(∂f/∂y) = dx/(2y). The first equality follows from df =
0 along the hypersurface and the second equality if the hypersurface is defined
by an equation of the form f = zy2−p(x, z), e.g. the Weierstrass and Legendre
normal forms. An interesting observation is that ω can be represented as a
residue: ω = 1

2πi

∫
γ

dx∧dy
f(x,y) . The integrand is a two-form in the embedding

space with a first order pole on the hypersurface f = 0 and the contour γ
surrounds the hypersurface. Changing coordinates (x, y) → (x, f) and using
1

2πi

∫
γ

df
f = 1 we arrive at ω as given above.

The above construction of the holomorphic differential for a cubic hyper-
surface in P2 can be generalized to obtain the holomorphic three-form on
a Calabi-Yau manifold realized as a hypersurface p = 0 in weighted P4[w]
[36, 37]. Concretely,

Ω =
∫

γ

µ

p
, (3.76)

where

µ =
4∑

i=0

(−1)iwiz
idz0 ∧ · · · ∧ d̂zi ∧ · · · ∧ dz5 , (3.77)

and the term under the ̂ is omitted. The contour γ now surrounds the
hypersurface p = 0 inside the weighted projective space. Note that the nu-
merator and the denominator in µ/p scale in the same way under (3.6). In
the patch Ui where zi = const, only one term in the sum survives. One can
perform the integration by replacing one of the coordinates, say zj , by p and
using
∫

γ
dp
p = 2πi. In this way one gets an expression for Ω directly on the

embedded hypersurface. For instance in the patch U0 one finds (no sum on
(i, j, k) implied)

Ω =
w0z

0dzi ∧ dzj ∧ dzk

∆ijk
0

, (3.78)

where ∆ijk
0 = ∂(zi,zj ,zk,p)

∂(z1,z2,z3,z4) . From our derivation it is clear that this repre-
sentation of Ω is independent of the choice of {i, j, k} ⊂ {1, 2, 3, 4} and of
the choice of coordinate patch. Furthermore, it is everywhere non-vanishing
and well defined at every non-singular point of the hypersurface. A direct
verification of these properties can be found in [4, 38].

The existence of a holomorphic n-form then means that the holonomy
group H (and not just H0) is contained in SU(n).
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Let us now complete the discussion of Hodge numbers of Calabi-Yau mani-
folds. We have just established the existence of a unique harmonic (n, 0)-form,
Ω, and thus

hn,0 = h0,n = 1 . (3.79)

With the help of Ω we can establish one further relation between the Hodge
numbers. Given a holomorphic and hence harmonic (p, 0)-form, we can, via
contraction with Ω, construct a (0, n − p)-form, which can be shown to be
again harmonic, as follows. Given

α = αi1...ip
dzi1 ∧ · · · ∧ dzip , ∂̄α = 0 , (3.80)

α being (∆∂)-harmonic means

∂ α = 0 ⇔ ∇[ji
αj2...jp+1] = 0 ,

∂∗α = 0 ⇔ ∇i1αi1...ip
= 0 . (3.81)

We then define the (0, n− p)-form

β̄p+1...̄n
=

1
p!
Ω̄̄1...̄n

α̄1...̄p . (3.82)

This can be inverted to give (use (3.74))

α̄1...̄p =
1
||Ω||2Ω

̄1...̄p ̄p+1...̄nβ̄p+1...̄n
, (3.83)

where we have defined

||Ω||2 =
1
n!
Ωi1...in

Ωi1...in . (3.84)

From this we derive

∇̄p+1β̄p+1...̄n
=

1
p!
Ω̄̄1...̄n

∇̄p+1α̄1...̄p = 0 , (3.85)

using (3.81)1. Similarly

∇j̄1α
̄1...̄p =

1
||Ω||2Ω

̄1...̄p ̄p+1...̄n∇̄1β̄p+1...̄n
= 0 (3.86)

by virtue of (3.81)2. It follows that β is also harmonic.
We have thus shown the following relation between Hodge numbers

hp,0 = h0,n−p = hn−p,0 . (3.87)

Let us finally look at hp,0. For this we need the Laplacian on p-forms. Speci-
fying (3.35) for a harmonic (p, 0) form on a Ricci-flat Kähler manifold where
Ri̄ = Rijk̄l̄ ≡ 0, we find ∇ν∇νωi1···ip

= 0. On a compact manifold this means
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that ω is parallel, i.e. ∇jωi1···ip
= 0, ∂̄̄ωi1···ip

= 0, the latter equality already
being a consequence of harmonicity. But this means that ω transforms as a
singlet under the holonomy group. We now assume that the holonomy group
is exactly SU(n), i.e. not a proper subgroup of it.9 Since ωi1···ip

transforms
in the ∧pn of SU(n), the singlet only appears in the decomposition if p = 0
or p = n. We thus learn that on Calabi-Yau manifolds with holonomy group
SU(n)

hp,0 = 0 for 0 < p < n . (3.88)

Exercise 3.20: Show that h1,0(M) = 0 implies that there are no continuous
isometries on M .

If we collect the results on the Hodge numbers of Calabi-Yau manifolds
for the case n = 3, we find that the only independent Hodge numbers are
h1,1 ≥ 1 and h2,1 ≥ 0 and the Hodge diamond for Calabi-Yau three-folds is

h30 = 1 h21 h12 = h21 h03 = 1

X

X

Hodge ∗
duality

h20 = 0 h11

h22 = h11

h02 = 0

h31 = 0 h13 = 0

h10 = 0 h01 = 0

h32 = 0 h23 = 0

h00 = 1

h33 = 1

X

X̂

mirror
symmetry

X X
complex conjugation

(3.89)

The Euler number of a Calabi-Yau three-fold is then (cf. (3.64))

χ(M3) = 2(h1,1 − h1,2) . (3.90)

In higher dimensions there are more independent Hodge numbers, but this
will not be covered here. For the case of CY four-folds, see [39]. The signifi-
cance of h1,1 and h2,1 for Calabi-Yau three-folds will be explained in Sect. 3.6.

In (3.89) we have indicated operations which relate Hodge numbers to
each other. In addition to complex conjugation (3.65) and the Hodge ∗-
operation (3.66), which act on the Hodge numbers of a given CY manifold,
9 In Chap. 4 we discuss orbifolds with discrete holonomy groups. There the con-

dition will be that it is not contained in any continuous subgroup of SU(n).
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we have also shown the action of mirror symmetry: given a CY manifold X,
there exists a mirror manifold X̂ such that hp,q(X) = h3−p,q(X̂). This in
particular means that the two non-trivial Hodge numbers h1,1 and h2,1 are
interchanged between X and X̂ and that χ(X) = −χ(X̂). Within the class of
Calabi-Yau manifolds constructed as hypersurfaces in toric varieties (which
we have not discussed) they manifestly come in mirror pairs [40]. So-called
rigid manifolds, for which h2,1(X) = 0, and consequently h1,1(X̂) = 0, are
discussed in [41]. The Z-manifold described in example 4.4 is rigid.

As we have already mentioned at the end of Chap. 2, mirror symmetry
is a much stronger statement than the mere existence of mirror pairs of CY
manifolds. Its far-reaching consequences for both string theory and algebraic
geometry are thoroughly covered in [18].

3.6 Calabi-Yau Moduli Space

In this section we will only treat three dimensional Calabi-Yau manifolds.
References are [4, 21, 38, 42, 43]. The generalization to higher dimensions of
most the issues discussed here is straightforward. The two-dimensional case
(K3) is described in [44] in great detail.

In view of Yau’s theorem, the parameter space of CY manifolds is that
of Ricci-flat Kähler metrics. We thus ask the following question: given a
Ricci-flat Riemannian metric gµν on a manifold M , what are the allowed
infinitesimal variations gµν + δgµν such that

Rµν(g) = 0 ⇒ Rµν(g + δg) = 0 ? (3.91)

Clearly, if g is a Ricci-flat metric, then so is any metric which is related to g by
a diffeomorphism (coordinate transformation). We are not interested in those
δg which are generated by a change of coordinates. To eliminate them we
have to fix the diffeomorphism invariance and impose a coordinate condition.
This is analogous to fixing a gauge in electromagnetism. The appropriate
choice is to demand that ∇µδgµν = 0 (see e.g. [12], 4.62). Any δgµν which
satisfies this condition also satisfies

∫
M

√
gδgµν(∇µξν + ∇νξµ)ddx = 0, and

is thus orthogonal to any change of the metric induced by a diffeomorphism
generated by the vector field ξµ. Then, expanding (3.91) to first order in δg
and using Rµν(g) = 0 and the coordinate condition, one finds

∇ρ∇ρδgµν − 2Rµ
ρ

ν
σδgρσ = 0 . (3.92)

Exercise 3.21: Derive (3.92). Useful expansions of the curvature can be found
in [45]. One needs to use that M is compact to eliminate a term ∇µ∇νtr(δg).

We now want to analyze (3.92) if (M, g) is a Kähler manifold. Given the
index structure of the metric and the Riemann tensor on Kähler manifolds,
one immediately finds that the conditions imposed on the components δgi̄
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and δgij decouple and can thus be studied separately. This is what we now
do in turn.

(1) δgi̄ : With the help of (3.35) it is easy to see that the condition
(3.92), which now reads ∇µ∇µδgi̄ − 2Ri

k
̄
l̄δgkl̄ = 0, µ=(k, k̄), is equivalent

to (∆δg)i̄ = 0. Here we view δgi̄ as the components of a (1, 1)-form. We see
that harmonic (1, 1)-forms correspond to the metric variations of the form
δgi̄ and to cohomologically non-trivial changes of the Kähler form. Of course,
we already knew from Yau’s theorem that for any [ω + δω] there is again a
Ricci-flat Kähler metric. Expanding δgi̄ in a basis of real (1, 1)-forms, which
we will denote by bα, α = 1, . . . , h1,1, we obtain the following general form
of the deformations of the Kähler structure of the Ricci flat metric:

δgi̄ =
h1,1
∑

α=1

t̃αbαi̄ , t̃α ∈ R . (3.93)

Using (3.56) one may check that these δg satisfy the coordinate condition.
For g+ δg to be a Kähler metric, the Kähler moduli t̃α have to be chosen

such that the deformed metric is still positive definite. Positive definiteness
of a metric g with associated Kähler form ω is equivalent to the condition

∫

C

ω > 0 ,
∫

S

ω2 > 0 ,
∫

M

ω3 > 0 (3.94)

for all curves C and surfaces S on the Calabi-Yau manifold M . The subset
in Rh1,1 spanned by the parameters t̃α such that (3.94) is satisfied, is called
the Kähler cone.

Exercise 3.22: Verify that this is indeed a cone.

(2) δgij : Now (3.92) reads ∇µ∇µδgij − 2Ri
k

j
lδgkl = 0. With little work

this can be shown to be equivalent to

∆∂̄δg
i = (∂̄∂̄∗ + ∂̄∗∂̄)δgi = 0 (3.95)

where
δgi = δgi

̄dz̄
̄ , δgi

̄ = gik̄δgk̄̄ (3.96)

is a (0, 1)-form with values in T 1,0(M). We conclude that (3.95) implies that
δgi ∈ H

(0,1)

∂̄
(M,T 1,0). Again one may verify that these deformations of the

metric satisfy the coordinate condition.

Exercise 3.23: Fill in the steps of the above argument.

What is the significance of these metric deformations? For the new met-
ric to be again Kähler, there must be a coordinate system in which it has
only mixed components. Since holomorphic coordinate transformations do
not change the type of index, it is clear that δgij can only be removed by
a non-holomorphic transformation. But this means that the new metric is
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Kähler with respect to a different complex structure compared to the origi-
nal metric. (Of course, this new metric cannot be obtained from the original
undeformed metric by a diffeomorphism as they have been fixed by the co-
ordinate condition. So while removing δgij , the non-holomorphic change of
coordinates generates a δgi̄).

With the help of the unique holomorphic (3, 0) form we can now define an
isomorphism between H0,1

∂̄
(M,T 1,0) and H2,1

∂̄
(M) by defining the complex

(2,1)-forms
Ωijkδg

k
l̄ dz

i ∧ dzj ∧ z̄ l̄ . (3.97)

which are harmonic if (3.92) is satisfied. These complex structure deforma-
tions can be expanded in a basis ba

ijk̄
, a = 1, . . . , h2,1, of harmonic (2, 1)-

forms:

Ωijkδg
k
l̄ =

h2,1
∑

a=1

tabaijl̄ (3.98)

where the complex parameters ta are called complex structure moduli.10

If we were geometers we would only be interested in the deformations of
the metric and the number of real deformation parameters (moduli) would
be h1,1 + 2h1,2. However, in string theory compactified on Calabi-Yau mani-
folds we have additional massless scalar degrees of freedom from the internal
components of the antisymmetric tensor field in the (NS,NS) sector of the
type II string. Its equations of motion in the gauge d∗B = 0 are ∆B = 0,
i.e. excitations of the B-field above the background where it vanishes are
harmonic two-forms on the Calabi-Yau manifold. We can now combine these
with the Kähler deformations of the metric and form

(iδgi̄ + δBi̄)dzi ∧ dz̄̄ =
h1,1
∑

α=1

t̃αbα (3.99)

where the parameters t̃α are now complex, their imaginary part still restricted
by the condition discussed before. This is referred to as the complexification
of the Kähler cone.

To summarize, there is a moduli space associated with the different
Kähler and complex structures which are compatible with the Calabi-Yau
condition. The former are parametrized by H1,1

∂̄
(M) and the latter by of

H0,1

∂̄
(M,T 1,0) $ H2,1

∂̄
(M). The moduli space of Ricci-flat Kähler metrics is

parametrized by the harmonic representatives of these cohomology groups.
10 Our discussion of complex structure moduli is not complete. We have only con-

sidered the linearized deformation equation. It still needs to be shown that they
can be integrated to finite deformations. That this is indeed the case for Calabi-
Yau manifolds has been proven by Tian [46] and by Todorov [47]. For a general
complex manifold the number of complex structure deformations is less than
h2,1.
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Let us now exemplify this discussion by the quintic in P4. Here we have
h1,1 = 1: this is simply the Kähler form induced from the ambient space P4.
(The metric induced from the Fubini-study metric is not the Ricci-flat one.)
As shown in [26] and by more elementary means in [38], the complex structure
parameters appear as coefficients in the most general quintic polynomial.
One easily finds that there are 126 coefficients. However, polynomials which
are related by a linear change of the homogeneous coordinates of P4 should
not be counted as different. These are parametrized by dimC(GL(5,C)) =
25 coefficients. We therefore conclude that there are 101 complex structure
moduli on the quintic hypersurface, i.e. h2,1 = 101. For special values of these
coefficients the hypersurface is singular, i.e. there are solutions of p = dp = 0.
With (3.90) we find that the Euler number of the quintic is −200.

The situation for hypersurfaces in weighted projective spaces is more com-
plicated. If the hypersurface passes through the singular loci of the embedding
space, they have to be “repaired”. Care has to be taken that in doing this
the Calabi-Yau condition c1 = 0 is maintained. This introduces additional
elements in the cohomology, so that in general h1,1 > 1. Also h2,1 can no
longer be counted as the number of coefficients in the defining polynomial:
this counting falls short of the actual number of complex structure moduli.
There are methods to compute the Hodge numbers of these manifolds. The
most systematic and general one is by viewing them as hypersurfaces in toric
varieties [40].

We will not address questions of global properties of the moduli space
of string compactifications on Calabi-Yau manifolds, except for mentioning
a few aspects. Mirror symmetry, which connects topologically distinct man-
ifolds, is certainly relevant. Another issue is that of transitions among topo-
logically different manifolds, the prime example being the conifold transition
[33]. While one encounters singular geometries in the process, string theory is
well behaved and the transition is smooth. Indeed, it has been speculated that
the moduli space of all Calabi-Yau compactifications is smoothly connected
[48].

3.7 Compactification of Type II Supergravities
on a CY Three-Fold

Now that we know the meaning of the Hodge numbers h1,1 and h2,1, we can,
following our general discussion in Sect. 2.3, examine the relevance of the ex-
istence of harmonic forms on Calabi-Yau manifolds for the massless spectrum
of the compactified theory. We will consider the two ten-dimensional type II
supergravities that are the field theory limits of type II strings. The discussion
is thus also relevant for string compactification, as long as the restriction to
the massless modes is justified, i.e. for energies E2α′ ( 1. However, there are
string effects which are absent in field theory compactifications, such as topo-
logical non-trivial embeddings of the string world-sheet into the CY manifold.
These stringy effects (world-sheet instantons) which are non-perturbative in
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α′, have an action which scales as R2/α′, where R is the typical size of the
manifold. They are suppressed as e−Sinst ∼ e−R2/α′

and are small for a large
internal manifold but relevant for R ∼

√
α′.

Type IIA supergravity is a non-chiral N = 2 theory with just a gravity
multiplet whose field content is:

GIIA(10) =
{
GMN , ψ

(+)
M , ψ

(−)
M , ψ(+), ψ(−), BMN , AMNP , VM , φ

}
. (3.100)

These fields correspond to the massless states of the type IIA string. The
fermionic fields arise in the two Neveu-Schwarz-Ramond sectors, i.e. (NS,R)
plus (R,NS), they are the two Majorana-Weyl gravitini of opposite chirality
ψ

(±)
M , M,N = 0, · · · , 9, and the two Majorana-Weyl dilatini ψ(±). The met-

ric GMN , the antisymmetric tensor BMN and the dilaton φ come from the
(NS,NS) sector. The remaining bosonic fields, the vector VM and the 3-index
antisymmetric tensor AMNP , appear in the (R,R) sector.

Exercise 3.24: Show that (3.100) results upon circle compactification of the
fields {GMN , ψM , AMNP }, with ψM Majorana. This is the field content of
D=11 supergravity which is the low-energy limit of M-theory.

Type IIB supergravity has also N =2 supersymmetry but it is chiral, i.e.
the two gravitini have the same chirality. The gravity multiplet has content:

GIIB(10) =
{
GMN , ψ

(+)
M , ψ̃

(+)
M , ψ(+), ψ̃(+)BMN , B̃MN , AMNPQ, φ, a

}
.

(3.101)
Now the bosonic fields from the (R,R) sector are the axion a, B̃MN and
AMNPQ which is completely antisymmetric and has self-dual field strength.

It is known that type IIA and type IIB strings compactified on a circle are
related by T -duality [49]. Therefore, whenever the internal manifold contains
a circle, type IIA and type IIB give T -dual theories that clearly must have
the same supersymmetric structure. In particular, compactification on T4

gives maximal (2,2) supersymmetry in d = 6, compactification on T6 gives
maximal N = 8 supersymmetry in d = 4 and compactification on K3 × T2

gives d = 4, N = 4 supersymmetry with 22 U(1) vector multiplets. Below
we examine compactification on CY3 in some more detail. Our purpose is to
determine the resulting massless fields by looking at the zero modes of the ten-
dimensional multiplets given above. In the lower dimensions we will obtain
a theory with a number of supersymmetries that depends on the internal
manifold. Clearly, the zero modes must organize into appropriate multiplets
whose structure is known beforehand.

Compactification of type IIA supergravity on a CY3 was considered first
in [50] and to greater extent in [51]. The resulting theory in d=4 has N =2
supersymmetry. The massless fields belong to the gravity multiplet plus hy-
permultiplets and vector multiplets, which are the three possible irreducible
representations with spins less or equal to two, cf. (4.65). To describe how the
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massless fields arise we split the ten-dimensional indices in a SU(3) covariant
way, M = (µ, i, ı̄)11 and then use the known results for the number of har-
monic (p, q) forms on the Calabi-Yau manifold. The zero modes of Gµν , ψ(+)

µ ,
ψ

(−)
µ and the graviphoton Vµ form the gravity multiplet. Both ψ(±)

µ have an
expansion of the form (2.18) so that we obtain two Majorana gravitini in four
dimensions. For the remaining fields and components it is simpler to analyze
the bosonic states. The fermions are most easily determined via N =2 space-
time supersymmetry and the known field content of the various multiplets.
Of course they can also be obtained by a zero mode analysis. Altogether one
finds for the bosons, in addition to those in the gravity multiplet,

Aα
µ , t

a, t̃α, Ca, S, C , (3.102)

where Aα
µ arises from Aµi̄ and the remaining fields are all complex scalars

as follows. The t̃α correspond to Gi̄ and Bi̄
12, the ta to Gij , Ca to the Aijk̄

modes, S to φ and Bµν (which can be dualized to a pseudoscalar) and C to
the Aijk mode. We now group these fields into supermultiplets. Aα

µ and t̃α

combine to h1,1 vector multiplets, whereas ta and Ca to h2,1 hypermultiplets.
The two complex scalars S and C form an additional hypermultiplet, so there
are (h2,1 + 1) hypermultiplets.

In the type IIB compactification the gravity multiplet is formed by the
zero modes of Gµν , ψ(+)

µ , ψ̃(+)
µ and Aµijk. From the rest of the fields we obtain

Aa
µ, t

a, t̃α, Cα, S, C . (3.103)

Here the fields Aa
µ arise from Aµijk̄ and ta from Gij ; (t̃α, Cα) correspond to

Gi̄, Bi̄, B̃i̄ and Aµνi̄; (S,C) to φ, a, Bµν and B̃µν . The fields arising from
the four-form are real, due to the self-duality constraint of its field-strength.
Altogether the fields combine to (h1,1 + 1) hypermultiplets and h2,1 vector
multiplets. Notice that this is the same result as in the type IIA case upon
exchanging h1,1 and h1,2. Indeed, it has been shown that compactification of
type IIB strings on a CY three-fold X gives the same 4-dimensional theory
that appears upon compactification of type IIA strings on the mirror X̂
[50, 52].

The moduli of the Calabi-Yau manifold give rise to neutral massless
scalars that will appear in the low-energy effective action of the string theory.
Supersymmetry imposes stringent restrictions on the action and consequently
on the geometry of the moduli spaces. In particular, the moduli fields have no
potential and hence their vevs are free parameters. Moreover, in the kinetic
terms scalars in vector multiplets do not mix with scalars in hypermultiplets.
In fact, the interaction of vector multiplets and hypermultiplets consistent
11 From now on we only use indices (i, j, . . . , ı̄, ̄, . . . ) for the internal space and µ

for the four uncompactified space-time dimensions.
12 Supersymmetry thus requires the complexification of the Kähler cone.
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with N =2 supergravity is a non-linear σ-model with a target-space geome-
try which is locally of the form [53, 54, 55]

MSK ×Q (3.104)

where MSK is a (special) Kähler manifold (to be defined later) for the vector
multiplets [53] and Q a quaternionic manifold for the hypermultiplets [53,
54, 55].13 The manifolds MSK and Q are parametrized by the scalar fields
inside the vector and hypermultiplets, respectively. The product structure is
only respected for the gauge-neutral part of the theory. Nonabelian gauge
symmetries and charged fields appear if we take non-perturbative effects into
account, e.g. by wrapping branes around appropriate cycles. But this will not
be considered in these lectures.

For the perturbative type IIA and IIB theories we thus have

MA = MA
h1,1 ×QA

h2,1+1 ,

MB = MB
h2,1 ×QB

h1,1+1 . (3.105)

The indices give the complex and quaternionic dimensions, respectively. It is
worth mentioning that while MSK contains only moduli fields, Q is obtained
by combining moduli scalars with non-moduli scalars which, in string theory,
come from the (R,R) sector of the left-right superconformal algebra.

The quaternionic dimension of the hypermultiplet moduli spaces is always
≥ 1. In both type II theories, there is at least the universal hypermultiplet
with scalars (S,C). Its component fields are not related to the cohomology
of a Calabi-Yau manifold. Most importantly, it contains the dilaton φ which
organizes the string perturbation theory. This means that the hypermultiplet
moduli space receives (perturbative and non-perturbative) stringy corrections
in type IIA and IIB. In contrast to this, the vector multiplet moduli space
is exact at string tree level. In types IIB and IIA this concerns the complex
structure moduli and Kähler moduli, respectively. The metric of the Kähler
moduli space of type IIA receives a perturbative correction at order (α′/R2)3

[56] and non-perturbative corrections, powers of e−R2/α′
, from world-sheet

instantons, i.e. topologically non-trivial embeddings of the world-sheet into
the Calabi-Yau manifold. In contrast, the metric of the complex structure
moduli space of type IIB is exact at both, string and world-sheet σ-model,
tree level. It is thus determined by classical geometry. The vector multiplet
moduli space of the type IIA theory, on the other hand, is not determined
by classical geometry, but rather by “string geometry”. The string effects are
suppressed at large distances, i.e. when the Calabi-Yau manifold on which
we compactify becomes large. At small distances, of the order of the string
scale ls = 1/

√
α′, the intuition derived from classical geometry fails.

13 A quaternionic manifold is a complex manifold of real dimension 4m and
holonomy group Sp(1) × Sp(m).
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It thus looks hopeless to compute the vector multiplet moduli space of the
type IIA theory. Here mirror symmetry comes to rescue as was first shown,
for the case of the quintic in P4, in [56]. It relates, via the mirror map, the
vector multiplet moduli space of the type IIA theory on X to the vector
multiplet moduli space of the type IIB theory on the mirror X̂. Thus, with
the help of mirror symmetry the structure of the vector multiplet moduli
space of both type II theories is understood, as long as the conditions which
lead to (3.104) are met. Due to lack of space we have to refer to the literature
for any details [18, 21, 32].

One obtains the moduli space of the heterotic string by setting the (R,R)
fields to zero. This gives

Mhet =
SU(1, 1)
U(1)

×Mh1,1 ×Mh2,1 (3.106)

where the second and third factors are special-Kähler manifolds. (3.106),
which was derived in [48, 50, 55, 57, 58], is only valid at string tree level. The
loop corrections which destroy the product structure have been computed in
[59].

We will now briefly explain the notion of a special Kähler manifold which
arises in the construction of N = 2 supersymmetric couplings of vector mul-
tiplets to supergravity. It was found that the entire Lagrangian can be locally
encoded in a holomorphic function F (t), where ta are (so-called special) coor-
dinates on the space spanned by the scalar fields inside the vector multiplets.
For instance, in type IIB compactification on a CY3, this is the complex
structure moduli space and a = 1, . . . , h2,1. Supersymmetry requires that this
space is Kähler and furthermore, that its Kähler potential can be expressed
through F via

K = − lnY
Y = 2(F − F )− (ta − t̄a)(Fa + F̄a) (3.107)

where Fa = ∂aF . For this reason F is called the (holomorphic) prepotential.
If we introduce projective coordinates z via ta = za/z0 and define F(z) =
(z0)2F (t) we find that the Kähler potential (3.107) can be written, up to a
Kähler transformation, as

K = ln
(
z̄aFa − zaF̄a

)
(3.108)

where now a = 0, . . . , h2,1, and Fa = ∂F
∂za . Supersymmetry requires further-

more that F is a homogeneous function of degree two.
We will now show how these features are encoded in the CY geometry.

We begin by introducing a basis of H3(X,Z) with generators αa and βb

(a, b = 0, . . . , h2,1(X)) which are (Poincaré) dual to a canonical homology
basis (Ba, A

b) of H3(X,Z) with intersection numbers Aa · Ab = Ba · Bb =
0, Aa ·Bb = δa

b . Then
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∫

Ab

αa =
∫

X

αa ∧ βb = −
∫

Ba

βb = δb
a . (3.109)

All other pairings vanish. This basis is unique up to Sp(2h2,1 + 2,Z) trans-
formations.

Following [60, 61], one can show that the A-periods of the holomorphic
(3,0)-form Ω, i.e. za =

∫
Aa Ω are local projective coordinates on the complex

structure moduli space. We then have for the B-periods Fa =
∫

Ba
Ω = Fa(z).

Note that Ω = zaαa−Faβ
a. Furthermore, under a change of complex struc-

ture Ω, which was pure (3, 0) to start with, becomes a mixture of (3, 0) and
(2, 1) (because dz in the old complex structure becomes a linear combination
of dz and dz̄ w.r.t. to the new complex structure): ∂

∂zaΩ ∈ H(3,0)⊕H(2,1). In
fact [27, 38, 42] ∂Ω

∂za = kaΩ+ ba where ba ∈ H(2,1)(X) and ka is a function of
the moduli but independent of the coordinates on X (since Ω is unique). One
immediate consequence is that

∫
Ω∧ ∂Ω

∂za = 0. Inserting the expansion for Ω in
the αa, β

a basis into this equation, one finds Fa = 1
2

∂
∂za (zbFb), or Fa = ∂F

∂za

with F = 1
2z

aFa, F(λz) = λ2F(z). We thus identify za with the special coor-
dinates of supergravity and F with the prepotential. It is easy to verify that
the Kähler potential in the form (3.108) can be written as K = − ln

∫
Ω∧ Ω̄.

In fact, F can be explicitly computed for the complex structure moduli space
of type IIB theory in terms of the periods of the holomorphic three-form. This
is a calculation in classical geometry. The Kähler moduli space of type IIA
theory is also characterized by a prepotential. However its direct calculation is
very difficult since it receives contributions from world-sheet instantons. Mir-
ror symmetry relates FKahler(X) to the prepotential of the complex structure
moduli space on the mirror manifold Fcomplex(X̂) which can be computed
and mapped, via the mirror map, to FKahler(X) (see e.g. [21] for a review).
In any case, it follows from this discussion that the metric on the Kähler part
of the moduli space of type II Calabi-Yau compactifications can be computed
explicitly.

In supergravity and superstring compactifications many other properties
of special Kähler manifolds are relevant e.g. in the explicit construction of
the mirror map, the computation of Yukawa couplings in heterotic compacti-
fications, etc. All these details can be found in the cited references. Reference
[62] discusses some subtle issues involving the existence of a prepotential (but
see also [63] for their irrelevance in string compactification on CY manifolds
once world-sheet instanton effects are included).

While, as we have seen, a great deal is known about the (local) geometry
of the vector multiplet moduli space, the question about the structure of the
hypermultiplet moduli space, except that it is a quaternionic manifold, is still
largely unanswered and a subject of ongoing research. The difficulty comes,
of course, from the fact that it receives perturbative and non-perturbative
quantum corrections. Some partial results have been obtained e.g. in [64, 65].
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4 Strings on Orbifolds

We now want to consider string compactifications in which the internal space
belongs to a class of toroidal orbifolds that are analogous to Calabi-Yau
spaces in that their holonomy group is contained in SU(n) and therefore the
theory in the lower dimensions has unbroken supersymmetry. Even though
these orbifolds are singular, we will see that string propagation is perfectly
consistent provided that twisted sectors are included. Moreover, since toroidal
orbifolds are flat except at fixed points, the theory is exactly solvable. Indeed,
the fields on the world-sheet satisfy free equations of motion with appropriate
boundary conditions.

In this section we will first discuss some basic properties of orbifolds.
We next describe in some detail the compactification of strings on orbifolds,
introducing in the process the important concepts of partition function and
modular invariance. Finally the general results are applied to type II theories.
In appendix C we collect some useful results about the partition function of
T6/ZN orbifolds.

The standard references for strings on orbifolds are the original papers
[3]. A concise review that also discusses conformal field theory aspects is [66].

4.1 Orbifold Geometry

In general, an orbifold O is obtained by taking the quotient of a manifold
M by the action of a discrete group G that preserves the metric of M. This
means:

O = M/G . (4.1)

For g ∈ G and x ∈ M, the points x and gx are equivalent in the quotient.
Each point is identified with its orbit under G, hence the name orbifold. The
fixed points of M under G are singular points of O.

Perhaps the simplest example of an orbifold is the torus TD defined as

TD = RD/Λ , (4.2)

where Λ is a D-dimensional lattice. Hence, in TD the points x and x + V ,
V ∈ Λ, are identified. In the following we denote the basis of the torus lattice
by ea, a = 1, · · · ,D. Figure 2 shows the case of T2. Since the group of
translations by lattice vectors acts freely, the torus has no singular points.
However, when the discrete group leaves fixed points, the orbifold has singular
points. A simple example is the cone obtained by taking the quotient of
C $ R2 by ZN generated by multiplication by e2iπ/N . This is shown in
Fig. 3. Notice that the origin, left fixed by ZN , is a singular point at which
there is a deficit angle 2π(N − 1)/N .

Since we want compact spaces we are led to consider toroidal orbifolds
TD/GP , where the so called point group GP ⊂ SO(D) is a discrete group
that acts crystallographically on the torus lattice Λ. The elements of GP are
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Fig. 2. T2 = R
2/Λ

Fig. 3. C/ZN

rotations denoted generically θ. Alternatively, toroidal orbifolds can be ex-
pressed as RD/S, where S is the so-called space group that contains rotations
and translations in Λ.

The point group is the holonomy group of the toroidal orbifold [3]. To
show this, take two points x and y, distinct on the torus but such that
y = θx + V . Then, x and y are identified on the orbifold and moreover the
tangent vectors at x are identified with the tangent vectors at y rotated by θ.
Next parallel-transport some vector along a path from x to y which is closed
on the orbifold. The torus is flat and hence this vector remains constant
but since the tangent basis is rotated by θ, the final vector is rotated by θ
with respect to the initial vector. The loop from x to y necessarily encloses
a singular point since otherwise there would be no curvature to cause the
non-trivial holonomy.

In the following we will mostly consider point groups GP = ZN . Then
θN = � and θ has eigenvalues e±2iπvi , where vi = ki/N for some integers
ki, i = 1, · · · ,D/2 (we take D even). As we mentioned before, GP must act
crystallographically on the torus lattice. This means that for V ∈ Λ and
θ ∈ GP , θV ∈ Λ. Now, since V = naea, with integer coefficients na, in the
lattice basis θ must be a matrix of integers. Hence, the quantities

Tr θ =
D/2∑

i=1

2 cos 2πvi

χ(θ) = det(1− θ) =
D/2∏

i=1

4 sin2 πvi (4.3)

must be integers. Indeed, from Lefschetz fixed point theorem, χ(θ) is the
number of fixed points of θ. The upshot is that the requirement of crystal-
lographic action is very restrictive. For instance, it is easy to find that for
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D = 2 only N = 2, 3, 4, 6 are allowed. In Table 1 we collect the irreducible
possibilities for the vi’s when D = 2, 4, 6 [67]. By irreducible we mean that
the corresponding θ cannot be written in a block form. Notice that the case
D = 2, v1 = 1

2 is reducible since already in a one dimensional lattice a Z2

(only) is allowed.

Table 1. Irreducible crystallographic actions

D = 2 D = 4 D = 6

(v1) (v1, v2) (v1, v2, v3)

1
3
(1) 1

5
(1, 2) 1

7
(1, 2, 3)

1
4
(1) 1

8
(1, 3) 1

9
(1, 2, 4)

1
6
(1) 1

10
(1, 3) 1

14
(1, 3, 5)

1
12

(1, 5) 1
18

(1, 5, 7)

Given the vi’s there remains the question of finding a concrete lattice Λ
that has θn, n = 1, · · · , N , as automorphisms. We refer the reader to [67, 68]
for a discussion of these issues. Here we will mostly consider products of two-
dimensional sub-lattices and for order two and order four rotations we take
the SO(4) root lattice whereas for order three and order six rotations we take
the SU(3) root lattice.

Let us now consider some examples.

Example 4.1: T2(SO(4))/Z2. Here Z2 has elements {�, θ}, where θ is a
rotation by π. As Λ we take the root lattice of SO(4) with basis e1 = (1, 0)
and e2 = (0, 1). In T2, Z2 has four fixed points:

f0 = (0, 0) ; f1 =
(

1
2
, 0
)

; f2 =
(

0,
1
2

)

; f3 =
(

1
2
,
1
2

)

. (4.4)

It is convenient to use a complex coordinate z = x+iy so that f0 = 0, f1 = 1
2 ,

f2 = i
2 , f3 = 1+i

2 .
The steps to construct the orbifold are shown in Fig. 4. To start, we

take a fundamental cell defined by vertices (0, 0), (1, 0), (0, 1), (1, 1). Given
the identification x ≡ θnx + V , we observe that it is actually enough to
retain half of the fundamental cell, for instance the rectangle with vertices at
f0, f1, i and 1

2 + i. Furthermore, since the edges are identified as indicated in
Fig. 4 we must fold by the line joining f2 and f3. The resulting orbifold has
singular points precisely at the fi, each with a deficit angle of π.

Example 4.2: T2(SU(3))/Z3. Here Z3 has elements {�, θ, θ2}, where θ is a
rotation by 2π/3. As Λ we take the root lattice of SU(3) with basis e1 = (1, 0)
and e2 = (− 1

2 ,
√

3
2 ). The fixed points of θ are
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Fig. 4. T2/Z2

f0 = (0, 0) ; f1 =
(

1
2
,

1
2
√

3

)

; f2 =
(

0,
1√
3

)

. (4.5)

In terms of the complex coordinate z, θ acts by multiplication by e2iπ/3 and
the fixed points are located at 0, 1√

3
eiπ/6, i√

3
. The element θ2 = θ−1 obviously

has the same fixed points. In this case the resulting orbifold has singularities
at the three fixed points, each with deficit angle 4π/3.

In examples 4.1 and 4.2 the total deficit angle is 4π, i.e. the orbifold is topo-
logically an S2, as it is also clear from Fig. 4.

Example 4.3: T4(SO(4)2)/Z2. We take T4 = T2×T2 and Λ the product of
two 2-dimensional square SO(4) root lattices. The Z2 action is just a rotation
by π degrees in each square sub-lattice. In terms of zj = xj + iyj this means

Z2 : (z1, z2) → (−z1,−z2) . (4.6)

In each sub-lattice there are four fixed points with complex coordinates
0, 1

2 ,
i
2 ,

1+i
2 . Altogether the orbifold has then sixteen singular points.

Notice that there are no Z2 invariant (1, 0) harmonic forms and only one
invariant (2, 0) harmonic form, namely dz1 ∧ dz2. This is an indication that
the holonomy group of the orbifold is a subgroup of SU(2). It turns out that
the orbifold singularities at the fixed points can be “repaired” or “blown up”
to produce a smooth manifold of SU(2) holonomy, namely a smooth K3 [69].
Roughly, the idea is to excise the singular points and replace them by plugs
that patch the holes smoothly. More precisely, the plugs are asymptotically
Euclidean spaces (ALE) with metrics of SU(2) holonomy that happen to be
Eguchi-Hanson spaces. The claim that the resulting space is a smooth K3
manifold can be supported by a computation of the Hodge numbers of K3
in the orbifold picture. Firstly, the orbifold inherits the forms of T4 that are
invariant under Z2. Thus, the following are also harmonic forms on T4/Z2:

1 , dzi ∧ dz̄j , dz1 ∧ dz2 , dz̄1 ∧ dz̄2 , dz1 ∧ dz2 ∧ dz̄1 ∧ dz̄2 . (4.7)

Secondly, the blowing up process gives a contribution of sixteen to h1,1, one
from the Eguchi-Hanson Kähler form at each fixed point. Then, altogether
h0,0 = h2,0 = h0,2 = h2,2 = 1 and h1,1 = 20.

Example 4.4: T6(SU(3)3)/Z3. We take T6 = T2 × T2 × T2 and Λ the
product of three SU(3) root lattices. The Z3 group is generated by an order
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three rotation in each sub-lattice. In terms of complex coordinates the Z3

action is
(z1, z2, z3) →

(
e2iπ/3z1, e2iπ/3z2, e−4iπ/3z3

)
. (4.8)

In each sub-lattice there are three fixed points located at 0, 1√
3
eiπ/6, i√

3
. The

full orbifold has thus 27 singular points.
The singular points can be repaired to obtain a smooth manifold, the so-

called Z-manifold that is a CY3 [2]. The (3,0) harmonic form that must exist
in every CY3 is simply dz1 ∧ dz2 ∧ dz3 that is Z3 invariant. The interesting
Hodge numbers are computed as follows. Clearly, the nine dzi ∧ dz̄j forms
are Z3 invariant. There are no (1,2) invariant forms on T6. The blowing up
process adds 27 (1,1) harmonic forms. Then, h1,1 = 9 + 27, h1,2 = 0 and
χ = 72.

To end this section we would like to address the question whether string
compactification on a given orbifold can give a supersymmetric theory in
the lower dimensions. We consider D = 6, the results for D = 2, 4 come
as by-products. According to our discussion in Sect. 2.2, supersymmetry re-
quires the existence of covariantly constant spinors. This means that there
must exist spinors ε such that θε = ε. In our case θ is an SO(6) rotation
with eigenvalues e±2iπvi acting on the vector representation that has weights
(±1, 0, 0), (0,±1, 0) and (0, 0,±1). In fact, we can write θ as

θ = exp (2πi(v1J12 + v2J34 + v3J56)) , (4.9)

where the J2i−1,2i are the generators of the Cartan subalgebra. Now, since
spinor weights of SO(6) are (± 1

2 ,±
1
2 ,±

1
2 ), in this representation θ has eigen-

values eiπ(±v1±v2±v3). Hence, to have invariant spinors we need

±v1 ± v2 ± v3 = 0mod 2 (4.10)

for some choice of signs. This condition guarantees that the holonomy group
is contained in SU(3). The additional condition N(v1 + v2 + v3) = 0 mod
2, which follows from modular invariance, is derived in Appendix C. When
v3 = 0, from Table 1 we find that the only solutions are v1 = −v2 = 1/N ,
N = 2, 3, 4, 6. The case N = 2 is example 4.3 above, for other N ’s the
corresponding orbifolds of T4 are also singular limits of K3. For orbifolds of
T6, we can again use the data in Table 1 together with (4.10) to obtain all the
allowed inequivalent solutions shown in Table 2 that were first found in [3].
The resulting T6/ZN orbifolds are generalizations of Calabi-Yau three-folds.
In all cases it can be proved that the singular points can be resolved to obtain
smooth manifolds of SU(3) holonomy [68, 71].

4.2 Orbifold Hilbert Space

In this section we wish to discuss some general aspects of the propagation of
closed strings on orbifolds [3]. We will explain how to determine the states
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Table 2. Supersymmetric ZN actions

Z3
1
3
(1, 1,−2) Z

′
6

1
6
(1,−3, 2) Z

′
8

1
8
(1,−3, 2)

Z4
1
4
(1, 1,−2) Z7

1
7
(1, 2,−3) Z12

1
12

(1,−5, 4)

Z6
1
6
(1, 1,−2) Z8

1
8
(1, 3,−4) Z

′
12

1
12

(1, 5,−6)

belonging to the physical Hilbert space, taking into account a projection on
states invariant under the orbifold group, as well as including twisted sectors.

Let Xm(σ0, σ1), m = 1, · · · D, be bosonic coordinates depending on the
world-sheet time and space coordinates σ0 and σ1. Since the string is closed,
σ1 is periodic, we take its length to be 2π. We assume that M is flat so that
before taking the quotient to obtain the orbifold, Xm satisfies the free wave
equation

(∂2
0 − ∂2

1)Xm = 0 . (4.11)

Furthermore, there are boundary conditions

Xm(σ0, σ1 + 2π) = Xm(σ0, σ1) . (4.12)

The equations of motion follow from the action

S =
∫

d2σL = − 1
4πα′

∫

d2σηαβ∂αX
m∂βXm . (4.13)

This is the Polyakov action (1.1) in flat space-time and in conformal gauge
hαβ = ηαβ = diag(−1, 1). The canonical conjugate momentum is Πm =
∂L/∂(∂0X

m). In the following we will drop the index m to simplify notation.
The generator of translations in X is P =

∫ 2π

0
dσ1Π.

Now, in the orbifold we know that each point is identified with its orbit
under g ∈ G. Hence, as physical states we should consider only the sub-space
invariant under the action of g. The appropriate projection operator is

P =
1
|G|
∑

g∈G

ḡ , (4.14)

where ḡ is the realization of g on the string states.

Exercise 4.1: Show that P2 = P.

For example, consider the quotient of RD by translations in a lattice Λ to
obtain TD. Since the generator of space-time translations is the momentum
P , to each W ∈ Λ the operator acting on states is e2πiP ·W (the factor of
2π is for convenience). Then, the sub-space of invariant states contains only
strings whose center of mass momentum (the eigenvalue of P ) belongs to the
dual lattice Λ∗. Indeed, notice that

∑
W∈Λ e2πiP ·W vanishes unless P ∈ Λ∗.

Recall that Λ∗ is the set of all vectors that have integer scalar product with
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any vector in Λ. In this case |G| is equal to the volume Vol(Λ) of the unit
cell of Λ. It can be shown that Vol(Λ)Vol(Λ∗) = 1.

In the orbifoldized theory there appear naturally twisted sectors in which
X closes up to a transformation h ∈ G. This is:

X(σ0, σ1 + 2π) = hX(σ0, σ1) . (4.15)

The untwisted sector has h = �. In the example of TD, the twisted sectors
have boundary conditions

X(σ0, σ1 + 2π) = X(σ0, σ1) + 2πW , W ∈ Λ . (4.16)

Thus, the twisted sectors are just the winding sectors in which the string
wraps around the torus cycles.

The twisted states must be included in order to ensure modular invariance.
It is instructive to see this in the TD compactification. To begin, consider the
solution to (4.11) together with (4.16). Left and right moving modes are
independent so that X = XL +XR, with expansions

XL(σ0, σ1) = xL + PL(σ0 + σ1) + i
∑

n�=0

αn

n
e−in(σ0+σ1)

XR(σ0, σ1) = xR + PR(σ0 − σ1) + i
∑

n�=0

α̃n

n
e−in(σ0−σ1) , (4.17)

where

(PL, PR) =
(

P +
W

2
, P − W

2

)

, P ∈ Λ∗ , W ∈ Λ . (4.18)

For simplicity we are setting α′ = 2 everywhere. The Fourier coefficients
αn and α̃n are commonly called oscillator modes. Quantization proceeds in
the standard way by promoting the expansion coefficients to operators and
imposing equal time canonical commutation relations that imply [αm, αn] =
mδm,−n, [α̃m, α̃n] = mδm,−n. Furthermore, [xL, PL] = i and [xR, PR] = i. It
is convenient to introduce the occupation number operators

NL =
∞∑

n=1

α−n αn , NR =
∞∑

n=1

α̃−n α̃n . (4.19)

The vacuum state |0, 0, kL, kR〉 is defined to be annihilated by αn, α̃n,
n > 0, and to be an eigenvector of the momenta (PL, PR) with eigenval-
ues (kL, kR) of the form (4.18). Acting on the vacuum with creation op-
erators α−n, α̃−n, n > 0, gives states |NL, NR, kL, kR〉 that have generic
eigenvalues NL and NR of the occupation number operators. For instance,
(α−n1)

�1 (α̃−n2)
�2 |0, 0, kL, kR〉 has NL = n1�1 and NR = n2�2.
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The Hamiltonian is

H =
∫ 2π

0

dσ1(Π · ∂0X − L) =
1
8π

∫ 2π

0

dσ1
[
(∂0X)2 + (∂1X)2

]
. (4.20)

Substituting the expansions (4.17) then gives

H =
P 2

L

2
+
P 2

R

2
+NL +NR −

D
12

. (4.21)

The constant term comes from normal ordering all annihilation operators
to the right and using the analytical continuation of the zeta function to
regularize the sum

∑∞
n=1 n = ζ(−1) = −1/12. The Hamiltonian is the gen-

erator of translations in σ0, meaning that [H,X] = −i∂0X. The generator of
translations in σ1 is

Pσ =
∫ 2π

0

dσ1Π · ∂1X =
P 2

L

2
− P 2

R

2
+NL −NR . (4.22)

Both H and Pσ can be written in terms of left and right moving Virasoro
generators as

H = L0 + L̃0 , Pσ = L0 − L̃0 . (4.23)

Then,

L0 =
P 2

L

2
+NL −

D
24

; L̃0 =
P 2

R

2
+NR −

D
24

. (4.24)

Since D free bosons have central charge c = D, the constant term is the
expected −c/24. The eigenvalue of L0 (L̃0) is the squared mass m2

L (m2
R) of

the given state. Invariance under translations along the closed string requires
that Pσ vanishes acting on states. This implies the level-matching condition
m2

R = m2
L.

We next consider the partition function defined as

Z(τ, τ̄) = Tr qL0 q̄L̃0 ; q ≡ e2iπτ ; τ ∈ C , (4.25)

where the trace is taken over the states |NL, NR, kL, kR〉. Knowing the spec-
trum we can simply compute Z(τ, τ̄) by counting the number of states at
each level of L0, L̃0. For the toroidal compactification one finds

Z(τ, τ̄) =
1

|η(τ)|2D
∑

P∈Λ∗

∑

W∈Λ

q
1
2 (P+ W

2 )2 q̄
1
2 (P−W

2 )2 . (4.26)

The Dedekind eta function,

η(τ) = q
1
24

∞∏

k=1

(1− qk) , (4.27)

arises from the contribution of the oscillator modes.
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Exercise 4.2: Show (4.26).

The partition function (4.26) has the remarkable property of being invari-
ant under the modular transformations

τ → aτ + b

cτ + d
; a, b, c, d ∈ Z ; ad− bc = 1 . (4.28)

The SL(2,Z) modular group is generated by the transformations T : τ →
τ +1 and S : τ → −1/τ . Invariance of (4.26) under T follows simply because
2P ·W = even. Invariance under S arises only because the partition function
includes a sum over windings.

Exercise 4.3: Prove invariance of (4.26) under S using the property
η(−1/τ) =

√
−iτη(τ) and the Poisson resummation formula

∑

W∈Λ

e−πa(W+U)2 e2iπY ·(W+U) =
1

Vol(Λ) aD/2

∑

P∈Λ∗

e−
π
a (P+Y )2 e−2iπP ·U ,

(4.29)
where U and Y are arbitrary vectors and a is a positive constant.

Physically, the partition function Z(τ, τ̄) corresponds to the vacuum to
vacuum string amplitude at one-loop. In this case the world-sheet surface
is a torus T2 that has precisely τ as modular parameter. From the brief
discussion after (2.26) recall that T2 with modular parameter τ = τ1+iτ2 can
be defined by identifications in a lattice with basis e1 = (1, 0), e2 = (τ1, τ2).
We can picture the T2 as formed by a cylinder of length τ2 in which we
identify the string at the initial end with the string at the final end after
translating by τ1. Indeed, using (4.23) we find

Z(τ, τ̄) = Tr e−2πτ2H e2iπτ1Pσ . (4.30)

The first term in the trace is precisely what we expect of a partition function
for a system propagating for Euclidean time 2πτ2. The second term reflects a
translation by 2πτ1 in the coordinate σ1 along the string. Now, the modular
transformations (4.28) just correspond to an integral change of basis in the
T2 lattice. For example, Fig. 5 shows three equivalent lattices for T2. All tori
with τ ’s related by modular transformations are conformally equivalent and
the partition function must therefore remain invariant.

Fig. 5. Three equivalent T2 lattices



158 A. Font and S. Theisen

In the example of toroidal compactification, the partition function is mod-
ular invariant only because the winding sectors are included. Indeed, S basi-
cally exchanges σ0 and σ1 so it transforms quantized momenta into windings.
In general, the partition function for orbifold compactification is modular in-
variant only if twisted sectors are included. To see this, we start with the
untwisted sector and implement the projection on invariant states according
to (4.14). The partition function in the untwisted sector then becomes

Z�(τ, τ̄) = Tr
(
P qL0(�) q̄L̃0(�)

)
=

1
|G|
∑

g∈G

Tr
(
ḡ qL0(�) q̄L̃0(�)

)
. (4.31)

Due to the insertion of ḡ, the traces in the sum above are over states that
satisfy not only the untwisted boundary condition (4.12) but also

X(σ0 + 2πτ2, σ1 + 2πτ1) = gX(σ0, σ1) . (4.32)

We can then write schematically

Z�(τ, τ̄) =
1
|G|
∑

g∈G

Z(�, g) , (4.33)

where Z(h, g) means partition function with boundary conditions (4.15) in
σ1 and (4.32) in σ0. Now, under modular transformations the boundary con-
ditions do change. For instance, under T : τ → τ + 1, (h, g) → (h, gh), and
under T ST : τ → τ/(τ + 1), (h, g) → (gh, g), as implied by the change of
basis depicted in Fig. 5. Then, under S : τ → −1/τ , (h, g) → (g, h−1) and
in particular S transforms the untwisted sector into a twisted sector. To ob-
tain a modular invariant partition function we must include all sectors. More
precisely, for Abelian G the full partition function has the form

Z(τ, τ̄) =
1
|G|
∑

h∈G

∑

g∈G

Z(h, g)

=
∑

h∈G



 1
|G|
∑

g∈G

Tr (ḡ qL0(h) q̄L̃0(h))



 . (4.34)

The sum over h is a sum over twisted sectors while the sum over g implements
the orbifold projection in each sector. For non-Abelian G we only sum over h
and g such that [h, g] = 0 since otherwise (4.15) and (4.32) are incompatible.

4.3 Bosons on TD/ZN

We now wish to derive the partition function for bosonic coordinates com-
pactified on TD/ZN , with ZN generated by θ as described in Sect. 4.1, and
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torus lattice Λ. We consider symmetric orbifolds in which θ acts equally on left
and right movers. As we have explained, we need to include sectors twisted
by θk, k = 0, · · · , N − 1, in which the boundary conditions are

X(σ0, σ1 + 2π) = θkX(σ0, σ1) + 2πV ; V ∈ Λ . (4.35)

The X’s still satisfy the free equations of motion (4.11) so they have mode
expansions of the form

X(σ0, σ1) = X0 + 2Pσ0 +Wσ1 + oscillators . (4.36)

To simplify the analysis we will assume that θk leaves no invariant directions
so that the boundary conditions generically do not allow quantized momenta
nor windings in the expansion. For the center of mass coordinate X0 we find
that it must satisfy (1 − θk)X0 = 0 modulo 2πΛ which just means that X0

is a fixed point of θk.
To find out the effect on the oscillator modes it is useful to define complex

coordinates zj = 1√
2
(X2j−1+iX2j), j = 1, · · · ,D/2, such that θzj = e2iπvjzj

as we have seen in Sect. 4.1. Next write the zj expansion as

zj(σ0, σ1) = zj
0 + i
∑

t

αj
t

t
e−it(σ0+σ1) + i

∑

s

α̃j
s

s
e−is(σ0−σ1) , (4.37)

where the frequencies t and s are to be determined by imposing the boundary
condition (4.35). In this way we obtain e−2iπt = e2iπkvj and then t = n −
kvj , with n integer. Likewise, s = n + kvj . For the complex conjugate z̄j

there is an analogous expansion with coefficients ᾱj
n+kvj

and ¯̃αj
n−kvj

. Let

us focus on the left-movers. After quantization, [ᾱi
m+kvi

, αj
n−kvj

] = (m +
kvj)δi,jδm,−n, with other commutators vanishing. There are now several Fock
vacua |f, 0〉k, where f = 1, · · · , χ(θk), is the fixed point label. Each vacuum is
annihilated by all positive-frequency modes. The creation operators are thus
αj
−kvj

, αj
−1−kvj

, · · · and ᾱj
−1+kvj

, ᾱj
−2+kvj

, · · · (assuming 0 < kvj < 1). The
occupation number operator is

NL =
∞∑

n=−∞
: αj

−n−kvj
ᾱj

n+kvj
: , (4.38)

where :: means normal ordering, i.e. all positive-frequency modes to the right.
For right-movers the results are analogous.

We now construct the partition function that according to (4.34) has the
form

Z =
1
N

N−1∑

k=0

N−1∑

�=0

Z(θk, θ�) ,

Z(θk, θ�) = Tr (θ� qL0(θ
k) q̄L̃0(θ

k)) . (4.39)
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The strategy is to start with the untwisted sector (k = 0) in which the
Virasoro operators L0(�) and L̃0(�) are those given in (4.24). In particular,
Z(�,�) is just (4.26). For � �= 0 we need to evaluate the trace with the
θ� insertion. Since we are assuming that θ� leaves no unrotated directions,
neither quantized momenta nor windings survive the trace. We only need
to consider states obtained from the Fock vacuum by acting with creation
operators which for the complex coordinates are eigenvectors of θ�. The Fock
vacuum, denoted |0〉0, is defined to be invariant under θ. Then, for instance,
for the left movers in zj we find the contribution

Tr
(
θ� qLj

0(�)
)

= q−1/12
(
1 + qe2iπ�vj + qe−2iπ�vj + · · ·

)
. (4.40)

The first term comes from |0〉0, the next two from states with αj
−1 and ᾱj

−1

acting on |0〉0, and so on. In fact, the whole expansion can be cast as

Tr
(
θ� qLj

0(�)
)

= q−1/12
∞∏

n=1

(1− qne2iπ�vj )−1 (1− qne−2iπ�vj )−1 . (4.41)

This result can be conveniently written by using Jacobi ϑ functions that have
the product representation

ϑ[ δ
ϕ ](τ)

η(τ)
= e2iπδϕ q

1
2 δ2− 1

24

∞∏

n=1

(1+qn+δ− 1
2 e2iπϕ) (1+qn−δ− 1

2 e−2iπϕ) . (4.42)

Then,

Tr
(
θ� qLj

0(�)
)

= −2 sin �πvj
η(τ)

ϑ
[

1
2

1
2+�vj

]
(τ)

. (4.43)

Notice that for � = 0, (4.41) becomes 1/η2, as it should. Taking into account
left and right movers for all coordinates we obtain

Z(�, θ�) = χ(θ�)

∣
∣
∣
∣
∣
∣

D/2∏

j=1

η

ϑ
[

1
2

1
2+�vj

]

∣
∣
∣
∣
∣
∣

2

, (4.44)

where χ(θ�) =
∏D/2

j=1 4 sin2 π�vj is the number of fixed points of θ�, cf. (4.3).
We remark, as it is clear from (4.41), that the coefficient of the first term in
the expansion in (4.44) is actually one. This means that in the full untwisted
sector, i.e. fixing k = 0 and summing over �, the untwisted vacuum appears
with the correct multiplicity one.

To obtain other pieces Z(θk, θ�) we take advantage of modular invariance.
For example, Z(θk,�) simply follows applying τ → −1/τ to (4.44). Using the
modular properties of ϑ functions given in (C.4) gives
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Z(θk,�) = χ(θk)

∣
∣
∣
∣
∣
∣

D/2∏

j=1

η

ϑ
[

1
2+kvj

1
2

]

∣
∣
∣
∣
∣
∣

2

(4.45)

= χ(θk) (qq̄)−
D
24+Ek

∣
∣
∣
∣
∣
∣

D/2∏

j=1

∞∏

n=1

(1− qn−1+kvj )−1 (1− qn−kvj )−1

∣
∣
∣
∣
∣
∣

2

,

where Ek is the twisted oscillator contribution to the zero point energy given
by

Ek =
D/2∑

j=1

1
2
kvj(1− kvj) . (4.46)

When kvj > 1 we must substitute kvj → (kvj − 1) in (4.46).

Exercise 4.4: Derive (4.45).

The lowest order term in the expansion (4.45) does have coefficient χ(θk)
in agreement with the fact that in the θk sector the center of mass coordinate
can be any fixed point. The q expansion also shows the contribution of the
states created by operators αj

−kvj
, αj

−1−kvj
, · · · and ᾱj

−1+kvj
, ᾱj

−2+kvj
, · · · .

In fact, from the exponents of q we can read off the eigenvalues of L0(θk),
i.e. the squared masses m2

L(θk). The general result can be written as

m2
L(θk) = NL + Ek −

D
24

. (4.47)

Here NL is the occupation number of the left-moving oscillators. For example,
αj
−kvj

|0〉k and ᾱj
−1+kvj

|0〉k have NL = kvj and NL = 1 − kvj , respectively.
In the untwisted sector, or more generically in sectors in which quantized
momenta or windings are allowed, m2

L also includes a term of the form 1
2P

2
L.

For particular shapes of the torus, 1
2P

2
L can precisely lead to extra massless

states that signal enhanced symmetries as in the well known example of
circle compactification at the self-dual radius. In these notes we will assume
a generic point in the torus moduli space so that 1

2P
2
L does not produce new

massless states. For right movers, m2
R(θk) is completely analogous to (4.47).

Notice that the level-matching condition becomes NL = NR.
We can continue generating pieces of the partition function by employing

modular transformations. For example, applying τ → τ + 1 to (4.45) gives
Z(θk, θk). The general result can be written as

Z(θk, θ�) = χ(θk, θ�)

∣
∣
∣
∣
∣
∣

D/2∏

j=1

η

ϑ
[

1
2+kvj
1
2+�vj

]

∣
∣
∣
∣
∣
∣

2

, (4.48)

where χ(θk, θ�) is the number of simultaneous fixed points of θk and θ�. This
formula is valid when θk leaves no fixed directions, otherwise a sum over
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momenta and windings could appear. This is important when determining
the ZN -invariant states [67]. The correct result can be found by carefully
determining the untwisted sector pieces and then performing modular trans-
formations.

Exercise 4.5: Use (C.4) to show that (4.48) has the correct modular trans-
formations, i.e. Z(θk, θ�) transforms into Z(θk, θk+�) under T and into
Z(θ�, θ−k) under S.

Let us now describe the spectrum in a θk twisted sector. States are chains
of left and right moving creation operators acting on the vacuum. Schemati-
cally this is

α · · · ᾱ · · · α̃ · · · ¯̃α · · · |f, 0〉k . (4.49)

Level-matching NL = NR must be satisfied. States are further characterized
by their transformation under a ZN element, say θ�. The oscillator piece is
just multiplied by an overall phase e2iπ�ρ, where ρ = ρL +ρR. In turn ρL (ρR)
is found by adding the phases of all left (right) modes in (4.49). Concretely,
each left-moving oscillator αj

−kvj
, αj

−1−kvj
, · · · (coming from zj) adds vj to

ρL, whereas each ᾱj
−1+kvj

, ᾱj
−2+kvj

, · · · (coming from z̄j) contributes −vj to

ρL. For right-movers, each mode ¯̃αj
−kvj

, ¯̃αj
−1−kvj

, · · · , contributes −vj to ρR

and each α̃j
−1+kvj

, α̃j
−2+kvj

, · · · adds vj to ρR. Finally, the action on the fixed
points must be θ�|f, 0〉k = |f ′, 0〉k, where f ′ is also a fixed point of θk.

Only states invariant under the full ZN action survive in the spectrum. For
example, in the untwisted sector (k = 0), both α1

−1α̃
1
−1|0〉0 and ᾱ1

−1α̃
1
−1|0〉0

have NL = NR = 1 but the first is not invariant because it picks up a phase
e4iπv1 under θ. For k �= 0 there is a richer structure because states sit at
fixed points. In the θ sector, χ(θ, θ�) = χ(θ), i.e. all θ� leave the fixed points
of θ invariant. Hence, |f, 0〉1 and chain states (4.49) with ρL + ρR = 0 are
invariant ∀f , meaning that there is one such state at each fixed point of θ.
For N odd, χ(θk, θ�) = χ(θk) = χ(θ), so that all twisted sectors are like the
θ sector.

For N even, in general χ(θk, θ�), k �= 1, N−1, depends on �. For example,
take a T2/Z4 with square SO(4) lattice (cf. Example 4.1) and θ a π/2 rotation
(v1 = 1/4). Then, θ2 has the four fixed points in (4.4): f0 and f3 that are also
fixed by θ, plus f1 and f2 that are exchanged by θ. Thus, in the θ2 sector,
there are three invariant vacua, namely |f0, 0〉2, |f3, 0〉2 and [|f1, 0〉2+|f2, 0〉2].
Likewise, any level-matched chain, e.g. ᾱ− 1

2
α̃− 1

2
, with ρL + ρR = 0, acting

on the three vacua gives states that also survive in the spectrum. There are
also invariant states of the form α− 1

2
α̃− 1

2
[|f1, 0〉2 − |f2, 0〉2].

Conventionally, we drop the fixed point dependence and speak of states
labeled by (NL, ρL;NR, ρR), with NL = NR determining the mass level, and
having a degeneracy factor Fk(NL, ρL;NR, ρR) that might be zero when the
state is not invariant. In the T2/Z4 example above, there are e.g. states
|0〉2 and ᾱ− 1

2
α̃− 1

2
|0〉2 with F2 = 3, α− 1

2
α̃− 1

2
|0〉2 with F2 = 1, and so on.
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A systematic way to determine the degeneracy factor is to implement the
orbifold projection by performing the sum 1

N

∑N−1
�=1 Z(θk, θ�). Using (4.48)

and (4.42) we obtain

Fk(NL, ρL;NR, ρR) =
1
N

N−1∑

�=0

χ̃(θk, θ�) e2iπ�(ρL+ρR) . (4.50)

Here χ̃(θk, θ�) is a numerical factor that counts the fixed point multiplicity.
More concretely, χ̃(1, θ�) = 1, so that in the untwisted sector F0 projects
out precisely the states non-invariant under θ that have ρL + ρR not integer.
In twisted sectors χ̃(θk, θ�) is the number of simultaneous fixed points of
θk and θ� in the sub-lattice effectively rotated by θk. χ̃(θk, θ�) differs from
χ(θk, θl) because when kvj = integer, the expansion of ϑ[

1
2+kvj
1
2+�vj

]/η has a
prefactor (−2 sinπ�vj), as follows using (4.42). Thus, the actual coefficient in
the expansion of (4.48) is χ̃(θk, θl) = χ(θk, θl)/

∏
j,kvj∈Z

4 sin2 π�vj .

4.4 Type II Strings on Toroidal ZN Symmetric Orbifolds

The new ingredient is the presence of world-sheet fermions with boundary
conditions

Ψ(σ0, σ1 + 2π) = −e2πiαθkΨ(σ0, σ1) ,
Ψ(σ0 + 2πτ2, σ1 + 2πτ1) = −e2πiβθ�Ψ(σ0, σ1) , (4.51)

where α, β = 0, 1
2 are the spin structures. The full partition function has the

form (4.39). Each contribution to the sum is explicitly evaluated as

Z(θk, θ�) = Tr (NS⊕R)(NS⊕R)

{
PGSO θ

� qL0(θ
k) q̄L̃0(θ

k)
}
. (4.52)

The trace is over left and right Neveu-Schwarz (NS) and Ramond (R) sectors
for the fermions. This is equivalent to summing over α = 0, 1

2 . Similarly, the
GSO (Gliozzi-Scherk-Olive) projection is equivalent to summing over β = 0, 1

2
[4, 5, 6].

To find Z(θk, θ�) we again start from the untwisted sector in which the
Virasoro operators are known and then use modular invariance. The explicit
form of Z(θk, θ�) can be found in [70] and will be presented in Appendix C.
It follows that the eigenvalues of L0(θk) are

m2
L(θk) = NL +

1
2

(r + k v)2 + Ek −
1
2
. (4.53)

Most terms in this formula arise as in the purely bosonic case of last section.
In particular, Ek is given in (4.46). Notice that NL and NR also receive
(integer) contributions from the fermionic degrees of freedom. The vector r
is an SO(8) weight as explained in Appendix C. The vector v is (0, v1, v2, v3),
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with the vi specifying the ZN action. When r belongs to the scalar or vector
class, r takes the form (n0, n1, n2, n3), with na integer. This is the Neveu-
Schwarz sector in which left-movers are space-time bosons. When r belongs
to a spinorial class it takes the form (n0+ 1

2 , n1+ 1
2 , n2+ 1

2 , n3+ 1
2 ). This is the

Ramond sector in which left-movers are space-time fermions. For example,
the weights of the fundamental vector and spinor representations are:

8v =
(
±1, 0, 0, 0

)
; 8s = ±

(

−1
2
,
1
2
,
1
2
,
1
2

)

,

8c =
{(

1
2
,
1
2
,−1

2
,−1

2

)

,±
(

1
2
,
1
2
,
1
2
,
1
2

)}

, (4.54)

where underlining means permutations. As explained in Appendix C, the
GSO projection turns out to be

∑
ra = odd. Thus, in the untwisted sector,

massless states must have r2 = 1 and the possible solutions are 8v and 8s.
For type II strings the mass formula for right-movers is completely anal-

ogous to (4.53):

m2
R

(
θk
)

= NR +
1
2

(p+ k v)2 + Ek −
1
2
, (4.55)

where p is an SO(8) weight as well. In type IIB the GSO projection is also∑
pa = odd in both NS and R sectors. In type IIA one has instead

∑
pa =

even in the R sector. In the untwisted sector the spinor weights are then those
of 8c. Notice that upon combining left and right movers, states in (NS,NS)
and (R,R) are space-time bosons, whereas states in (NS,R) and (R,NR) are
space-time fermions.

States in a θk-twisted sector are characterized by (NL, ρL, r;NR, ρR, p)
such that the level-matching condition m2

L = m2
R is satisfied. Here ρL and

ρR are due only to the internal bosonic oscillators as we explained in the pre-
vious section. The degeneracy factor of these states follows from the orbifold
projection. Using the results in Sect. 4.3 and Appendix C we find

F(NL, ρL, r;NR, ρR, p) =
1
N

N−1∑

�=0

χ̃
(
θk, θ�
)
∆(k, �) , (4.56)

where the phase ∆ is

∆(k, �) = exp{2π i[(r + kv) · �v − (p+ kv) · �v + �(ρL + ρR)]} . (4.57)

The factor χ̃(θk, θ�) that takes into account the fixed point multiplicity was
already introduced in (4.50).

Below we will consider examples of compactifications to six and four di-
mensions. We will find that, as expected, one obtains results similar to those
found in K3 and CY3 compactifications.
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Six Dimensions

We first consider type IIA on T4/Z3. As torus lattice we take the product of
two SU(3) root lattices. The Z3 action has v = (0, 0, 1

3 ,−
1
3 ). The resulting

theory in six dimensions has (1,1) supersymmetry that has gravity and vector
multiplets with structure

G11(6) =
{
gµν , ψ

(+)
µ , ψ(−)

µ , ψ(+), ψ(−), Bµν , V
a
µ , φ
}

; a = 1, · · · 4 ,

V11(6) = {Aµ, λ
(+), λ(−), ϕa} , (4.58)

where λ(±) are Weyl spinors and the ϕa real scalars. Below we will see how
the orbifold massless states fit into (1,1) supermultiplets.

In the untwisted sector, candidate massless states allowed by the orbifold
projection (4.56) must have r ·v = p ·v = 0,±1/3. With r ·v = p ·v = 0 there
are

r p(
±1, 0, 0, 0

) (
±1, 0, 0, 0

)

±
(
− 1

2 ,
1
2 ,

1
2 ,

1
2

)
±
(

1
2 ,

1
2 ,

1
2 ,

1
2

)

±
(

1
2 ,

1
2 ,−

1
2 ,−

1
2

)

. (4.59)

The first two entries in r and p, corresponding to the non-compact coordi-
nates, indicate the Lorentz representation under the little group SO(4) $
SU(2) × SU(2). The vector (±1, 0) of SO(4) is the (1

2 ,
1
2 ) representation of

SU(2) × SU(2), whereas the spinors (1
2 ,−

1
2 ) and ±( 1

2 ,
1
2 ) are the (1

2 , 0) and
(0, 1

2 ) representations respectively. In (4.59) we thus have the product
[(

1
2
,
1
2

)

⊕ 2
(

1
2
, 0
)]

left

⊗
[(

1
2
,
1
2

)

⊕ 2
(

0,
1
2

)]

right

. (4.60)

It is simple to check that the product gives rise to the representations that
make up the gravity supermultiplet G11(6) in (4.58).

In the untwisted sector with r · v = p · v = 1/3 we find

r p
(0, 0, 1, 0) (0, 0, 1, 0)

(0, 0, 0,−1) (0, 0, 0,−1)(
−1

2 ,−
1
2 ,

1
2 ,−

1
2

) (
− 1

2 ,
1
2 ,

1
2 ,−

1
2

)

(
1
2 ,

1
2 ,

1
2 ,−

1
2

) (
1
2 ,−

1
2 ,

1
2 ,−

1
2

)

. (4.61)

In terms of little group representations we have the product
[

2 (0, 0)⊕
(

0,
1
2

)]

left

⊗
[

2 (0, 0)⊕
(

1
2
, 0
)]

right

. (4.62)

In this way we obtain the representations that fill a vector multiplet V11(6).
For r · v = p · v = −1/3 one also obtains a vector multiplet. In both cases the
group is U(1).
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Let us now turn to the θ-twisted sector. Plugging v and E1 = 2/9 we find
that m2

R = m2
L = 0 implies the same r, p given in (4.61). Taking into account

the fixed point multiplicity gives then 9 vector multiplets. In the θ2 sector
we find the same result.

In conclusion, type IIA compactification on T4/Z3 yields a (1,1) super-
symmetric theory in six dimensions with one gravity multiplet and twenty
vector multiplets. Other T4/ZN orbifolds give exactly the same result which
is also obtained in type IIA compactification on a smooth K3 manifold.

Compactification of type IIB on T4/ZN follows in a similar way. We
can obtain the results from the type IIA case noting that the different GSO
projection for left-moving spinors simply amounts to changing the little group
representation. For example, in the untwisted sector instead of (4.60) we have

[(
1
2
,
1
2

)

⊕ 2
(

1
2
, 0
)]

left

⊗
[(

1
2
,
1
2

)

⊕ 2
(

1
2
, 0
)]

right

. (4.63)

In the product there are now two gravitini of the same chirality so that the
resulting theory in six dimensions has (2, 0) supersymmetry with gravity and
tensor multiplets having the field content

G20(6) = {gµν , ψ
a(+)
µ , BI(+)

µν } ; a = 1, 2 ; I = 1, · · · 5 ,
T20(6) = {B(−)

µν , ψ
a(−), ϕI} , (4.64)

where the superscript (+) or (−) on the antisymmetric tensors indicates
whether they have self-dual or anti-self-dual field strength. Altogether the
product (4.63) gives a gravity multiplet G20(6) together with a tensor mul-
tiplet T20(6). Other states from the untwisted sector and the twisted sectors
give rise to 20 tensor multiplets. In conclusion, compactification of type IIB
on T4/ZN gives (2, 0) supergravity with 21 tensor multiplets, exactly what
is found in the compactification on K3 [72].

Four Dimensions

The resulting theory has N = 2 supersymmetry. The massless fields must
belong to the gravity multiplet or to hypermultiplets and vector multiplets.
Schematically, the content of these multiplets is

G2(4) = {gµν , ψ
a
µ, Vµ} ; a, b = 1, 2 ,

H2(4) = {ψa, ϕab} , (4.65)
V2(4) = {Aµ, λ

a, ϕa} .

Note that G2(4) contains the so-called graviphoton Vµ. Below we will group
the orbifold massless states into these supermultiplets. We study type IIB on
T6/Z3. The torus lattice is the product of three SU(3) root lattices. The Z3

action has v = (0, 1
3 ,

1
3 ,−

2
3 ).
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Now the massless states are classified by the little group SO(2), i.e. by
helicity λ. For a given state, λ = λr − λp where λr can be read from the
first component of the SO(8) weight r, and likewise for λp. In the untwisted
sector, candidate massless states allowed by the orbifold projection must have
r · v = p · v = 0,±1/3. With r · v = p · v = 0 we find

r p
(±1, 0, 0, 0) (±1, 0, 0, 0)

±
(
−1

2 ,
1
2 ,

1
2 ,

1
2

)
±
(
− 1

2 ,
1
2 ,

1
2 ,

1
2

) . (4.66)

Considering all possible combinations in (4.66) we find the helicities
{

±2, 2×
(

±3
2

)

,±1
}

⊕
{

2×
(

±1
2

)

, 4× (0)
}

. (4.67)

Comparing with the structure of the N = 2 supersymmetric multiplets in
four dimensions, cf. (4.65), we observe that (4.67) includes a gravity multiplet
G2(4) plus a hypermultipletH2(4). The four real scalars in the hypermultiplet
are the dilaton, the axion dual to Bµν , both arising from (NS,NS) (both r, p
vectorial), plus a 0-form and another axion dual to B̃µν , both arising from
(R,R) (both r, p spinorial).

In the untwisted sector with r · v = p · v = ±1/3 we have

r p
r · v = 1

3 (0, 1, 0, 0) (0, 1, 0, 0)(
− 1

2 ,
1
2 ,−

1
2 ,−

1
2

) (
− 1

2 ,
1
2 ,−

1
2 ,−

1
2

)

r · v = − 1
3

(
0,−1, 0, 0

) (
0,−1, 0, 0

)

(
1
2 ,

1
2 ,−

1
2 ,

1
2

) (
1
2 ,

1
2 ,−

1
2 ,

1
2

)

. (4.68)

Evaluating the helicities of all allowed combinations we find precisely nine
hypermultiplets.

Consider now the θ-twisted sector. Plugging v and E1 = 1/3 we find that
m2

R = m2
L = 0 has solutions r, p = (0, 0, 0, 1), (− 1

2 ,−
1
2 ,−

1
2 ,

1
2 ). In the θ−1

sector the solutions are r, p = (0, 0, 0,−1), (1
2 ,

1
2 ,

1
2 ,−

1
2 ). According to the

orbifold projection we can then combine the following

r p
θ (0, 0, 0, 1) (0, , 0, 0, 1)(

− 1
2 ,−

1
2 ,−

1
2 ,

1
2

) (
− 1

2 ,−
1
2 ,−

1
2 ,

1
2

)

θ−1 (0, 0, 0,−1) (0, 0, 0,−1)(
1
2 ,

1
2 ,

1
2 ,−

1
2

) (
1
2 ,

1
2 ,

1
2 ,−

1
2

)

. (4.69)

Altogether we find the degrees of freedom of one hypermultiplet. Taking into
account the fixed point multiplicity shows that 27 hypermultiplets originate
in the twisted sectors.
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In conclusion, compactification of type IIB on T6/Z3 has massless content
summarized by

G2(4) +H2(4) + 36H2(4) . (4.70)

This result agrees with the general result for type IIB compactification on a
CY3 manifold. In fact, as we explained in Sect. 4.1, the T6/Z3 orbifold has
h1,1 = 36 and h1,2 = 0.

Compactification of type IIA on T6/Z3 is completely analogous. The re-
sults are easily obtained changing the left-moving spinor helicities appropri-
ately. In the untwisted sector with r ·v = p ·v = 0 there are no changes. In the
untwisted sector with r · v = p · v = ±1/3, as well as in the twisted sectors,
instead of hypermultiplets there appear vector multiplets. Hence, type IIA
on T6/Z3 has massless multiplets

G2(4) +H2(4) + 36V2(4) . (4.71)

This agrees with the result for compactification on a CY3.

5 Recent Developments

We have discussed basic aspects of supersymmetry preserving string compact-
ifications. The main simplifying assumption was that the only background
field allowed to have a non-trivial vacuum expectation value (vev) was the
metric, for which the Ansatz (2.9) was made, and a constant dilaton φ0

that fixes the string coupling constant as gs = eφ0 . When we considered the
complexification of the Kähler cone we also allowed a vev for the (NS,NS) an-
tisymmetric tensor BMN , but limited to vanishing field strength so that the
equations of motion do not change. Restricting to these backgrounds means
exploring only a small subspace of the moduli space of supersymmetric string
compactifications. Type II string theory has several other massless bosonic
excitations, the dilaton φ and the (R,R) p-form fields A(p) with p even for
type IIB and p odd for type IIA, which could get non-vanishing vevs. The
interesting situation is when the vevs for the field strengths H = dB and
F (p+1) = dA(p) lead to non-vanishing fluxes through non-trivial homology
cycles in the internal manifold. It is clearly important to examine the im-
plications of these fluxes. One interesting result to date is that fluxes can
generate a potential for moduli scalars [73]. This provides a mechanism for
lifting flat directions in moduli space.

If the additional background fields are non-trivial they will have in gen-
eral a non-zero energy-momentum tensor TMN that will back-react on the
geometry and distort it away from the Ricci-flat Calabi-Yau metric. At the
level of the low-energy effective action this means that the lowest order (in α′)
equation of motion for the metric is no longer the vacuum Einstein equation
RMN = 0 but rather RMN = TMN . We also have to satisfy the equations
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of motion of the other background fields (setting them to zero is one solu-
tion, but we are interested in less trivial ones) and the Bianchi identities of
their field strengths. Again, a practical way to proceed is to require unbro-
ken supersymmetry, i.e. to impose that the fermionic fields have vanishing
supersymmetric transformations which are now modified by the presence of
additional background fields, cf. (2.10). It must then be checked that the
Bianchi identities and the equations of motion are satisfied.

The effect of H flux was studied early on [74] and has lately attracted
renewed attention. The upshot is that the supersymmetry preserving back-
grounds are, in general, not Calabi-Yau manifolds. The analysis of these so-
lutions is a current research subject. For recent papers that give references
to the previous literature see e.g. [75].

The presence of (R,R) fluxes leads to an even richer zoo of possible type II
string compactifications. One simple and well-studied example is the AdS5×
S5 solution of type IIB supergravity which has, in addition to the metric,
a non-trivial five-form field strength F (5) background. A general analysis of
type IIB compactifications to four dimensions, including backgrounds for all
bosonic fields as well as D-brane and orientifold plane sources, was given in
[76]. Conditions forN =1 supersymmetry of such configurations were found in
[77]. These results have been applied in recent attempts to construct realistic
models with moduli stabilization [78].

Compactification of M -theory, or its low-energy effective field theory,
eleven-dimensional supergravity, on manifolds ofG2 holonomy, have also been
much explored lately. These compactifications lead to N =1 supersymmetry
in four dimensions and are interesting in their own right and also in relation
with various string dualities, such as compactification of M -theory on a man-
ifold with G2 holonomy and of the heterotic string on a Calabi-Yau manifold.
See [79] for a recent review.

There are many other aspects which one could mention in the context
of string compactifications. It is a vast and still growing subject with many
applications in physics and mathematics. We hope that our lecture notes will
be of use for those who are just entering this interesting and fascinating field.

Appendix A: Conventions and Definitions

A.1: Spinors

The Dirac matrices ΓA, A = 0, · · · ,D − 1, satisfy the Clifford algebra

{ΓA, ΓB} ≡ ΓAΓB + ΓBΓA = 2ηAB , (A.1)

where ηAB = diag(−1,+1, . . . ,+1). The smallest realization of (A.1) is
2[D/2] × 2[D/2]-dimensional ([D/2] denotes the integer part of D/2). One
often uses antisymmetrized products
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ΓA1···Ap ≡ Γ [A1 · · ·ΓAp] ≡ 1
p!
(
ΓA1 · · ·ΓAp ± permutations

)
, (A.2)

with + (−) sign for even (odd) permutations.
The generators of SO(1,D−1) in the spinor representation are

TAB≡− i
2
ΓAB≡− i

4
[ΓA, ΓB ] . (A.3)

Spinor representations are necessary to describe space-time fermions. Strictly
speaking, when discussing spinors we should go to the covering group, the
spin group. We will not make this distinction here but it is always implied.

Exercise A.1: Verify that TAB ≡− i
2Γ

AB are generators of SO(1,D−1) in
the spinor representation, i.e.

i[TAB , TCD] = ηACTBD − ηADTBC − ηBCTAD + ηBDTAC . (A.4)

Dirac spinors have then dimension 2[D/2]. For D even the Dirac repre-
sentation is reducible since there exists a matrix that commutes with all
generators. This is

ΓD+1 ≡ e−iπ(D−2)/4Γ 0 . . . ΓD−1 . (A.5)

For D odd, ΓD+1 ∝ �.

Exercise A.2: Show that Γ 2
D+1 = �, {ΓD+1, Γ

A} = 0, and [ΓD+1, Γ
AB ] = 0.

With the help of ΓD+1 we can define the irreducible inequivalent Weyl
representations: if ψ is a Dirac spinor, the left and right Weyl spinors are

ψL =
1
2
(1− ΓD+1)ψ , ψR =

1
2
(1 + ΓD+1)ψ . (A.6)

Note that ΓD+1ψR = ψR and ΓD+1ψL = −ψL.
Dirac and Weyl spinors are complex but in some cases a Majorana

condition of the form ψ∗ = Bψ with B a matrix such that BB∗ = �

is consistent with the Lorentz transformations δψ = iωMNT
MNψ, i.e. B

must satisfy T ∗MN = −BTMNB−1. The Majorana condition is allowed for
D = 0, 1, 2, 3, 4 mod 8. Majorana-Weyl spinors can be shown to exist only in
D = 2 mod 8 [6].

SO(D) spinors have analogous properties. For D even, there are
two inequivalent irreducible Weyl representations of dimension 2D/2−1. A
Majorana-Weyl condition can be imposed only for D = 0 mod 8.

A.2: Differential Geometry

We use A,B, . . . to denote flat tangent indices (raised and lowered with
ηAB and ηAB) which are related to the curved indices M,N, . . . (raised and
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lowered with GMN and GMN ) via the D-bein: e.g. ΓA = eA
MΓM and the

inverse D-bein, e.g. ΓM = eM
A ΓA, where GMN = eA

MeB
NηAB and eA

MeM
B = δA

B ,
eA

MeN
A = δN

M , ηABηBC = δA
C . The ΓM satisfy {ΓM , ΓN} = 2GMN .

A Riemannian connection ΓP
MN is defined by imposing

∇PGMN ≡ ∂pGMN − ΓQ
PMGQN − ΓQ

PNGMQ = 0 (metricity)
ΓP

MN = ΓP
NM (no torsion) . (A.7)

One finds for the Christoffel symbols

ΓP
MN =

1
2
GPQ (∂MGQN + ∂NGMQ − ∂QGMN ) . (A.8)

The Riemann tensor is

[∇M ,∇N ]VP = −RMNP
QVQ . (A.9)

The Ricci tensor and the Ricci scalar are RMN = GPQRMPNQ and R =
GMNRMN . The spin connection is defined via the condition

∇MeA
N = ∂MeA

N − ΓP
MNe

A
P + ωM

A
Be

B
N = 0 (A.10)

which leads to the following explicit expression for its components

ωAB
M =

1
2

(ΩMNR −ΩNRM +ΩRMN ) eNAeRB (A.11)

where
ΩMNR =

(
∂MeA

N − ∂Ne
A
M

)
eAR .

In terms of ωAB
M the components of the Lie-algebra valued curvature 2-form

are

RMN
AB = eAP eBQRMNPQ = ∂MωAB

N − ∂Nω
AB
M +ωAC

M ωNC
B −ωAC

N ωMC
B .

(A.12)
The covariant derivative, acting on an object with only tangent-space indices,
is generically

∇M = ∂M +
i

2
ωAB

M TAB , (A.13)

where TAB is a generator of the tangent space group SO(1,D−1). For exam-
ple, i(TAB)C

D = ηACδ
D
B − ηBCδ

D
A for vectors and iTAB = 1

2ΓAB for spinors
(spinor indices are suppressed).

Under infinitesimal parallel transport a vector V changes as δV M =
−ΓM

NRV
NdxR. When V is transported around an infinitesimal loop in the

(M,N)-plane with area δaMN = −δaNM it changes by the amount

δV P = −1
2
δaMNRMN

P
QV

Q . (A.14)

Notice that under parallel transport the length |V | remains constant since
|V |2 = V MV NGMN and ∇PGMN = 0. The generalization to the parallel
transport of tensors and spinors is obvious.
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Appendix B: First Chern Class of Hypersurfaces of Pn

This Appendix is adopted from [27].
Let X = {z ∈ Pn; f(z) = 0}, f a homogeneous polynomial of degree d,

be a non-singular hypersurface in Pn. From (3.70) we know that c1(X) can
be expressed by any choice of volume element on X. As volume element we
will use the pull-back of the (n − 1)-st power of the Kähler form on Pn. We
will first compute this in general and will then use the Fubini-Study metric
on Pn. It suffices to do the calculation on the subset

U0 ∩ {∂nf �= 0} ∩X . (B.1)

Given that ω = igi̄dz
i ∧ dz̄ we compute (zi are the inhomogeneous coordi-

nates on U0)

ωn−1 = (igi̄dz
i∧dz̄j)n−1 = in−1

n∑

i,j=1

(−1)i+j det(mij)(· · · î · · ·̂̄ · · · ) , (B.2)

where mij is the (i, j)-minor of the metric gi̄. The notation (· · · î · · ·̂̄ · · · )
means that the hatted factors are missing in the product dz1 ∧ dz̄1 ∧ · · · ∧
dzn ∧ dz̄n. In the next step we split the above sum according to how many
powers of dzn appear. We get

inωn−1 =
n−1∑

i,j=1

(−1)i+j det(mij)(· · · î · · ·̂̄ · · · )

+
n−1∑

i=1

(−1)n+i det(min)(· · · î · · · ̂̄n) +
n−1∑

j=1

(−1)n+j det(mhj)(· · ·̂̄ · · · n̂·)

+ det(mnn)(· · · n̂ ̂̄n) . (B.3)

We now replace dzn via the hypersurface constraint:

df =
n−1∑

i=1

∂f

∂zi
dzi +

∂f

∂zn
dzn ⇒ dzn = −

(
∂f

∂zn

)−1 n−1∑

i=1

∂f

∂zi
dzi . (B.4)

Using this in (B.3), we find

(i)nωn−1 =
∣
∣
∣
∣
∂f

∂zn

∣
∣
∣
∣

−2 n∑

i,j=1

∂f

∂zi

∂f

∂zj
(−1)i+j det(mij)(dz1∧· · ·∧dz̄n−1) . (B.5)

Next we need the identity

gi̄ ≡ (g−1)i̄ = (−1)i+j det(mij)(det g)−1 . (B.6)

Using this in (B.4), we obtain
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(−i)nωn−1 = (det g)
∣
∣
∣
∣
∂f

∂zn

∣
∣
∣
∣

−2 n∑

i,j=1

gi̄ ∂f

∂zi

∂f

∂zj
(dz1 ∧ · · · ∧ dz̄n) . (B.7)

We now specify to the Fubini-Study metric, for which

gi̄ = (1 + |z|2)(δij + ziz̄j) . (B.8)

It follows that

n∑

i,j=1

gi̄ ∂f

∂zi

∂f

∂zj
= (1 + |z|2)




n∑

i=1

∣
∣
∣
∣
∂f

∂zi

∣
∣
∣
∣

2

+
n∑

i,j=1

zi ∂f

∂zi
zj
∂f

∂zj



 . (B.9)

Now, since f vanishes on X and since it is a homogeneous function of degree
d, on X we get

0 = d · f =
∂f

∂z0
+

n∑

i=1

zi ∂f

∂zi
, (B.10)

and therefore
n∑

i,j=1

gi̄ ∂f

∂zi

∂f

∂zj
= (1 + |z|2)

(
n∑

i=0

∣
∣
∣
∣
∂f

∂zi

∣
∣
∣
∣

2
)

. (B.11)

Because the determinant of the metric is (cf. (3.28))

det(gi̄) =
1

(1 + |z|2)n+1
, (B.12)

we find

(i)nωn−1 =
∣
∣
∣
∣
∂f

∂zn

∣
∣
∣
∣

−2
∑n

i=0

∣
∣
∣ ∂f
∂zi

∣
∣
∣
2

(|z|2)n
(B.13)

where now |z|2 =
∑n

i=0 |zi|2. If we set

ψ = log
(∑n

i=0 |∂if |2
|z|2d−2

)

, (B.14)

which is a globally defined function, i.e. it has a unique value on all overlaps,
we can write

∂∂̄ logωn−1 = ∂∂̄ log

∑∣∣
∣ ∂f
∂zi

∣
∣
∣
2

(|z|2)n
− ∂∂̄ log

∣
∣
∣
∣
∂f

∂zn

∣
∣
∣
∣

2

= ∂∂̄ log eψ(|z|2)d−n−1

= ∂∂̄ψ + i(n− d+ 1)ω . (B.15)

Recall that this is valid on the subset specified in (B.1), in particular that
this expression is to be evaluated on the hypersurface f(z) = 0. Comparing
this to (3.70) we realize that we have shown that

2πc1(X) = (n+ 1− d)[ω] . (B.16)
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Appendix C: Partition Function
of Type II Strings on T10−d/ZN

The starting point is the partition function for the ten-dimensional type II
strings that can be written as the product of a bosonic ZB and a fermionic
ZF contribution [4, 5, 6]. Up to normalization:

Z(τ, τ̄) = ZB(τ, τ̄)ZF (τ, τ̄)

ZB(τ, τ̄) =
(

1√
τ2 η η̄

)8

(C.1)

ZF (τ, τ̄) =
1
4






ϑ4
[
0
0

]

η4
−
ϑ4
[

0
1
2

]

η4
−
ϑ4
[

1
2
0

]

η4
+
ϑ4
[

1
2
1
2

]

η4






×






ϑ̄4
[
0
0

]

η̄4
−
ϑ̄4
[

0
1
2

]

η̄4
−
ϑ̄4
[

1
2
0

]

η̄4
±
ϑ̄4
[

1
2
1
2

]

η̄4





,

where η(τ) is the Dedekind function defined in (4.27) and the Jacobi theta
functions are

ϑ
[

δ
ϕ

]
(τ) =
∑

n

q
1
2 (n+δ)2 e2iπ(n+δ)ϕ ; q = e2iπτ . (C.2)

The theta functions also have the product form (4.42) given in Sect. 4.3. In
the following we will not write explicitly that ϑ and η are functions of τ .

Depending on the sign in the last term of the right-moving piece of ZF we
have type IIB (+ sign) or IIA (− sign) strings. In the following we consider
type IIB so that ZF (τ, τ̄) = |ZF (τ)|2. The left-moving ZF (τ) can be written
as:

ZF (τ) =
1
2

∑

α,β=0, 1
2

sαβ

ϑ4
[

α
β

]

η4
. (C.3)

The sαβ are the spin structure coefficients. Modular invariance requires s0 1
2

=
s 1

20 = −s00. This can be checked using the transformation properties:

T : τ → τ + 1 ; η → e
iπ
12 η ; ϑ

[
α
β

]
→ e−iπ(α2−α)ϑ

[
α

α+β− 1
2

]
,

S : τ → −1/τ ; η → (−iτ) 1
2 η ; ϑ

[
α
β

]
→ (−iτ) 1

2 e2iπαβϑ
[

β
−α

]
. (C.4)

We take s00 = 1 and choose s 1
2

1
2

equal to s00 so that the GSO projections in
the NS and R sectors turn out the same as we explain below.

The NS sector corresponds to α = 0. Using (C.2) we can write
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1
2






ϑ4
[
0
0

]

η4
−
ϑ4
[

0
1
2

]

η4





=

1
η4

∑

ra∈Z

q
1
2 r2
[
1− eiπ(r0+r1+r2+r3)

2

]

. (C.5)

This shows that left-moving fermionic degrees of freedom of a given NS state
depend on a vector r with four integer entries. This is an SO(8) weight in
the scalar or vector class. Similarly, for the R sector with α = 1

2 we have

−1
2






ϑ4
[

1
2
0

]

η4
−
ϑ4
[

1
2
1
2

]

η4





= − 1

η4

∑

ra∈Z+ 1
2

q
1
2 r2
[
1− eiπ(r0+r1+r2+r3)

2

]

.

(C.6)
Now r has half-integer entries so that it corresponds to an SO(8) spinor
weight. Here we are actually exchanging the light-cone world-sheet fermions
by four free bosons that have momentum r in the SO(8) weight lattice. This
equivalence between fermions and bosons is in fact seen in (C.5) and (C.6)
when we write the left-hand-side using (4.42). Furthermore, because we have
included both β = 0 and β = 1

2 , only states with
∑
ra = odd do appear.

This is the GSO projection. For instance, the tachyon r = 0 in the NS sector
is eliminated from the spectrum. In the R sector one of the SO(8) spinor
representations with r2 = 1 is also absent. For the right-moving piece we
obtain completely analogous results in terms of an SO(8) weight denoted p.

Let us now discuss the partition function for the orbifold that has the
form (4.39). Each term Z(θk, θ�) can be written as the product of bosonic
and fermionic pieces. The bosonic piece is

ZB(θk, θ�) =
(

1√
τ2 η η̄

)d−2

χ(θk, θ�)

∣
∣
∣
∣
∣
∣

5− d
2∏

j=1

η

ϑ[
1
2+kvj
1
2+�vj

]

∣
∣
∣
∣
∣
∣

2

, (C.7)

where χ(θk, θ�) is the number of simultaneous fixed points of θk and θ�. The
first term is the contribution of the non-compact coordinates (d − 2 in the
light-cone gauge), whereas the second term comes from the (10−d) compact
coordinates as we have seen in Sect. (4.3). We are assuming d even.

For the fermionic piece we start with the untwisted sector. The insertion
of θ� in the trace leads to

ZF (�, θ�) =
1
4

∣
∣
∣
∣
∣
∣

∑

α,β=0, 1
2

sαβ(0, �)
ϑ
[

α
β

]

η

3∏

j=1

ϑ
[

α
β+�vj

]

η

∣
∣
∣
∣
∣
∣

2

, (C.8)

where sαβ(0, �) = sαβ(0, 0) are the spin structures in (C.3). We have special-
ized to d = 4, for other cases simply set vj = 0 for j > 5 − d

2 . To derive the
remaining ZF (θk, θ�) we use modular transformations. In the end we obtain

ZF (θk, θ�) =
1
4

∣
∣
∣
∣
∣
∣

∑

α,β=0, 1
2

sαβ(k, �)
ϑ
[

α
β

]

η

3∏

j=1

ϑ
[

α+kvj

β+�vj

]

η

∣
∣
∣
∣
∣
∣

2

. (C.9)
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Modular invariance imposes relations among the spin structure coefficients.
We find:

s00(k, �) = −s 1
20(k, �) = 1 ; s0 1

2
(k, �) = −s 1

2
1
2
(k, �) = −e−iπk(v1+v2+v3) .

(C.10)
Setting k = N then gives a further condition on the twist vector, namely:

N(v1 + v2 + v3) = 0mod 2 . (C.11)

Notice that all twists in Table 2 do satisfy this condition.

Exercise C.1 : Use (C.4) to show that (C.9) has the correct modular trans-
formations, i.e. ZF (θk, θ�) transforms into ZF (θk, θk+�) under T and into
ZF (θ�, θ−k) under S.
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Summary. These lecture notes are mainly devoted to a K-theory proof of the
Atiyah-Singer index theorem. Some applications of the K-theory to noncommuta-
tive topology are also given.

Introduction

Topological K-theory for locally compact spaces was introduced by Atiyah
and Singer in their proof of the index theorem for elliptic operators. During
the last two decades, topological K-theory and elliptic operators have become
important tools in topology. For instance, index theory for C∗-algebras was
used to compute the K-theory of many “noncommutative” spaces, leading
to the so called Baum-Connes conjecture. Also, G. Kasparov used K-theory
and K-homology for C∗-algebras to investigate the Novikov’s conjecture on
higher signatures for large classes of groups. With the emergence of A. Connes
non-commutative geometry, one can say that K-theory and elliptic theory for
complex algebras have become usual tools in topology.

The purpose of this course is to introduce the main ideas of the Atiyah-
Singer index theorem for elliptic operators. We also show how K-theory for
C∗-algebras can be used to study the leaf space of a foliation. We would like to
thank the referee for many suggestions making these notes more transparent.

1 Index of a Fredholm Operator

1.1 Fredholm Operators

Recall that an endomorphism T ∈ B(H) of a Hilbert space H is called com-
pact if it is a norm limit of finite rank endomorphisms of H or, equivalently, if
the image T (B) of the unit ball B of H is compact. Let H1,H2 be two Hilbert
spaces and T : H1 −→ H2 be a linear continuous map. We say that T is Fred-
holm if there exists a continuous linear map S : H2 −→ H1 such that the

T. Fack: Index Theorems and Noncommutative Topology, Lect. Notes Phys. 667, 183–229
(2005)
www.springerlink.com c© Springer-Verlag Berlin Heidelberg 2005
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operators ST − I ∈ B(H1) and TS − I ∈ B(H2) are compact. For instance,
if the operator K ∈ B(H) is compact, T = I +K ∈ B(H) is Fredholm.

Exercise 1.1.1. Let K : [0, 1] × [0, 1] −→ lC be a continuous map. Show
that the bounded operator T defined on H = L2([0, 1], dx) by Tf(x) =
1∫

0

K(x, y)f(y)dy is compact. Is T a Fredholm operator?

Exercise 1.1.2. Let (e0, e1, . . .) be the natural orthonormal basis of H =
l2( IN). Show that the unilateral shift S ∈ B(H) defined by Sen = en+1 is
Fredholm.

Let us give a characterization of Fredholm operators involving only the kernel
and the image of the operator.

Theorem 1.1.3. Let T : H1 −→ H2 be a bounded operator. The following
conditions are equivalent:

(i) T is Fredholm;
(ii) Ker(T ) is a finite dimensional subspace of H1 and Im(T ) is a closed

finite codimensional subspace of H2.

Proof. (i) =⇒ (ii). If T is Fredholm, the restriction of the identity map
of H1 to Ker(T ) is compact since it is equal to the restriction of I − ST to
Ker(T ). It follows that the unit ball of Ker(T ) is compact and hence Ker(T )
is finite dimensional. On the other hand, since T ∗ is Fredholm, the subspace
Im(T )⊥ = Ker(T ∗) is also finite dimensional so that we only have to prove
that Im(T ) is closed. Let yn ∈ Im(T ) be a sequence converging to y ∈ H2,
and write yn = Txn with xn ∈ Ker(T )⊥. The sequence (xn) is bounded
because if not we could choose a subsequence (xnk

)k with ‖xnk
‖ −−−−−→

k→+∞
+∞.

By compactnees of ST − I, we may assume in addition that

(ST − I)
(

xnk

‖xnk
‖

)

−−−−−→
k→+∞

z ∈ H1 .

Since ST
(

xnk

‖xnk‖

)

= S(ynk
)

‖xnk‖
−−−−−→
k→+∞

0, we would get xnk

‖xnk‖
−→ −z, a fact

which implies z ∈ Ker(T )⊥ and ‖z‖ = 1. On the other hand, we have

ynk

‖xnk
‖ = T

(
xnk

‖xnk
‖

)

−→ −T (z)

so that T (z) = 0. We thus would have z ∈ Ker(T ) ∩ Ker(T )⊥ = {0},
a fact which contradicts ‖z‖ = 1. The sequence (xn) is thus bounded. By
compactness of ST − I, we may choose a subsequence (xnk

)k such that
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(ST − I)(xnk
) −−−−−→

k→+∞
z ∈ H1 .

It follows that xnk
−−−−−→
k→+∞

Sy − z ∈ H1 and hence y = Tu with u = Sy − z.
This shows that Im(T ) is closed.
(ii) =⇒ (i) By the Hahn-Banach theorem, T|Ker(T )⊥ : Ker(T )⊥ −→ Im(T )
is an isomorphism. Let S1 : Im(T ) −→ Ker(T )⊥ be the inverse of T|Ker(T )⊥ ,
and consider the operator S which coincides with S1 on Im(T ), and which is
0 on Ker(T ∗). We have ST − I = −pKer(T ), TS− I = −pKer(T∗), where pK

denotes the orthogonal projection on the closed subspace K, so that ST − I
and TS − I are finite rank operators. QED

In the sequel, we shall denote by Fred(H1,H2) the set of Fredholm operators
from H1 to H2. It is easy to see that Fred(H1,H2) is an open subset of
B(H1,H2) equipped with the norm topology.

1.2 Toeplitz Operators

Toeplitz operators are good examples of “pseudodifferential” operators on S1.
Let H = H2(S1) be the Hardy space, i.e. the subspace of L2(S1) generated by
the exponentials en(t) = ei2πnt(n = 0, 1, . . .), and denote by P the orthogonal
projection onto H2(S1).

Definition 1.2.1. Let ϕ : S1 −→ lC be a continuous map. We call Toeplitz
operator of symbol ϕ the bounded operator Tϕ ∈ B(H) defined by:

Tϕ(f) = P (ϕf), f ∈ H2(S1) .

For instance, Te1 is the unilateral shift S and Te−1 its adjoint S∗.

Proposition 1.2.2. Let ϕ : S1 −→ lC be a non vanishing continuous map.
Then Tϕ is a Fredholm operator.

Proof. It suffices to prove that TϕTψ−Tϕψ is compact for any ϕ,ψ ∈ C(S1).
Indeed, for a non vanishing ϕ : S1 −→ lC, the inverse ψ = 1

ϕ is continuous
and the above assertion will imply that TϕTψ− I and TψTϕ− I are compact.
To show that TϕTψ − Tϕψ is compact for any ϕ,ψ ∈ C(S1) we may assume,
by using the Stone-Weierstrass theorem and the continuity of the map

ϕ ∈ C(S1) −→ Tϕ ∈ B(H) ,

that ϕ,ψ are trigonometric polynomials. By linearity, we are finally reduced
to prove that Ten

Tem
− Ten+m

is compact for any n,m ∈ Z. But we have:

(Ten
Tem

− Ten+m
)(ek) =

{
−en+m+k if −(n+m) ≤ k < −m
0 if not
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so that Ten
Tem

−Ten+m
is a finite rank operator, and hence is compact. QED

Exercise 1.2.3. Let ϕ : S1 −→ lC be a continuous map such that Tϕ is
compact. Show that ϕ = 0.

1.3 The Index of a Fredholm Operator

Definition 1.3.1. Let T : H1 −→ H2 be a Fredholm operator. The integer:

Ind(T ) = dimKer(T )− codimKer(T ) = dimKer(T )− dimKer(T ∗) ∈ Z

is called the index of T .

The main property of the index is its homotopy invariance:

Proposition 1.3.2. For any norm continuous path t ∈ [0, 1] −→ Tt ∈
Fred(H1,H2) of Fredholm operators, we have Ind(T0) = Ind(T1).

The homotopy invariance of the index is a consequence of the continuity of
the map T −→ Ind(T ) on Fred(H1,H2). For a proof, see [15], theorem 2.3,
page 224. Let us give a consequence of this homotopy invariance:

Corollary 1.3.3. Let T1, T2 ∈ B(H) be two Fredholm operators. Then, T1T2

is a Fredholm operator such that Ind(T1T2) = Ind(T1) + Ind(T2).

Proof. It is clear from the definition that T1T2 is Fredholm. For any t ∈
[0, π/2], set Ft =

(
T1 0
0 I

)(
cost sint
−sint cost

)(
I 0
0 T2

)(
cost −sint
sint cost

)

. We thus

define a homotopy of Fredholm operators between F0 =
(
T1 0
0 T2

)

and Fπ/2 =
(
T1T2 0

0 I

)

. By proposition 1.3.2., we get:

Ind(T1) + Ind(T2) = Ind(F0) = Ind(Fπ/2) = Ind(T1T2). QED

Exercise 1.3.4. Let F,K ∈ B(H1,H2). Assume that F is Fredholm and K
compact. Show that F +K is Fredholm and Ind(F +K) = Ind(F ).

1.3.5 Meaning of the Index. Let T ∈ Fred(H1,H2). By the Hahn-Banach
theorem, T|Ker(T )⊥ : Ker(T )⊥ −→ Im(T ) is an isomorphism. If Ind(T ) = 0,
we can choose an isomorphism R : Ker(T ) −→ Im(T )⊥ and the operator T̃
equal to T on Ker(T )⊥ and to R on Ker(T ) is a finite rank perturbation of
T which is an isomorphism. Conversely, if there exists a finite rank operator
R such that T̃ = T + R is an isomorphism, then Ind(T ) = Ind(T̃ ) = 0 (cf.
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exercise 1.3.4.). This shows that Ind(T ) is the obstruction to make T an iso-
morphism by a finite rank perturbation. Let us give another interpretation
of the index of a Fredholm operator. To avoid unnecessary technicalities, we
shall assume that H1 = H2 = H. Denote by Calk(H) = B(H)/K(H) the
quotient of the algebra B(H) by the closed ideal K(H) of compact opera-
tors on H. The Calkin algebra Calk(H) is a Banach∗-algebra1 with unit for
the quotient norm. Denote by π : B(H) −→ B(H)/K(H) = Calk(H) the
canonical projection. By definition, an operator T ∈ B(H) is Fredholm if and
only if π(T ) is invertible in Calk(H). The index of T is, by the preceding
discussion, the obstruction to lift π(T ) to some invertible element in B(H).
The following proposition shows that we can always choose an invertible lift

X ∈ M2(B(H)) for the 2× 2 matrix
(
π(T ) 0

0 π(T )−1

)

∈ M2(Calk(H)) with

coefficients in Calk(H), and that Ind(T ) can be interpreted as the formal
difference of the projections:

X

(
1 0
0 0

)

X−1 ∈M2(I +K(H)) and
(

1 0
0 0

)

∈M2(I +K(H)) .

Proposition 1.3.6. Let T ∈ B(H) be a Fredholm operator. Denote by S
the operator which is zero on Ker(T ∗) and which is equal on Im(T ) to the
inverse of the isomorphism T|Ker(T )⊥ : Ker(T )⊥ −→ Im(T ). Let e and f be
the orthogonal projections on Ker(T ) and Ker(T ∗).

(i) X =
(
T f
e S

)

is an invertible element in M2(B(H)) = B(H) ⊗M2( lC)

such that (π ⊗ I2)(X) =
(
π(T ) 0

0 π(T )−1

)

;

(ii) X

(
1 0
0 0

)

X−1 −
(

1 0
0 0

)

=
(
−f 0
0 e

)

, so that

Ind(T ) = Trace

(

X

(
1 0
0 0

)

X−1 −
(

1 0
0 0

))

.

Proof. (i) By direct calculation, we see that
(
S e
−f T

)

∈ M2(B(H)) is an

inverse for X. Since ST = 1 − e, we have π(S)π(T ) = 1 and hence π(S) =

π(T )−1. It follows that (π ⊗ I2)(X) =
(
π(T ) 0

0 π(T )−1

)

and (i) is proved.

(ii) We get by direct computation:

1 Recall that a Banach∗-algebra B is a Banach algebra with an involution x 	−→ x∗

such that ‖x∗‖ = ‖x‖ for any x ∈ B. When B has a unit 1, we always ask that
‖1‖ = 1.
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X

(
1 0
0 0

)

X−1 −
(

1 0
0 0

)

=
(

1− f 0
0 e

)

−
(

1 0
0 0

)

=
(
−f 0
0 e

)

. QED

Exercise 1.3.7. Let T ∈ B(H1,H2) and assume that there exists S ∈
B(H2,H1) and a positive integer n such that (ST − I)n and (TS − I)n are
trace class operators.
Show that T is Fredholm and prove that:

Ind(T ) = Trace((ST − I)n)− Trace((TS − I)n) .

Let us now compute the index of a Toeplitz operator. To this end, recall
that the degree of a continuous map ϕ : S1 −→ lC which does not vanish is

by definition the degree 1
2πi

1∫

0

ψ′(t)
ψ(t) dt of any smooth function ψ : S1 −→ lC

sufficiently close to ϕ.

Theorem 1.3.8. For any non vanishing continuous map ϕ : S1 −→ lC, we
have:

Ind(Tϕ) = −deg(ϕ) .

Proof. Set n = deg(ϕ). Since ϕ is homotopic to the map t ∈ S1 −→ ϕ(t)
|ϕ(t)| ∈

S1 whose degree is n, there exists by Hopf’s theorem a continuous homotopy
(ϕt)0≤t≤1 between ϕ0 = ϕ and ϕ1(s) = ei2πns such that ϕt : S1 −→ lC is
a continuous invertible map for each t ∈ [0, 1]. Since the index of a Fred-
holm operator and the degree of a continuous invertible map are homotopy
invariants, we get:

Ind(Tϕ) = Ind(Tϕ1) = Ind(Ten
) = n.Ind(Te1) = −n = −deg(ϕ) ,

and the proof is complete. QED

Exercise 1.3.9. Let T be the operator on l2(Z) defined by:

T (en) =

{
n√

1+n2 en−1 if n ≥ 0
n√

1+n2 en if n ≤ 0

where (en)n∈Z is the canonical orthonormal basis of l2(Z). Show that T is a
Fredholm operator of index equal to 1.

2 Elliptic Operators on Manifolds

Elliptic operators on manifolds give rise to Fredholm operators, whose ana-
lytical index can be computed from the principal symbol, which is a purely
topological data.
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2.1 Pseudodifferential Operators on IRn

Pseudodifferential operators of order m on IRn generalize differential opera-
tors. They are constructed from symbols of order m. In what follows, we shall
write as usually: Dα

x = ∂|α|

i|α|∂xα .

Definition 2.1.1. Let m ∈ IR. A smooth matrix-valued function p = p(x, ξ)
on IRn× IRn is said to be a symbol of order m if there is, for any pair (α, β)
of multiindices, a constant Cα,β ≥ 0 such that:

|Dα
xD

β
ξ p(x, ξ)| ≤ Cα,β(1 + |ξ|)m−|β| for all x, ξ .

We shall denote by Sm the space of symbols of order m. Note that Sm ⊂ Sm′

if m ≤ m′. We shall say that a symbol p of order m has a formal development

p ∼
∞∑

j=1

pj with pj ∈ Smj if there exists, for each positive integerm, an integer

N such that p −
k∑

j=1

pj ∈ S−m for any k ≥ N . The following result (see for

instance [16], proposition 3.4, page 179) is very close to Borel’s result on
the existence of a smooth function having a given Taylor expansion at some
point:

Proposition 2.1.2. For any formal series
∞∑

j=1

pj with pj ∈ Smj and

mj −→ −∞, there exists a symbol p of order m such that we have p ∼
∞∑

j=1

pj.

To any p ∈ Sm with values in Mk( lC), we associate a linear operator:

P = Op(p) : S( IRn)⊗ lCk −→ S( IRn)⊗ lCk

by the formula:

Pu(x) =
1

(2π)n/2

∫

Rn

ei<x,ξ>p(x, ξ)û(ξ)dξ .

Here, S( IRn) is the Schwartz space of IRn and û denotes the Fourier transform
of u ∈ S( IRn) ⊗ lCk. The fact that P defines a linear operator from the
Schwartz space S( IRn)⊗ lCk to itself is straightforward.

Definition 2.1.3. The operators of the form Op(p) with p ∈ Sm are called
pseudodifferential operators of order m on IRn.
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The space of all pseudodifferential operators of order m will be denoted by
Ψm. Differential operators on IRn are examples of pseudodifferential opera-
tors. Indeed, consider the symbol p(x, ξ) =

∑

|α|≤m

Aα(x)ξα of order m, where

m is a positive integer and the Aα(x) are smooth matrix valued functions on
IRn. Since Dα

xu(ξ)
̂= ξαû(ξ), we have:

Op(p) =
∑

|α|≤m

Aα(x)Dα .

For s ∈ IR, denote by Hs( IRn) the Sobolev space of exponent s in IRn, i.e.
the completion of the Schwartz space S( IRn) for the Sobolev s-norm:

‖u‖s =

√∫

(1 + |ξ|)2s|û(ξ)|2dξ .

Theorem 2.1.4. For any p ∈ Sm with values in Mk( lC) and compact x-
support, the operator P = Op(p) has a continuous extension:

P : Hs+m( IRn)⊗ lCk −→ Hs( IRn)⊗ lCk .

For a proof of this theorem, see [16], proposition 3.2, page 178. Note that a
pseudodifferential operator can have an order −m < 0. Such an operator is
said to be smoothing of order m.

Definition 2.1.5. A linear map P : S( IRn) ⊗ lCk −→ S( IRn) ⊗ lCk that
extends to a bounded linear map P : Hs+m( IRn)⊗ lCk −→ Hs( IRn)⊗ lCk for
all s and m is called infinitely smoothing.

The space of all infinitely smoothing operators will be denoted by Ψ−∞. Since
we have a continuous inclusion Hs( IRn) ⊂ Cq( IRn) for any s > (n/2) + q
(Sobolev’s embedding theorem), the image Pu of any u ∈ Hs( IRn)⊗ lCk by an
infinitely smoothing operator P is a smooth function. Two pseudodifferential
operator P and P ′ will be called equivalent if P − P ′ ∈ Ψ−∞.

2.1.6 Kernel of a Pseudodifferential Operator. Any P = Op(p) ∈ Ψm

has a Schwartz (distribution) kernel KP (x, y) satisfying:

Pu(x) =< KP (x, .), u(.) >

for any smooth compactly supported function u. Note that KP is not a func-
tion on IRn× IRn in general. Its restriction to the complement of the diagonal
of IRn × IRn is given by a smooth function, but it may have singularities on
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the diagonal (see for instance the case of differential operators). Formally, we
have from the formula defining P = Op(p):

KP (x, y) =
1

(2π)n/2

∫

Rn

ei<x−y,ξ>p(x, ξ)dξ ,

but we have to point out that this integral does not converge in general. For
m < −n, this integral makes sense and defines a continuous function KP on
IRn× IRn which is smooth outside the diagonal. In this case, P is an ordinary
integral operator. For m ≥ −n, we get from the above remark, by writing
P = P (1 +∆)−l(1 +∆)l where l is a positive integer such that m− 2l < −n:

Pu(x) =
∑

|α|≤2l

∫

Kα,P (x, y)Dαu(y)dy

where the Kα,P are continuous functions that are smooth outside the diago-
nal. We thus have, in the distributional sense:

KP (x, y) =
∑

|α|≤2l

(−1)|α|Dα
yKα,P (x, y) .

Definition 2.1.7. Let P = Op(p) ∈ Ψm be a pseudodifferential operator
on IRn.

(i) We call P ε-local if we have:

supp(Pu) ⊂ {x ∈ IRn|dist(x, supp(u)) ≤ ε}

for any smooth compactly supported function u on IRn:
(ii) We say that P has support in a compact set K if we have:

supp(Pu) ⊂ K and (supp(u) ∩K = ∅) =⇒ Pu = 0

for any smooth compactly supported function u on IRn.

The following proposition summarizes classical results used to construct
pseudodifferential operators.

Theorem 2.1.8. (i) For any formal series
∞∑

j=1

pj with pj ∈ Smj and mj −→

−∞, there exists P = Op(p) ∈ Ψm1 , unique up to equivalence, such that

p ∼
∞∑

j=1

pj;

(ii) Let a(x, y, ξ) be a smooth matrix-valued function on IRn × IRn × IRn
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with compact x and y-support. Assume that there exists m ∈ IR and, for each
α, β, γ, a constant Cαβγ such that:

|Dα
xD

β
yD

γ
ξ a (x, y, ξ) | ≤ Cαβγ (1 + |ξ|)m−|γ|

.

Then, the formula:

(Pu)(x) =
1

(2π)n

∫ ∫

ei<x−y,ξ>a(x, y, ξ)u(y)dydξ

defines a pseudodifferential operator P = Op(p) of order m whose symbol p

has the asymptotic development p ∼
∑

α

i|α|

α!
(Dα

ξ D
α
y a)(x, x, ξ);

(iii) For any P = Op(p) ∈ Ψm whose symbol p has compact x-support and any
ε > 0, there exists an ε-local pseudodifferential operator Pε = Op(p) ∈ Ψm

such that P − Pε ∈ Ψ−∞.

For a proof, we refer to [16], chap. III, § 3.

Exercise 2.1.9. Let a be as in theorem 2.1.8 (ii), and assume in addition
that a(x, y, ξ) vanishes for all (x, y) in a neighbourhood of the diagonal. Show
that P = Op(p) is infinitely smoothing.

Exercise 2.1.10. Let P = Op(p) ∈ Ψm. Show that for any pair (ϕ,ψ)
of smooth real valued functions with compact support, the operator Q(u) =
ψP (ϕu) is also pseudodifferential of order m. Deduce that if U is an open
subset of IRn, we have for any u ∈ Hs( IRn):

u|U ∈ C∞ =⇒ Pu|U ∈ C∞ .

The following theorem summarizes the main rules of symbolic calculus on
pseudodifferential operators.

Theorem 2.1.11. (i) Let P = Op(p) ∈ Ψ l and Q = Op(q) ∈ Ψm be
pseudodifferential operators. Then, the product R = PQ is a pseudodifferen-
tial operator R = Op(r) ∈ Ψ l+m whose symbol r has the formal development:

r ∼
∑

α

i|α|

α!
(
Dα

ξ p
)
(Dα

x q) ;

(ii) Let P = Op(p) ∈ Ψm be a pseudodifferential operator. Then, the formal
adjoint P ∗ is a pseudodifferential operator P ∗ = Op(p∗) ∈ Ψm whose symbol
p∗ has the formal development:

p∗ ∼
∑

α

i|α|

α!
Dα

ξ D
α
xp

t ;
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(iii) Let P = Op(p) ∈ Ψm be a pseudodifferential operator. Let ϕ : U −→ V
be a C∞-diffeomorphism from an open subset U of IRn onto an open subset
V = ϕ(U) ⊂ IRn. For any pair (α, β) of smooth functions with compact
support in U such that β = 1 in a neighbourhood of supp(α), the operator:

Q(u)(x) = (αPβ)(u ◦ ϕ)(ϕ−1(x))

is a pseudodifferential operator Q = Op(q) ∈ Ψm whose symbol q has the
formal development:

q(ϕ(x), ξ) ∼ α(x)
∑

α

i|α|

α!
Dα

y e
i(ϕ(y)−ϕ(x)− ∂ϕ

∂x (y−x)).ξ|y=xD
α
ξ p

(

x,

(
∂ϕ

∂x
(x)
)t

ξ

)

,

where
(

∂ϕ
∂x (x)
)

denotes the Jacobi matrix.

For a proof, see [8], chap. I, § 1.3. Assume in (iii) that P has compact sup-
port K ⊂ U , and denote by ϕ∗P the compactly supported pseudodifferential
operator defined by (ϕ∗P )(u) = P (u ◦ ϕ) ◦ ϕ−1. By (iii), we get:

q

(

ϕ(x), ξ) ∼ p(ϕ−1(x),
(
∂ϕ

∂x
(x)
)t

ξ

)

(mod Sm−1) ,

where q is the symbol of ϕ∗P . This shows that, modulo symbols of lower
order, the symbol of a pseudodifferential operator transforms by change of
variable like a function on the cotangent bundle. This observation leads to
the following definition:

Definition 2.1.12. Let P = Op(p) ∈ Ψm. The principal symbol σ(P ) of P
is by definition the ressidue class of p in Sm/Sm−1.

If Op(p) =
∑

|α|≤m

Aα(x)Dα, a representative of σ(P ) is given by the symbol:

σP (x, ξ) =
∑

|α|=m

Aα(x)ξα .

For instance, the principal symbol of the Cauchy-Riemann operator ∂
∂Z

=
∂

∂x1
+ i ∂

∂x2
in IR2 is: ∂ ∂

∂z
(x, ξ) = iξ1 − ξ2.

2.2 Pseudodifferential Operators on Manifolds

Let M be a n-dimensional smooth compact Riemannian manifold without
boundary. Denote by π : T ∗M −→M the canonical projection. Let E, F be
smooth complex vector bundles over M .
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Definition 2.2.1. A linear operator P : C∞(M,E) −→ C∞(M,F ) is called
pseudodifferential of order m ∈ IR if, for every open chart U on M trivializing
E and F and any ϕ,ψ ∈ C∞

c (U), the localized operator ϕPψ is pseudodif-
ferential of order m (with compact x-support) on the chart U , viewed as an
open subset of IRn.

As above, we identify here ϕ with the multiplication operator by ϕ. We shall
denote by Ψm(M ;E,F ) the space of all pseudodifferential operators of order
m acting from the sections of E to the sections of F . Let Sm(T ∗M) be the
set of all p ∈ C∞(T ∗M) such that the pullback to any local chart of M is in
Sm, and define analogously Sm(T ∗M,Hom(π∗E, π∗F )). By theorem 2.1.11
(iii), any P ∈ Ψm(M ;E,F ) has a principal symbol:

σ(P ) ∈ Sm(T ∗M,Hom(π∗E, π∗F ))/Sm−1(T ∗M,Hom(π∗E, π∗F )) .

Let us denote by dvol the Riemannian measure on M and by Hs(M,E) the
Sobolev space of exponent s ∈ IR for the sections of the vector bundle E

over M . This space is equipped with the norm ‖u‖s =
q∑

i=1

‖ϕiu‖s, where

(ϕ1, . . . , ϕq) is a smooth partition of unity subordinate to a covering of M
by charts trivializing E. From theorem 2.1.4, we get:

Theorem 2.2.2. Any P ∈ Ψm(M ;E,F ) extends, for any s ∈ IR, to a con-
tinuous map P : Hs+m(M,E) −→ Hs(M,F ).

Exercise 2.2.3. Show that any P ∈ Ψm(M ;E,E) with m ≤ 0 defines a
bounded operator in L2(M,E).

Definition 2.2.4. A linear operator P : C∞(M,E) −→ C∞(M,F ) is called
infinitely smoothing if it extends to a bounded map P : Hs+m(M,E) −→
Hs(M,F ) for any s ∈ IR.

We shall denote by Ψ−∞(M ;E,F ) the space of all infinitely smoothing op-
erators P : C∞(M,E) −→ C∞(M,F ). It is straightforward to check that
Ψ−∞(M ;E,F ) =

⋂

m

Ψm(M ;E,F ).

Exercise 2.2.5. Let P : C∞(M,E) −→ C∞(M,F ) be a linear operator.
Show that P ∈ Ψ−∞(M ;E,F ) if and only if P can be written as an integral
operator:

Pu(x) =
∫

M

K(x, y)u(y)dvol(y) ,

where K(x, y) ∈ Hom lC(Ey, Fx) varies smoothly with x and y on M .
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Let us now collect some classical results about pseudodifferential operators
on manifolds.

Theorem 2.2.6. Let M,E,F be as above.

(i) Any P ∈ Ψm(M ;E,F ) can be written as finite sum:

P =
q∑

i=1

Pi +R ,

where R is an infinitely smoothing operator on M and each Pi is an
order m pseudodifferential operator compactly supported by a local chart
Ui trivializing E and F (more precisely, Pi = ϕiPiψi where ϕi, ψi are
smooth functions on M with compact support on Ui);

(ii) For any P ∈ Ψm(M ;E,F ), any open subset U of M and any u ∈
Hs(M,E) such that u|U is C∞, the section Pu of F is C∞ over U ;

(iii) Let P ∈ Ψm(M ;E,E) be a pseudodifferential operator of order m ≤ 0,
viewed as a bounded operator in L2(M,E) (cf. exercise 2.2.5).
If m < 0, P is a compact operator;
If m < −n/2, P is Hilbert-Schmidt operator of the form:

Pu(x) =
∫

M

KP (x, y)u(y)dvol(y) ,

where KP (x, y) ∈ Hom(Ey, Fx) varies continuously with x and y on M ;
If m < −n/p, P belongs to the Schatten class Cp

2;
In particular, if m < −n, P is a trace-class operator and Tr(P ) =∫

M

tr(KP (x, x))dvol(x).

(iv) If P ∈ Ψm(M ;E,F ) and Q ∈ Ψr(M ;F,G), then:

QP = Q ◦ P ∈ Ψm+r(M ;E,G) ;

(v) Let P ∈ Ψm(M ;E,F ) and assume that P has a formal adjoint i.e. there
exists an operator P ∗ : C∞(M,F ) −→ C∞(M,E) such that:

< Pu, v >L2(M,F )=< u,P ∗v >L2(M,E)

for any smooth sections u and v. Then, P ∗ ∈ Ψm(M ;F ∗, E∗).

Let us end up this section by giving a specific example of a differential oper-
ator on a manifold.
2 Recall that Cp is the space of compact operators T acting on a separable Hilbert

space H such that Tr(| T |p) < +∞. For more information on the Schatten class
Cp, we refer to [19].
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2.2.7 The Signature Operator. Let M be a compact oriented Riemannian
manifold without boundary, of dimension n = 4k. Denote by d the exterior
derivative d : C∞(M,Λ∗(T ∗M ⊗ lC)) −→ C∞(M,Λ∗(T ∗M ⊗ lC)). The metric
g on M induces a scalar product on Λp(T ∗

xM) by the formula:

< aIdx
I |bJdxJ >= p!gi1j1 . . . gipjpaIbJ ,

where I = (i1, . . . , ip), J = (j1, . . . , jp) and gij =< dxi|dxj >. Denote by δ
the formal adjoint of d with respect to this scalar product. To describe δ, let
us introduce the Hodge-star operation. Let vol =

√
gdx1 ∧ . . . ∧ dxn be the

volume form. The Hodge star operator ∗ : Λp(T ∗
xM) −→ Λn−p(T ∗

xM) is by
definition the only linear map satisfying:

< α|β > vol = α ∧ ∗(β) for any α, β ∈ Λp(T ∗
xM) .

It is easy to check that δ = − ∗ d∗, so that δ is an order one differential
operator on M . Set:

D = d+ δ ;

we thus define a self-adjoint order one diffferential operator. The signature
operator is obtained by restriction of D to the positive part of some grading
on C∞(M,Λ∗(T ∗M ⊗ lC)) that we shall now describe. To this end, note that
we have ∗(∗α) = (−1)pid, so that the operator:

ε = i2k+p(p−1)∗ : Λp(T ∗M ⊗ lC) −→ Λ4k−p(T ∗M ⊗ lC)

defines a grading on Λ∗(T ∗M ⊗ lC), i.e. ε2 = 1. The ±1-eigenspaces E± =
Λ±(T ∗M ⊗ lC) of ε give rise to a direct sum decomposition:

Λ∗(T ∗M ⊗ lC) = E+ ⊕ E− ,

and since D = d+ δ anticommutes with the grading ε, it decomposes to give
rise to operators D± : C∞(M,

∧+(T ∗M ⊗ lC)) −→ C∞(M,Λ−(T ∗M ⊗ lC)).
The signature operator is by definition the operator

D+ : C∞(M,E+) −→ C∞(M,E−) .

It is an order one differential operator on M with principal symbol:

σ(D+)(x, ξ) = i(ext(ξ)− int(ξ)) ,

where ext(ξ) is the exterior multiplication by ξ and int(ξ) its adjoint. Note
that int(ξ) is just interior multiplication by ξ since we have for any local
orthonormal basis (e1, . . . , en) for T ∗M :

int(e1)(ei1 ∧ ei2 ∧ . . . ∧ eip
) =
{
ei2 ∧ . . . ∧ eip

if i1 = 1
0 if i1 > 1 .
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2.3 Analytical Index of an Elliptic Operator

Let M be a n-dimensional smooth compact manifold without boundary and
denote by π the projection T ∗M −→ M . Let P : C∞(M,E) −→ C∞(M,F )
be a pseudodifferential operator of order m, where E,F are smooth complex
vector bundles over M . Recall that P has a principal symbol σP ∈ Sm/Sm−1,
where Sk = Sk(T ∗M,Hom(π∗E, π∗F )).

Definition 2.3.1. We say that P ∈ Ψm(M ;E,F ) is elliptic if its princi-
pal symbol σP has a representative p ∈ Sm(T ∗M,Hom(π∗E, π∗F )) which is
pointwise invertible outside a compact set in T ∗M and satisfies the estimate

|p(x, ξ)−1| ≤ C(1 + |ξ|)−m

for some constant C and some riemannian metric on M .

Example 2.3.2. The signature operator D+ on a 4k-dimensional compact
oriented manifold M without boundary is elliptic, since we have:

σ(D+)(x, ξ)2 = −(ext(ξ)− int(ξ))2 = ‖ξ‖2id .

The following result shows that an elliptic pseudodifferential operator on a
compact manifold M is invertible modulo infinitely smoothing operators:

Theorem 2.3.3. Let P ∈ Ψm(M ;E,F ) be an order m elliptic pseudodiffer-
ential operator on M . Then, there exists Q ∈ Ψ−m(M ;F,E) such that:

QP − I ∈ Ψ−∞(M,E,E) and PQ− I ∈ Ψ−∞(M,F, F ) .

The operator Q is called a parametrix for P .

Sketch of Proof. We shall essentially prove that P admits a parametrix locally.

Case of an elliptic operator on IRn. Let P be a pseudodifferential operator
of order m on IRn whose principal symbol p is pointwise invertible outside a
compact set in T ∗ IRn and satisfies the estimate |p(x, ξ)−1| ≤ C(1 + |ξ|)−m

for some constant C. We are going to construct a parametrix Q for P from a

formal development q ∼
∞∑

k=0

qk of its symbol, where qk ∈ S−m−k. By adding

some infinitely smoothing operator to P , we may assume that P is 1-local
and ask that Q is 1-local too. Since the formal development of the symbol of
QP is given by:

∑

α

i|α|

α!
(Dα

ξ q)(D
α
xp) =
∑

k

∑

α

i|α|

α!
(Dα

ξ qk)(Dα
xp) ,
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where (Dα
ξ qk)(Dα

xp) is a symbol of order −k− |α|, it is natural to determine
qk ∈ S−m−k in such a way that:
{
q0p− I ∈ S−∞

qkp+
∑k−1

j=0

[∑
|α|+j=k

i|α|

α! (Dα
ξ qj)(D

α
xp)
]
∈ S−∞ for k = 1, 2, . . .

Let us now solve these equations. Note that we only have to choose q0, because
we can determine inductively q1, q2, . . . from q0 by setting:

(∗) qk = −
k−1∑

j=0




∑

|α|+j=k

i|α|

α!
(
Dα

ξ qj
)
(Dα

xp)



 q0.

To get q0, we set q0(x, ξ) = θ(|ξ|)p(x, ξ)−1, where θ : IR+ −→ [0, 1] is a
smooth function such that θ(t) = 0 for t ≤ C and θ(t) = 1 for t ≥ 2C. It

is easy to check that q0 ∈ S−m. Consider now the asymptotic series
∞∑

k=0

qk

where the qk’s are given by (∗). There exists a 1-local pseudodifferential Q

of order −m with symbol q satisfying q ∼
∞∑

k=0

qk. From the formula for the

symbol of a product, we get that QP − I is infinitely smoothing. In the same
way, we get a pseudodifferential operator Q′ such that PQ′ − I is infinitely
smoothing. But we have, modulo infinitely smoothing operators:

Q ≡ Q(PQ′) = (QP )Q′ ≡ Q′ ,

so that Q is a parametrix for P .

General Case. To avoid technical difficulties, we shall only consider the case
of a differential operator P ∈ Ψm(M ;E,F ). Choose a covering of M by open
charts Uα trivializing E and F , with local coordinates

xα : Uα −→ xα(Uα) = IRn

such that the open subsets Ωα = {m ∈ Uα| |xα(m)| < 1} cover M . Let (ϕα)α

be a partition of unity subordinate to the Ωα. Then the restriction Pα of
P to Uα, viewed as differential operator on IRn, has a parametrix Qα that
we may assume to be 1-local. Since Qα is 1-local, the operators ϕαQα and
Qαϕα have compact support in Ω′

α = {m ∈ Uα| |xα(m)| < 2} ⊂ Uα, and
hence make sense as pseudodifferential operators in Ψ−m(M ;E,F ). Set:

Q =
∑

α

ϕαQα ∈ Ψ−m(M ;E,F ) and Q′ =
∑

α

Qαϕα ∈ Ψ−m(M ;E,F ) .

We have:
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PQ′ − I =
∑

α

(PQαϕα − ϕα) =
∑

α

(PαQα − I)ϕα =
∑

α

Rαϕα ,

where Rα = PαQα − I is a 1-local infinitely smoothing operators in Uα, so
that Rαϕα ∈ Ψ−∞(M ;E,F ). It follows that PQ′− I is infinitely smoothing.
In the same way, QP − I is infinitely smoothing, and since we have

Q−Q′ ∈ Ψ−∞(M ;E,F )

as in the first step, the proof is complete. QED

Corollary 2.3.4. Let P ∈ Ψm(M ;E,F ) be an order m elliptic pseudodiffer-
ential operator on a compact manifold M . For any s ∈ IR, the operator P
extends to a Fredholm operator Ps : Hs+m(M,E) −→ Hs(M,F ) whose index
Ind(Ps) is independent of s.

Proof. By theorem 2.3.3, there exists Q ∈ Ψ−m(M ;F,E) such that PQ− I
and QP − I are infinitely smoothing. Denote by Qs : Hs(M,F ) −→
Hs+m(M,E) the unique extension of Q to Hs(M,F ). Since an infinitely
smoothing operator from Hr(M,E) into itself is compact, we get that
QsPs−I and PsQs−I are compact, and hence Ps is Fredholm. Since QsPs−I
is infinitely smoothing, we have u = −(QsPs − I)u ∈ C∞(M,E) for any
u ∈ Ker(Ps), and hence:

Ker(Ps) = Ker(P ) ⊂ C∞(M,E) .

In the same way, we get Ker(P ∗
s ) = Ker(P ∗) ⊂ C∞(M,F ), where P ∗ is the

formal adjoint of P , and hence Ind(Ps) is independent of s. QED

Definition 2.3.5. Let P ∈ Ψm(M ;E,F ) be an elliptic operator on a com-
pact manifold M . The index Ind(Ps) of any extension Ps : Hs+m(M,E) −→
Hs(M,F ) is called the analytical index of P and is denoted by Ind(P ). Let
us now compute the analytical index of the signature operator on a com-
pact riemannian manifold M without boundary. We assume here that M
is 4k-dimensional and oriented. Recall that the signature σ(M) of M is by
definition the signature of the symmetric bilinear form

H2k(M, lC)×H2k(M, lC) −→ lC

([ω1], [ω2]) −→
∫

M

ω1 ∧ ω2

induced by the cup-product in cohomology.

Theorem 2.3.6. The index of the signature operator on M is equal to the
signature σ(M) of M .



200 T. Fack

Proof. Since D = d+ δ anticommutes with the grading ε, we have:

D =
(

0 D∗
+

D+ 0

)

where D+ is the signature operator on M . But D2 = (d + δ)2 = dδ + δd is
nothing but the Hodge-Laplace operator ∆, so that we get:

∆ = D2 =
(
D∗

+D+ 0
0 D+D

∗
+

)

,

and hence D∗
+D+ = ∆+ (resp.D+D

∗
+ = ∆−) is the restriction of ∆ to the

+1 (resp. −1) eigenspace of ε. It follows that:

Ind(D+) = dim(KerD+)− dim(KerD∗
+)

= dim(KerD∗
+D+)− dim(KerD+D

∗
+)

= dim(Ker∆+)− dim(Ker∆−)

and hence:

Ind(D+) =
(
dim
(
Ker∆2k

+

)
− dim

(
Ker∆2k

−
) )

+
2k−1∑

p=0

(
dim
(
Ker∆p

+

)
− dim

(
Ker∆p

−
) )
,

where we denote by ∆p
± the restriction of ∆± to the ε-invariant subspace

C∞(M,Λp
C
(T ∗M)⊕ Λ4k−p

C
(T ∗M)) for p = 0 , 1 , . . . , 2k .

But we have:
ω ∈ Ker∆p

± ⇐⇒ ω = α± ε(α) for a harmonic p-form α,
and since the map α + ε(α) −→ α − ε(α) induces an isomorphism between
Ker(∆p

+) and Ker
(
∆p

−
)

for p = 0, 1, . . . , 2k − 1, we get:

Ind(D+) = dim
(
Ker∆2k

+

)
− dim

(
Ker∆2k

−
)
.

By Hodge theory, Ker(∆2k) identifies with H2k(M, lC). Denote by H± the
±1 eigenspace of ε = ∗ on 2k-harmonic forms. Since we have:

∫

M

ω ∧ ω = ±
∫

M

ω ∧ (∗ω) = ± < ω|ω > for any ω ∈ H± ,

the signature form is positive definite on H+ and negative definite on H−, so
that finally Ind(D+) = σ(M). QED

Exercise 2.3.7. Show that the analytical index of the De Rham operator D
on a compact oriented Riemannian manifold M without boundary is given
by:

Ind(D) =
dim(M)∑

i=0

(−1)idim(Hi(M, lC)) .
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3 Topological K-Theory

The analytical index of an elliptic operator P of order m on a compact man-
ifold M is computable from its principal symbol σ(P ) of order m. When
m = 0, this principal symbol yields an element in the K-thery group (with
compact support) of T ∗M , and the analytical index can be viewed as a
map [σ(P )] ∈ K0(T ∗M) −→ Ind(P ) ∈ Z. The aim of this section is to
introduce the topological K-theory of locally compact spaces, in order to
give a topological description of the above index map. Since it does not re-
quire more effort, we shall simultaneously introduce the topologicalK-functor
A −→ K∗(A) = K0(A)⊕K1(A) for C∗-algebras.

3.1 The Group K0(X)

Definition 3.1.1. Let X be a compact space. The K-theory group K0(X)
is the abelian group generated by the isomorphism classes of complex vector
bundles over X with the relations: [E ⊕ F ] = [E] + [F ] for any pair (E,F )
of vector bundles over X.

Every element of K0(X) is thus a difference [E] − [F ], where E and F are
complex vector bundles over X. In this representation, we have (with obvious
notations): [E]−[F ] = [E′]−[F ′] ⇐⇒ (∃G) such that E⊕F ′⊕G ∼= E′⊕F⊕G.
Denote by [τ ] the K-theory class of the trivial bundle of rank 1 over X. Since
there exists, for any complex vector bundle E over a compact space X, a
vector bundle F over X such that E⊕F ∼= X× lCn (trivial bundle of rank n),
any element in K0(X) can be written in the form [E]−n[τ ] for some bundle
E over X and n ∈ IN.

Example 3.1.2. A vector bundle over a point is a finite dimensional complex
vector space, and two such vector bundles are isomorphic if and only if they
have same dimension. Henceforth, K0(pt) is isomorphic to Z.

Exercise 3.1.3. Show that K0(S1) ∼= Z.

Note that any continuous map f : X −→ Y between compact spaces induces
a group homomorphism f∗ : K0(Y ) −→ K0(X) by f∗([E]) = [f∗(E)], where
f∗(E) = {(x, ζ) ∈ X × E|f(x) = π(ζ)} is the pull-back to X of the complex
vector bundle E π−→ Y over Y .

Definition 3.1.4. If X is a locally compact space X, the K-theory group
K0(X) (with compact support) is by definition the kernel of the map
K0(X̂) −→ K0({∞}) = Z induced by the inclusion of {∞} into the one-
point compactification X̂ = X ∪ {∞} of X.
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Racall that a continuous map f : X −→ Y between locally compact spaces is
called proper if f−1(K) is compact for any compact subset K of Y . From the
definition of K0(X), it is clear that X −→ K0(X) is a contravariant functor
from the category of locally compact spaces with proper continuous maps to
abelian groups.

Exercise 3.1.5. Show that we have K0(X̂) = K0(X) ⊕ Z for any non-
compact locally compact space X. Prove that K0( IR) = {0}.

Exercise 3.1.6. Let X be a compact space that can be written as a disjoint
union of two open subspaces X1 and X2. Prove that K0(X) ∼= K0(X1) ⊕
K0(X2).

The main property of the functor X −→ K0(X) is its homotopy invariance:

Theorem 3.1.7. Let X,Y be two locally compact spaces and ft : X −→
Y (0 ≤ t ≤ 1) be a continuous path of proper maps from X to Y . Then, we
have:

f∗0 = f∗1 : K0(Y ) −→ K0(X) .

For a proof of this result, see [10], theorem 1.25, p. 56.

Exercise 3.1.8. By using theorem 3.1.7, show that K0 (]0, 1]) = {0}.

Exercise 3.1.9. By using the correspondence between complex vector bundles
over a compact space X and idempotents in matrix algebras over C(X), try
to give a proof of theorem 3.1.7.

3.2 Fredholm Operators and Atiyah’s Picture of K0(X)

Let X be a compact space and denote by H a separable infinite dimensional
Hilbert space. Since the product of two Fredholm operators is Fredholm,
the space [X,Fred(H)] of homotopy classes of continuous functions from X
to Fred(H) has a natural semigroup structure. The following description of
K0(X) by continuous fields of Fredholm operators can be found in [1]:

Theorem 3.2.1. There is a group isomorphism Ind : [X,Fred(H)] −→
K0(X) such that: Ind ◦ f∗ = f∗ ◦ Ind for any continuous map f : X −→ Y
of compact spaces.

Sketch of Proof. Naively, we would like to define the index map Ind by
setting:

(1) Ind([T ]) = [(KerTx)x∈X ]− [(KerT ∗
x )x∈X ] ∈ K0(X),
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where [T ] denotes the the homotopy class of the continuous map

x ∈ X −→ Tx ∈ Fred(H) .

But since the dimension of Ker(Tx) is not locally constant in general,
(KerTx)x∈X and (KerT ∗

x )x∈X are not vector bundles over X so that the
heuristic formula (1) does not make sense. To overcome this difficulty, fix a
point x0 ∈ X and consider the map:

T̃x : (ζ, η) ∈ Ker(T ∗
x0

)⊕H −→ ζ + Txη ∈ H ,

which is defined for x in a neighborhood of x0. Since T̃x0 is surjective, T̃x

is surjective for x in some neighborhood of x0 and we get by the homotopy
invariance of the index:

dim(KerT̃x) = Ind(T̃x) = Ind(T̃x0) = dim Ker(Tx0) = Constant .

Now, by using a partition of unit, it is easy to patch together such local
constructions (in the neighborhood of any point x ∈ X) to construct a finite
number of continuous maps ζi : X −→ H(i = 1, 2, . . . , N) satisfying the
following two conditions:

(i) For any x ∈ X, the map

T̃x : (λ, η) ∈ lCN ⊕H −→ T̃x(λ, η) = ΣN
i=1λiζi(x) + Txη ∈ H

is surjective;
(ii) The function x −→ dim(KerT̃x) is locally constant.

Now, (KerT̃x)x∈X is a vector bundle over X by (ii) and we can define cor-
rectly the index map Ind : [X,Fred(H)] −→ K0(X) by setting (in view of
(i)):

Ind([T ]) = [(KerT̃x)x∈X ]− [ lCN ] ∈ K0(X) .

It remains to check that Ind is a well defined map which is a group iso-
morphism. It is straghtforward to check that Ind is a well defined group
homomorphism. To prove that Ind is an isomorphism, we can check that

[X,GL(H)] −→ [X,Fred(H)] Ind−→ K0(X) −→ 0

is an exact sequence (this is not hard) and use the contractibility of GL(H)
(Kuiper’s theorem3) to get [X,GL(H)] = 0. QED

3 For a proof of Kuiper’s theorem, see [14].
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3.3 Excision in K-Theory

Let Y be a closed subspace of a locally compact space X. The relative K-
theory group K0(X,Y ) is defined as a quotient of the set Q(X,Y ) of triples
(E0, E1, σ) where E0, E1 are complex vector bundles over X that are direct
factors of trivial bundles, and σ ∈ Hom(E0, E1) is a morphism of vector
bundles such that:

(i) There is a compact subset K of X such that σ|X−K : E0|X−K −→
E1|X−K is an isomorphism;

(ii) σ|Y : E0/Y −→ E1|Y is an isomorphism.

If σ is an isomorphism, the triple (E0, E1, σ) is called degenerate. There are
obvious notions of sum, isomorphism and homotopy of pairs of triples in
Q(X,Y ). Let us say that (E0, E1, σ) ∈ Q(X,Y ) and (E′

0, E
′
1, σ

′) ∈ Q(X,Y )
are equivalent if there exist degenerate triples (F0, F1, ρ), (F ′

0, F
′
1, ρ

′) ∈
Q(X,Y ) and isomorphisms of bundles θ0 : E0 ⊕ F0 −→ E′

0 ⊕ F ′
0, θ1 :

E1 ⊕ F1 −→ E′
1 ⊕ F ′

1 such that (E0 ⊕ F0, E1 ⊕ F1, σ ⊕ ρ) is homotopic to
(E0 ⊕ F0, E1 ⊕ F1, θ

−1
1 (σ′ ⊕ ρ′)θ0) in Q(X,Y ).

Definition 3.3.1. Let Y be a closed subspace of a locally compact space
X. The quotient of Q(X,Y ) by the above equivalence relation is denoted by
K0(X,Y ).

K0(X,Y ) is clearly an abelian group for the direct sum. The excision property
can be expressed as follows:

Theorem 3.3.2. (Excision). For any closed subspace Y of a locally compact
space X, we have natural isomorphisms:

K0(X,Y ) ∼= K0(X − Y ) ≈ K0(X/Y, {∞}) ,

where X/Y denotes the one-point compactification of X − Y obtained by
identifying all points in Y to a single point {∞}.

Sketch of Proof. The second isomorphism is a tautology. To prove the first
isomorphism, we may restrict our attention to the case where X is compact,
since we have a natural isomorphism K0(X,Y ) ∼= K0(X̂, Ŷ ) where X̂ is the
one point compactification of X. Let Z be the compact space obtained by
gluing two copies X0 = X1 = X of X along the common part Y0 = Y1 = Y
and denote by i : X1 −→ Z the natural inclusion. Since there is an obvious
retraction ρ : Z −→ X1, one can show that the natural exact sequence:

0 −→ K0(Z −X1) ∼= K0(X − Y )
j∗

−→ K0(Z) i∗−→ K0(X1) −→ 0

is split exact, so that K0(Z) ∼= K0(X −Y )⊕K0(X1). We can now construct
the isomorphism K0(X,Y )

∼=−→ K0(X − Y ). Let [E0, E1, σ] ∈ K0(X,Y ) and
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consider the complex vector bundle F over Z obtained by identifying E0 and
E1 over Y via the isomorphism σ|Y . Since the element [F ]−[ρ∗(E1)] ∈ K0(Z)
belongs to Ker(i∗), there is a unique element χ(E0, E1, σ) ∈ K0(X−Y ) such
that j∗(χ(E0, E1, σ)) = [F ]− [ρ∗(E1)]. It is now straightforward to check that
the map (E0, E1, σ) −→ χ(E0, E1, σ) defines an isomorphism from K0(X,Y )
to K0(X − Y ). QED

Definition 3.3.3. Let X be a locally compact space. We call quasi isomor-
phism over X any triple (E0, E1, σ) where E0, E1 are complex vector bundles
over X and σ ∈ Hom(E0, E1) a morphism of vector bundles which is an
isomorphism outside some compact subset of X.

It follows from theorem 3.3.2 that any element in K0(X) can be represented
by a quasi-isomorphism (E0, E1, σ) over X.

This slightly different point of view on K-theory with compact support
allows to describe a multiplication in K0(X) by using the following heuristic
formula:

[(E0, E1, σ)]⊗ [(F0, F1, τ)]

= [((E0 ⊗ F0)⊕ (E1 ⊗ F1), (E0 ⊗ F1)⊕ (E1 ⊗ F0), σ⊗̂1 + 1⊗̂τ)] ,

where σ⊗̂1 + 1⊗̂τ =
(
σ ⊗ 1 −1⊗ τ∗
1⊗ τ σ∗ ⊗ 1

)

(sharp product).

This product can be used to prove the Thom isomorphism for complex vector
bundles. Let π : E −→ X be a complex hermitian vector bundle over a
compact space X, and consider the triple:

Λ−1(E) = (E0 = π∗(Λev
C
E), E1 = π∗(Λodd

C
E), σ) ,

where Λev
C
E =
⊕

p

Λ2p
C
E and σ : E0 −→ E1 is the morphism of bundles

(over the total space of E) given by σ(x, ζ)(ω) = ζ ∧ ω − ζ∗+ω. Although
Λ−1(E) is not a quasi-isomorphism over E, its sharp product π∗(F0, F1, ϕ)⊗
Λ−1(E) where (F0, F1, ϕ) is a quasi-isomorphism over X, yields an element in
K0(E) which only depends on [(F0, F1, ϕ)]. Let us denote by π∗([F0, F1, ϕ])⊗
[Λ−1(E)] this element. We have:

Theorem 3.3.4.(Thom isomorphism for complex hermitian bundles). For
any complex hermitian vector bundle π : E −→ X over a compact space X,
the map:

[(F0, F1, ϕ)] ∈ K0(X) −→ π∗([F0, F1, ϕ])⊗ [Λ−1(E)] ∈ K0(E)

induces an isomorphism of K-theory groups.
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For a proof of this result, see [10].

Exercise 3.3.5. Show that K0( IR2n) ∼= Z.

3.4 The Chern Character

For any locally compact space X, denote by H∗(X, lQ) the rational Čech
chomology of X with compact support. We have by setting Hev(X, lQ) =∑

k

H2k(X, lQ):

Theorem 3.4.1. There exists a natural homomorphism ch : K0(X) −→
Hev(X, lQ), called the Chern character, which satisfies the following proper-
ties:

(i) ch(f∗(x)) = f∗(ch(x)) for any proper map f : X −→ Y and x ∈ K0(Y );
(ii) ch(x+ y) = ch(x) + ch(y) for x, y ∈ K0(X);
(iii) ch([L]) = ec1(L) for any complex line bundle L over X, where c1(L)

is the first Chern class of L, i.e. the image of the 1-cocycle associated
with the S1-bundle L by the natural isomorphism c1 : H1(X,S1)

∼=−→
H2(X,Z);

(iv) ch([E ⊗ F ]) = ch([E])ch([F ]) for any pair (E,F ) of complex vector
bundles over X;

(v) If X is compact, the Chern character extends to an isomorphism:

ch : K0(X)⊗ lQ
∼=−→ Hev(X, lQ) .

Let us give a construction of the Chern character.

3.4.2 Construction of the Chern Character

Assume for simplicity that X is a compact manifold M . Let E be a k-
dimensional complex vector bundle over M and choose a connexion ∇ on E.
To any polynomial function P : Mk( lC) −→ lC such that P (XY ) = P (Y X)
for any X,Y ∈ Mk( lC) (one say that P is an invariant polynomial), we can
associate a closed differential form P (E) on M by the formula P (E) = P (Ω),
where Ω is the curvature of the connexion ∇, which is a 2-form on M with
values in End(E). Choosing a local framing for E, we may identify Ω with a
matrix of ordinary 2-forms. Since P is an invariant polynomial, one can check
that P (Ω) is a well defined differentiable form (independent of the choice of
the local framing) whose cohomology class, again denoted by P (E), does not
depend on the connexion ∇ in E (see for instance [18], prop. 10.5, p. 112).
The Chern character of E is defined by:
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ch(E) :=
∑

k≥0

sk(E) ∈ Hev(M) ,

where sk is the invariant polynomial sk(X) = 1
k!Tr
((

X
4iπ

)k)
. We thus have

formally:

ch(E) =
[

Tr

(

exp

(
Ω

4iπ

))]

∈ Hev(M) ,

where Ω is the curvature of some connexion ∇ on E. One can prove that the
Chern character only depends on the K-theory class of E, and extends to a
homomorphism ch : K0(X) −→ Hev(X, lQ), which is the Chern character of
theorem 3.4.1.

3.4.3 Computation of the Chern Character

Since the ring of invariant polynomials on Mk( lC) is generated by the polyno-
mials ck(X) = Tr(ΛkX)

(4iπ)k , we can express ch(E) from the corresponding Chern
classes ck(E) ∈ H2k(X, lQ). We get:

ch(E) = dim(E) + c1(E) +
1
2
(c21(E)− 2c2(E)) + . . . (see below) .

Exercise. Show that ci(E) = (−1)ici(E) where E is the conjugate bundle
of E.

Let us denote by (xi) the eigenvalues of Ω
4iπ . We have:






x1 + . . .+ xm = c1
x1x2 + . . .+ xm−1xm−2 = c2
..........................
x1 . . . xm = cm

where m = dim(E), so that the Chern classes are the elementary symetric
functions of the xi. It follows that any symmetric formal power series in the
xi, which can therefore be expressed in terms of the elementary symmetric
functions of the xi, yields a cohomology class in H∗(M, lQ). For instance, any
function f(z) holomorphic near z = 0 gives rise to a cohomology class by the
formula:

f(E) =
m∏

i=1

f(xi) .

When E =
m⊕

i=1

Li is a sum of complex line bundles Li, we can choose xi =

c1(Li) ∈ H2(M,Z) and we get from theorem 3.4.1:
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ch(E) =
m∑

i+1

ch(Li) =
m∑

i=1

exi = m+
m∑

i=1

xi +
1
2

m∑

i=1

x2
i + . . .

= dim(E) + c1(E) + 1
2 (c21(E)− 2c2(E)) + . . .

For instance, it follows from the relation Λk(E ⊕ F ) =
∑

i+j=k

Λi(E)⊗ Λj(F )

that:

ch
(
[Λeven(E)]− [Λodd(E)]

)
=

m∏

i=1

(1− exi) .

Of course, a complex vector bundle E over M is not always isomorphic to
a sum of complex line bundles. However, if we just want to identify ch(E)
with some naturally defined cohomology class (for instance, with f(E) for
some power series f(z)), we may use the following splitting principle (see [9],
proposition 5.2, p. 237 for a proof):

Splitting Principle. For any complex vector bundle over a manifold M ,
there exists a smooth fibration f : N −→M such that:

(i) f∗(E) splits into a direct sum of complex line bundles;
(ii) f∗ : H∗(M, lQ) −→ H∗(N, lQ) is injective.

To define the higher K-theory groups Kn(X) (n � 1) of a locally compact
space X, we shall directly define the K-groups Kn(A) of a C∗-algebra A
and set Kn(X) = Kn(C0(X)), where C0(X) is the C∗-algebra of continuous
functions on X vanishing at the infinity.

3.5 Topological K-Theory for C∗-Algebras

3.5.1 C∗-Algebras. Recall that a C∗-algebra is a complex Banach algebra
A with involution x ∈ A −→ x∗ ∈ A whose norm satisfies:

‖x∗x‖ = ‖x‖2 for any x ∈ A .

By Gelfand theory, any commutative C∗-algebra is isometrically isomorphic
to the C∗-algebra C0(X) of complex continuous functions vanishing at infinity
on some locally compact space X (the spectrum of A). If H is a Hilbert space,
a closed ∗-subalgebra of B(H) is a C∗-algebra, and any C∗-algebra can be
realized as a closed ∗-subalgebra of B(H) for some Hilbert space H. For
instance, the algebra K(H) of all compact operators on a separable Hilbert
space H is a C∗-algebra. C∗-algebras naturally appear in non-commutative
topology to describe “quantum spaces” like the quotient of a locally compact
space X by a non proper action of a discrete group Γ For instance, the “dual”
of a discrete groupe Γ . is described by the C∗-algebra C∗(Γ ) generated in
B(l2(Γ )) by the left regular representation λ defined by:
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[λ(g)ξ](h) = ξ(g−1h), where g , h ∈ Γ and ξ ∈ l2 (Γ ).

Another example is the crossed product C∗-algebra A×αG of a C∗-algebra A
by a continuous action g ∈ G −→ αg ∈ Aut(A) of a locally compact group G
acting on A by automorphisms. Here, we assume that g ∈ G −→ αg(x) ∈ A
is continuous for any x ∈ A and we denote by ∆G the modular function of
G. The vector space Cc(G,A) of continuous compactly supported functions
on G with values in A has a natural structure of ∗-algebra. To describe this
structure, it is convenient to write any element a ∈ Cc(G,A) as a formal
integral a =

∫
a(g)Ugdg, where Ug is a letter satisfying:

Ugh = UgUh, U
∗
g = U−1

g = Ug−1 , and UgxU
−1
g = αg(x) for any x ∈ A.

Then, the product and the involution on Cc(G,A) are given by:
(∫

a(g)Ugdg

)(∫

b(g)Ugdg

)

=
∫

c(g)Ugdg ,

where c(g) =
∫

a(h)αh

(
b
(
h−1 g
))

dh

and
(∫

a(g)Ugdg
)∗

=
∫

b(g)Ugdg , where b(g) = ∆G(g)αg

(
a
(
g−1
)∗)

.

There are two natural ways of completing Cc(G,A) to get a crossed product
C∗-algebra A×αG; they coincide when G is amenable. For more information
on this subject, we refer to [17], p. 240.

Exercise 3.5.2. Let θ be an irrational number and consider the action α of Z

on C(S1) defined by: α(f)(z) = f(e−2iπθz). Show that Aθ = C(S1)×αZ is the
C∗-algebra generated by two unitaries U and V satisfying the commutation
relation:

UV = e2iπθV U .

(non commutative 2-torus).

3.5.3 K0 of a C∗-Algebra. Let A be a unital C∗-algebra. Recall that a
finitely generated right module E over A is called projective if there exists a
right module F over A such that E ⊕ F ∼= An. For instance, if e ∈ Mn(A)
is an idempotent, E = eAn is a finitely generated projective module over A.
Conversely, any finitely generated projective right A-module is of the above
form.

Exercise 3.5.4. Let X be a compact space. For any complex vector bundle
E on X, denote by E the module of continuous sections of E. Show that E
is a finitely generated projective module over C(X).
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Let A be a unital C∗-algebra, and denote by K0(A) the set of isomorphism
classes of finitely generated projective A-modules. The direct sum of modules
induces a commutative and associative sum on K0(A).

Definition 3.5.5. The group of formal differences [E]–[F] of elements in
K0(A) is denoted by K0(A).

Exercise 3.5.6. Show that K0(Mn( lC)) ∼= Z.

Note that any unital ∗-homomorphism π : A −→ B between unital C∗-
algebras induces a group homorphism π∗ : K0(A) −→ K0(B) by π∗([E]) =
[E⊗A B].

For a non unital C∗-algebra A, the unital morphism

ε : (a, λ) ∈ Ã = A⊕ lC −→ λ ∈ lC

from the algebra Ã obtained by adjoining a unit to A to the scalars induces
a K-theory map ε∗ : K0(Ã) −→ K0( lC). By definition, K0(A) is the kernel
of ε∗.

3.5.7 Kn of a C∗-Algebra (n ≤ 1). To define Kn(A) (n ∈ IN− {0}) for a
C∗-algebra A with unit, consider the group GLk(A) of invertible elements in
Mk(A). Let GL∞(A) be the union of the GLk(A)’s, where GLk(A) embeds

in GLk+1(A) by the map X −→
(
X 0
0 1

)

. Note that GL∞(A) is a topological

group for the inductive limit topology.

Definition 3.5.8. For n � 1, we set: Kn(A) := πn−1(GL∞(A)).

We thus define a group which is abelian for n � 2, since the homotopy group
πn of a topological group is abelian for n � 1.

Exercise 3.5.9. Show that
(
X 0
0 1

)

and
(

1 0
0 X

)

are in the same connected

component of GL2n(A) for any X ∈ GLn(A). Deduce that K1(A) is abelian.

Exercise 3.5.10. Show that K1(Mn( lC)) = {0}.

Any unital ∗-homomorphism π : A −→ A between unital C∗-algebras yields
a group homorphism π∗ : Kn(A) −→ Kn(B). For a non unital C∗-algebra A,
the group Kn(A) will be the kernel of the map ε∗ : Kn(Ã) −→ Kn( lC).
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3.6 Main Properties of the Topological K-Theory
for C∗-Algebras

The following theorem summarizes the main properties of the K-theory for
C∗-algebras:

Theorem 3.6.1. The covariant functor A −→ Kn(A) satisfies the following
properties:

(i) (Homotopy invariance). We have (π0)∗ = (π1)∗ : Kn(A) −→ Kn(B) for
any path πt : A −→ B (t ∈ [0, 1]) of unital ∗-homomorphisms from A to
B such that t −→ πt(x) is norm continuous for any x ∈ A;

(ii) (Stability). There is a natural isomorphism Kn(A) ∼= Kn(A ⊗ K(H)),
where K(H) is the algebra of compact operators on a separable infinite
dimensional Hilbert space H;

(iii) For any n � 0, there exists a natural isomorphism βn : Kn(A) −→
Kn+2(A);

(iv) (Six terms exact sequence). Any short exact sequence of C∗-algebras
0 −→ J

i−→ A
p−→ B −→ 0 yields a cyclic exact sequence in K-theory:

K0(J) i∗−→ K0(A)
p∗−→ K0(B)F


δ



Hδ

K1(B)
p∗←− K1(A) i∗←− K1(J)

(v) (Bott periodicity). For any C∗-algebra A, there exists a natural iso-
morhism Ki+n(A) ≈−→ Ki(A⊗ C0( IRn));

(vi) (Thom isomorphism). For any continuous action α of IRn by automor-
phisms of the C∗-algebra A, there exists a natural isomorphism

Ki+n(A) ≈−→ Ki(A×α IRn) ,

where A ×α IRn is the crossed product C∗-algebra of A by the action α
of IRn.

Let us make some comments on the proofs.
Property (i) is obvious for n ≥ 1. For n = 0, it follows from the fact that
two nearby projections e, f in a C∗-algebra A are equivalent, i.e. there exists
u ∈ A such that u∗ = e and u∗u = f (henceforth, u : eA −→ fA is an
A-module isomorphism).
Property (ii) is an immediate corollary of (i).
Property (iii) is a theorem, originally proved by Bott. It implies that the
K-theory of a C∗-algebra A reduces to the groups K0(A) and K1(A). For
n = 0, the isomorphism β0 : K0(A) −→ K2(A) is easy to describe: it sends
the class of the module eAn(e = e∗ = e2 ∈Mn(A)) to the class of the loop:
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z ∈ U(1) −→ ze+ (1− e) ∈ GLn(A) .

Property (iv) is a consequence of the long exact sequence for the homotopy
groups of a fibration, which reduces here to a cyclic exact sequence in view
of (iii).
Property (v) follows from (iv) for the exact sequence

0 −→ C0(]0, 1[, A) i−→ C0(]0, 1], A)
p−→ A −→ 0 ,

where p is the evaluation at 1, since we have Kn(C0(]0, 1], A)) = 0.

Exercise 3.6.2. Show that the path of ∗-morphisms πt : C0(]0, 1], A) −→
C0(]0, 1], A) (t ∈ [0, 1]) defined by πt(f)(s) =

{
f(s− t) if 0 ≤ t < s ≤ 1
0 if 0 ≤ s ≤ t ≤ 1

yields a homotopy between 0 and Id. Deduce that Kn(C0(]0, 1], A)) = 0.

Property (vi) was originally proved by A. Connes [5], and can be reduced to
Bott periodicity (see for instance [7]).

3.7 Kasparov’s Picture of K0(A)

In analogy with Atiyah’s description of K0(X) for a compact space X, it
is possible to describe K0(A) for any unital C∗-algebra A from generalized
A-Fredholm operators. The main change consists in replacing the notion of
Hilbert space by that of Hilbert C∗-module.

Definition 3.7.1. Let A be a C∗-algebra. We call Hilbert C∗-module over
A (or Hilbert A-module) any right A-module E equipped with an A-valued
scalar product < ., . > satisfying the following conditions:

(i) < ξ, λη >= λ < ξ, η > and < ξ, ηa >=< ξ, η > a for any ξ, η ∈ E, a ∈
A;

(ii) < ξ, η >=< η, ξ >∗ for any ξ, η ∈ E;
(iii) < ξ, ξ >∈ A+ for any ξ ∈ E and (< ξ, ξ >= 0 =⇒ ξ = 0);
(iv) E is complete for the norm ‖ ξ ‖=‖< ξ, ξ >‖1/2

A .

A basic example of Hilbert A-module is the completion HA of the algebraic
direct sum A⊕A⊕A⊕ . . . for the norm associated with the A-valued scalar
product
< (xn), (yn) >=

∑

n�1

x∗nyn ∈ A. In fact, one can show in analogy with the

Hilbert space theory [11] that the sum of any countably generated Hilbert
A-module with HA is isomorphic to HA.
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Exercise 3.7.2. Let X be a compact space. Show that the Hilbert C(X)-
modules are exactly the spaces of continuous sections of continuous fields of
Hilbert spaces over X.

Definition 3.7.3. Let E be a Hilbert A-module. We shall call endomorphism
of E any map T : E −→ E such that there exists T ∗ : E −→ E satisfying:

< Tξ, η >=< ξ, T ∗η > for any ξ, η ∈ E .

An endomorphism of E is automatically A-linear and bounded. We denote by
B(E) the space of all endomorphisms of E; it is a C∗-algebra for the operator
norm. The closed ideal of B(E) generated by the “rank one” operators ξ −→
ξ2 < ξ1, ξ > (ξ1, ξ2 ∈ E) is denoted by K(E); we call it the algebra of compact
operators of the Hilbert A-module E.

Definition 3.7.4. Let A be a unital C∗-algebra and E a countably generated
Hilbert A-module. A generalized A-Fredholm operator on E is by definition an
endomophism P ∈ B(E) such that there exists Q ∈ B(E) with R = I−PQ ∈
K(E) and S = 1−QP ∈ K(E).

3.7.5 Generalized Fredholm A-index and Kasparov’s Definition of
K0(A). Let A be a unital C∗-algebra and consider a generalized A-Fredholm
operator P ∈ B(E). In analogy with the description of the index of a Fred-
holm operator given in proposition 1.3.6, we shall define a generalized A-index
IndA(P ) ∈ K0(A). Since E ⊕HA is isomorphic to HA, we may assume, re-

placing P by
(
P 0
0 I

)

if necessary, that E = HA. In analogy with proposition

1.3.6, the generalized A-index IndA(P ) ∈ K0(A) = K0(K ⊗A) is defined by
the formula:

IndA(P ) =

[

X

(
1 0
0 0

)

X−1

]

−
[(

1 0
0 0

)]

∈ K0(K(HA)) = K0(K ⊗A),

where X ∈ B(HA ⊕HA) is some invertible lift of:
( .

P 0

0
.

P
−1

)

∈ B(HA ⊕HA)/K(HA ⊕HA) .

Here, [e] is a shorthand for [eB̃n] for any idempotent e of Mn(B̃). Since

the K-theory class of

[

X

(
1 0
0 0

)

X−1

]

−
[(

1 0
0 0

)]

does not depend on the

choice of such an invertible lift X, the only point that we need to check is
the existence of such a lift. With this aim in mind, consider the element:

X =
(
P + (I − PQ)P PQ− I

I −QP Q

)

∈ B(HA ⊕HA) .
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It is equal to
(
P 0
0 Q

)

modulo K(HA ⊕HA) and the formula:

(
P + (I − PQ)P PQ− I

I −QP Q

)

=
(
I P
0 I

)(
I 0
−Q I

)(
I P
0 I

)(
0 −I
I 0

)

shows that it is invertible, with inverse:

X−1 =
(

0 I
−I 0

)(
I −P
0 I

)(
I 0
Q I

)(
I −P
0 I

)

=
(

Q I −QP
PQ− I P + (I − PQ)P

)

.

Since we have X
(

1 0
0 0

)

X−1 =
(
I −R2 (I +R)PS
SQ S2

)

, the generalized A-

index Ind−A(P ) ∈ K0(A) will be finally defined by:

IndA(P ) =

[(
I −R2 (I +R)PS
SQ S2

)]

−
[(

1 0
0 0

)]

∈ K0(A) .

One can show that the index map P ∈ FredA(HA) −→ IndA(P ) ∈ K0(A)
from the space FredA(HA) of generalized A-Fredholm operators to K0(A)
induces a group isomorphism from π0(FredA(HA)) to K0(A). This leads
Kasparov [12] to define K0(A) as the set of homotopy classes of triples(

E0,E1, F =
(

0 Q
P 0

))

where E = E0 ⊕ E1 is a graded Hilbert A-module

and F an element in B(E0 ⊕E1) such that:

F 2 − I =
(
QP − I 0

0 PQ− I

)

∈ K(E0 ⊕E1) .

This will be used in Sect. 5.

4 The Atiyah-Singer Index Theorem

4.1 Statement of the Theorem

We are now in position to state the Atiyah-Singer index theorem, which com-
putes the analytical index of an elliptic operator P on M from its principal
symbol σ(P ). Note that σ(P ) is a purely topological data which can be viewed
as an element in K0(T ∗M) (see remark after definition 3.3.3).

Theorem 4.1.1 (Atiyah-Singer index theorem). Let P be an elliptic
pseudodifferential operator on an n-dimensional compact oriented manifold
M without boundary. Denote by σ(P ) the principal symbol of P , viewed as
an element of the K-theory (with compact support) group K0(T ∗M). Let
π! : H∗(T ∗M) −→ H∗(M) be the integration’s map (in cohomology with
compact support) on the fibre of the canonical projection π : T ∗M −→ M .
Then, we have:



Index Theorems and Noncommutative Topology 215

Ind(P ) = (−1)
n(n+1)

2

∫

M

chM (σ(P ))TdC(TM ⊗ lC) ,

where chM (σ(P )) = π!ch(σ(P )) is the image of ch(σ(P )) ∈ H∗(T ∗M) by π!

The main steps of the proof are the following:

(i) Construction of an analytical map Inda : K0(T ∗M) −→ Z, called
the analytical index, such that Inda(σ(P )) = Ind(P ) for any ellip-
tic pseudodifferential operator P on M with principal symbol σ(P ) ∈
K0(T ∗M);

(ii) Construction of a topological map Indt : K0(T ∗M) −→ K0(T ∗ IRN ) =
Z, called the topological index, by using an embedding M −→ IRN ;

(iii) Proof of the equality Inda = Indt;
(iv) Computation of the topological index Indt by using the Chern character,

to get the cohomological formula:

Indt(x) = (−1)
n(n+1)

2

∫

M

chM (x)TdC(TM ⊗ lC) .

4.2 Construction of the Analytical Index Map

Let P : C∞(M,E) −→ C∞(M,F ) be an elliptic operator of order m on M ,
and consider its principal symbol p = σ(P ) ∈ C∞(T ∗M,Hom(π∗E, π∗F )),
which is a bounded function in Sm(T ∗M,Hom(π∗E, π∗F )). By ellipticity,
there exists a bounded map q ∈ S−m(T ∗M,Hom(π∗F, π∗E)) such that
pq − I and qp− I are bounded functions in S−1(T ∗M,Hom(π∗F, π∗F )) and
S−1(T ∗M,Hom(π∗E, π∗E)) respectively. Note that the index of P only de-
pends on the homotopy class of σ(P ):

Proposition 4.2.1. Let P0, P1 : C∞(M,E) −→ C∞(M,F ) be two elliptic
operators of order m on M . Assume that there exists a homotopy inside the
symbols of elliptic operators of order m between the principal symbols

p0 = σ(P0), p1 = σ(P1) ∈ C∞(T ∗M,Hom(π∗E, π∗F ))

of P0 and P1. Then, we have: Ind(P0) = Ind(P1).

Proof. Any homotopy t ∈ [0, 1] −→ p(t) ∈ C∞(T ∗M,Hom(π∗E, π∗F ))
inside the symbols of elliptic operators of order m between p0 and p1 yields
by pseudo-differential calculus a continuous field of Fredholm operators P (t) :
Hs+m(M,E) −→ Hs(M,F ) with P (0) = P0 and P (1) = P1. By homotopy
invariance of the index, we get Ind(P0) = Ind(P1). QED

Let P : C∞(M,E) −→ C∞(M,F ) be an elliptic operator of order m on
M , and choose a homogeneous function h of degree one on T ∗M which is
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positive and C∞ outside the zero section. By using proposition 4.2.1 we can
show that, for any pseudodifferential operator Pτ : C∞(M,E) −→ C∞(M,F )
with principal symbol pτ (x, ξ) = p(x, τ ξ

h(ξ) ), we have:

Ind(Pτ ) = Ind(P ) for any τ > 0 sufficiently large.

In other words, to determine the index of elliptic operators, it suffices to
study operators with polyhomogeneous symbols of order 0. This leads to the
following definition of the analytical index map. We shall use the following
notation:

Notation. If p ∈ C(T ∗M,Hom(π∗E, π∗F )) is a continuous section of the
bundle Hom(π∗E, π∗F ) such that the set {(x, ξ) ∈ T ∗M ; p(x, ξ) is not
invertible} is compact, we shall set: pτ (x, ξ) = p(x, τ ξ

h(ξ) ). We thus define a
homogeneous continuous symbol pτ which is invertible for τ sufficiently large.

Proposition and Definition 4.2.2. Let p ∈ C(T ∗M,Hom(π∗E, π∗F )) be
such that the set of (x, ξ) ∈ T ∗M where p(x, ξ) is not invertible is compact.

(i) We have Ind(P1) = Ind(P2) for any pair P1, P2 : C∞(M,E) −→
C∞(M,F ) of elliptic pseudodifferential with principal symbols pi(x, ξ)
(i = 1, 2) satisfying: Sup

x,ξ
‖pτ (x, ξ)−1pi(x, ξ) − I‖ < 1 for τ > 0 large

enough;
(ii) Set Inda(p) := Ind(P ), where P : C∞(M,E) −→ C∞(M,F ) is any

elliptic pseudo-differential operator with principal symbol p(x, ξ) satis-
fying Sup

x,ξ
‖pτ (x, ξ)−1

p(x, ξ)− I‖ < 1 for τ > 0 large enough. Then, Inda(p) doesn’t depend
on the choice of h and τ . We call Inda(p) the analytical index of p;

(iii) We have Inda(p) = Ind(P ) if P is an elliptic pseudodifferential operator
of order 0 with polyhomogeneous principal symbol p of order 0;

(iv) If t ∈ [0, 1] −→ pt ∈ C(T ∗M,Hom(π∗(E), π∗(F ))) is a continuous path
such that there exists a compact K in T ∗M with pt(x, ξ) invertible for
all t when (x, ξ) �∈ K, then Inda(pt) is independent of t.

By (iv), the map p −→ Inda(p) defined in (ii) yields a K-theory map Inda :
K0(T ∗M) −→ Z, called the analytical index map. Let us show that this
K-theory map can be defined in a purely topological way.

4.3 Construction of the Topological Index Map

Let M be a compact oriented manifold without boundary of dimension n.
There is a natural way to send K0(T ∗M) ∼= K0(TM) to K0(pt) = Z that
we shall now describe. Choose an imbedding i : M −→ IRN of M into IRN
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(such an embedding always exist) and denote by di : TM −→ T IRN the
corresponding proper imbedding of TM into T IRN . The normal bundle to
this embedding identifies wit the pull-back to TM of N ⊕N , where N is the
normal bundle to the imbedding i : M −→ IRN . Let us identify N ⊕N with
a tubular neighbourhood W of TM in T IRN . Then, the Thom isomorphism
for hermitian complex vector bundles (cf. [10]) yields a map K0(TM) −→
K0(N ⊕N) ∼= K0(W ).

Since W is an open subset of T IRN , the natural inclusion C0(W ) −→
C0(T IRN ) yields a map K0(W ) −→ K0

(
T IRN
)

and hence, by composition,
a map:

i! : K0(TM) −→ K0(T IRN ) = K0( IR2N ) .

Note that any smooth proper embedding i : M −→ V of M into a smooth
manifold V yields in the same way a natural map i! : K∗(TM) −→ K∗(TV )
which does not depend on the factorization of di : TM −→ TV through the
zero section associated with a tubular neighbourhood of TM into TV . Since
IR2N = IRN ⊕ IRN = lCN −→ pt can be considered as a complex vector
bundle over a point, we have a Thom isomorphism K0(pt) −→ K0( IR2N )
whose inverse is just the Bott periodicity isomorphism: β : K0( IR2N ) −→
K0(pt) = Z. Taking V = IR2N for some large enough N , the composition
map:

Indt = β ◦ i! : K0(T ∗M) ∼= K0(TM) −→ Z

is called the topological index. One can prove that it does not depend on the
choice of the imbedding i : M −→ IRN . The main content of the Atiyah-
Singer index theorem is in fact the equality:

Inda = Indt : K0(T ∗M) −→ Z ,

which allows computing the analytical index of an elliptic operator by a
cohomological formula.

4.4 Coincidence of the Analytical and Topological Index Maps

The proof of the equality Inda = Indt is based on the following two properties
of the analytical index:

Property 1. For M = pt, the analytical index Inda : K0(pt) −→ Z is the
identity.
Property 2. For any smooth embedding i : M −→ V between compact
smooth manifolds, the following diagram is commutative:

K∗(TM) i!−→ K∗(TV )
Inda ↘ ↙ Inda

Z



218 T. Fack

To check that these properties imply the equality Inda = Indt, choose an
embedding i : M −→ IRN ⊂ SN = IRN∪{∞} and denote by j : {∞} −→ SN

the inclusion of the point ∞. By property 2, we have for any x ∈ K0(TM):

Inda(x) = Inda(i!x) = Inda(j!−1i!x)

and, since Inda ◦ j!−1 = j!−1 by property 1, and j!−1 is just the Bott peri-
odicity isomorphism on K0( IRN ), we get:

Inda(x) = j!−1 ◦ i!(x) = Indt(x) .

Exercise 4.4.1. Check directly property 1.

To prove property 2, consider a tubular neighbourhood of M in V , which is
diffeomorphic to the normal bundle N of M in V . To prove that

Inda(x) = Inda(i!x) for any x ∈ K 0 (TM ),

one can show that it suffices to prove that Inda(x) = Inda(j!x), where j :
M −→ N is the inclusion of the zero section. We may also replace (cf. [16])
the principal Ok-bundle N = P ×Ok

IRk by the associated sphere bundle
SN = P ×Ok

Sk, where Ok acts on Sk by trivially extending the natural
representation on IRk to IRk+1 = IRk × IR and then restricting to the unit
sphere. In other word, we may compactify the fibre of N . If j : M −→ SN

denotes the natural inclusion, we have for any x ∈ K0(TM) ∼= K0(T ∗M):

j!(x) = x⊗ [D] ,

where [D] ∈ KOk
(T ∗Sk) is the equivariant K-theory class of the de Rham-

Hodge Ok-operator d+ d∗ : Λeven −→ Λodd. Here, the product:

K(T ∗M)⊗KOk
(T ∗Sk) −→ K(T ∗SN )

is naturally defined by using a splitting T ∗SN = π∗(T ∗M)⊕T (SN/M), where
T (SN/M) = T ∗SN/π

∗(T ∗M) denotes the tangent spaces along the fibres of
the projection π : SN −→M , the obvious inclusion

K0k
(T ∗Sk) −→ K0k

(P × T ∗Sk) −→ K(P ×Ok
T ∗Sk) = K(T (SN/M)) ,

and the external product: K(T ∗M)⊗K(T (SN/M)) −→ K(T ∗SN ).
In this setting, property 2 follows from the multiplicativity property for
sphere bundles:

Proposition 4.4.2. Let S be an Sk-bundle over a compact manifold M . For
any x ∈ K(T ∗M) and [P ] ∈ KOk

(T ∗Sk), we have:

Inda(x.[P ]) = Inda(x.IndOk
(P )) ,
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where IndOk
(P ) ∈ R(Ok) is the equivariant index of the Ok-operator P .

Here, the R(Ok)-module structure on K(T ∗M) (which is a K(M)-module in
an obvious way) comes from the natural morphism R(Ok) −→ K(M).

The equivariant index of an Ok-operator P is heuristically defined as the
difference Ind0k

(P ) = [Ker P ]− [Ker P ∗] of Ok-representations.

Since the equivariant index of the de Rham-Hodge Ok-operator d + d∗ :
Λeven −→ Λodd on Sk is equal to 1 ∈ R(Ok) (see for instance [16], p. 253),
we get from proposition 4.4.2:

Inda(j!(x)) = Inda(x⊗ [D]) = Inda(x.IndOk
(D)) = Inda(x)

for any x ∈ K0(TM) ∼= K0(T ∗M), and property 2 is proved. The technical
proof of proposition 4.4.2 is modelled on the proof of the multiplicativity of
the analytical index:

(1) Inda([P ]⊗ [Q]) = Inda(P )Inda(Q) ,

for any pair of first order elliptic operators P and Q on compact manifolds
M and N . Since Inda([P ]⊗ [Q]) = Inda(D) where D is the sharp product:

D =
(
P ⊗ 1 −1⊗Q∗

1⊗Q P ∗ ⊗ 1

)

,

this multiplicative property (1) is straightforward.

4.5 Cohomological Formula for the Topological Index

Let π : E −→M be a complex vector bundle of rank n over a smooth manifold
M . Denote by i the zero section and consider the following diagram:

K0(M)
i!=Thom iso, in K−theory−−−−−−−−−−−−−−−−−−−−−−−−→ K0(E)


Hch



Hch

Hev(M)
i!=Thom iso, in cohomology−−−−−−−−−−−−−−−−−−−−−−−−→ Hev(E)

where i! : Hev(M) −→ Hev(E) is the inverse of the “integration on the fibres”
π! : Hev(E) −→ Hev(M), which is an isomorphism in cohomology. It turns
out that this diagram is not commutative, since the cohomology class

τ(E) = π! ch(i!(1)) ∈ Hev(M)

is not trivial in general. This cohomology class really measures the defect of
commutativity in the above diagram, since:

Proposition 4.5.1. For any x ∈ K0(M), we have: ch(i!(x)) = i!(ch(x)
τ(E)).
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Exercise 4.5.2. Check proposition 4.5.1.

The computation of the obstruction class τ(E) follows from the formula:

χ(E)τ(E) = i∗i!τ(E) = ch([ΛevenE]− [ΛoddE]) ,

where χ(E) is the Euler class of E. If E is a complex bundle of dimension
k over M , we get from a formal splitting E ∼= L1 ⊕ . . . ⊕ Lk of E into line
bundles:

χ(E)τ(E) =

(
k∏

i=1

c1(Li)

)

τ(E) =

(
k∏

i=1

xi

)

τ(E) ,

where xi = c1(Li). On the other hand, since Λp(E⊕F ) =
⊕

i+j=p

Λi(E)⊗Λj(F ),

we get from the multiplicativity of the Chern character:

ch([ΛevenE]− [ΛoddE]) =
k∏

i=1

(1− exi) .

We deduce that: τ(E) =
k∏

i=1

1−exi

xi
= (−1)k

k∏

i=1

(
1−e−(−xi)

−xi

)
= (−1)dim(E)

TdC(E)−1, where E is the conjugate of E and the Todd class TdC(E) is

defined by the formal power series x
1−e−x , i.e. TdC(E) =

k∏

i=1

(
xi

1−e−xi

)
.

We are now in position to give a cohomological formula for the topological
index:

Theorem 4.5.3. Let M be an n-dimensional compact oriented manifold with-
out boundary. Denote by π! : H∗(T ∗M) −→ H∗(M) the integration’s map
(in cohomology with compact support) on the fiber of the canonical projection
π : T ∗M −→M. Then, we have for any x ∈ K0(T ∗M):

Indt(x) = (−1)
n(n+1)

2

∫

M

chM (x)TdC(TM ⊗ lC) ,

where chM (x) = π!ch(x) is the image of ch(x) ∈ H∗(T ∗M) by π!.

Proof. In the following diagram, where N is the normal bundle to some
inclusion M ↪→ IRn as before:

K0(TM) i!−→ K0(N ⊕N) ∼= K0(W ) −→ K0( IR2N ) −→ K0(pt) = Z

↓ ch ↓ ch ↓ ch id ↓
Hev(TM) i!−→ Hev(N ⊕N) ∼= Hev(W ) −→ Hev( IR2N )

q!−→ H0(pt) = Z

the two squares on the right commute since τ( lCN ) = 1 so that we have
Indt(x) = q!i!(ch(x)τ(N ⊕ N)) for any x ∈ K0(T ∗M). Since TM ⊕ N is
trivial and TM ⊗ lC is self-conjugate, we get:
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τ(N ⊗ lC) = τ(TM ⊗ lC)−1 = (−1)nTdC(TM ⊗ lC)

and hence:
Indt(x) = (−1)n

∫

TM

ch(x)TdC(TM ⊗ lC) .

Taking into account the difference between the orientation of TM induced
by the one of M and the “almost complex” orientation of T (TM), we get
from the above formula by using the Thom isomorphism in cohomology:

Indt(x) = (−1)
n(n+1)

2

∫

M

chM (x)TdC(TM ⊗ lC). QED

One obtain various index theorems by applying the above formula to x = σ,
the symbol of an elliptic pseudodifferential operator.

Exercise 4.5.4. Show that the index of any elliptic differential operator P on
an odd-dimensional compact manifold M is zero (Hint: use the Atiyah-Singer
index theorem together with the formulas: c∗[TM ] = −[TM ], c∗(σ(P )) =
σ(P ) ∈ K0(T ∗M) where c is the diffeomorphism ξ ∈ TM −→ −ξ ∈ TM).

Exercise 4.5.5. By using the Atiyah-Singer index formula for the de Rham
operator on a compact oriented manifold M , prove the equality:

dim(M)∑

i=0

(−1)idimHi(M, IR) =
∫

M

χ(TCM) .

4.6 The Hirzebruch Signature Formula

From the Atiyah-Singer formula, we get the Hirzebruch formula:

Theorem 4.6.1. The signature σ(M) of any 4k oriented compact smooth
manifold M is given by:

σ(M) =
∫

M

L(M) ,

where L(M) is the Hirzebruch-Pontrjagin class defined from a formal split-

ting TM ⊗ lC =
2k⊕

i=1

(Li ⊕ Li) into complex line bundles by: L(M) =

22k

2k∏

i=1

c(Li)/2
th(c(Li)/2)

.
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Proof. Let D+ be the signature operator on M (cf. 2.3.2.). Since we have:

[σ(D+)] = [(Λ+(T ∗M ⊗ lC), Λ−(T ∗M ⊗ lC), i(ext(ξ)− int(ξ)))] ,

we get from a formal splitting TM ⊗ lC =
2k⊕

i=1

(Li ⊕ Li) of TM ⊗ lC into

complex line bundles, by setting xi = c(Li):

chM (σ(D+)) =
ch([Λ+(T ∗M ⊗ lC)]− [Λ−(T ∗M ⊗ lC)])

χ(TM)

=
2k∏

i=1

ch([Li]− [Li])
xi

=
2k∏

i=1

e−xi − exi

xi
= 22k

2k∏

i=1

exi − e−xi

2xi

= 22k

2k∏

i=1

xi/2
th(xi/2)

(
2k∏

i=1

xi/2
sh(xi/2)

)−2

,

and hence:

chM (σ(D+))TdC(TM ⊗ lC)

= 22k
2k∏

i=1

xi/2
th(xi/2)

(
2k∏

i=1

xi/2
sh(xi/2)

)−2( 2k∏

i=1

xi/2
sh(xi/2)

)2

= 22k
2k∏

i=1

xi/2
th(xi/2)

= L(M).

Since the signature of M is equal to Ind(D+) by theorem 2.3.6, we get from
the Atiyah-Singer index formula:

σ(M) =
∫

M

chM (x)TdC(TM ⊗ lC) =
∫

M

L(M). QED

5 The Index Theorem for Foliations

5.1 Index Theorem for Elliptic Families

5.1.1 Elliptic Families. Consider a smooth fibration p : M −→ B with
connected fiber F on a compact manifold M . For each y ∈ B, set Fy = p−1(y)
and denote by T ∗

F (M) the bundle dual to the bundle TF (M) of vectors tangent
to the fibres of the fibration. Let q : T ∗

F (M) −→ M be the projection map
and consider a family P = (Py)y∈B of zero order pseudodifferential operators:

Py : C∞(Fy, E
0) −→ C∞(Fy, E

1)

on the fibres of the fibration p : M −→ B, where E = E0 ⊕ E1 is a Z/2Z

graded hermitian vector bundle over M .
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Definition 5.1.2. The family (Py)y∈B is said to be continuous if the map
P defined on C∞(M,E0) by Pf(x) = (Pyfy)(x) (y = p(x), fy = f |Fy

) sends
C∞(M,E0) into C∞(M,E1).

The principal symbol of such a continuous family P = (Py)y∈B is by definition
the family σ(P ) = (σ(Py))y∈B of the symbols of the Py’s. It can be viewed as a
vector bundle morphism σ(P ) : q∗(E0) −→ q∗(E1). The family P = (Py)y∈B

is said to be elliptic if all the Py’s are elliptic. In this case, the principal
symbol σ(P ) yields a K-theory class [σ(P )] ∈ K0(T ∗

FM).

5.1.3 Analytical Index of a Family of Elliptic Operators. Let P
be as above. By working locally as in the case of an elliptic operator, we
can prove the existence of a continuous family Q = (Qy)y∈B of zero order
pseudodifferential operators such that PyQy − I = Ry and QyPy − I = Sy

are continuous families of infinitely smoothing operators. In particular, the
family P = (Py)y∈B gives rise to a continuous field of Fredholm operators
Py : L2(Fy, E

0) −→ L2(Fy, E
1), and the index Ind(P ) ∈ K0(B) of this

family of Fredholm operators makes sense by theorem 3.2.1.

5.1.4 Topological Index of a Family of Elliptic Operators. On the
other hand, the principal symbol σ(P ) yields a K-theory class [σ(P )] ∈
K0(T ∗

FM). To define a topological index Indtop : K0(T ∗
FM) −→ K0(B), let

us choose a smooth map f : M −→ B × IRN which reduces for any y ∈ B
to a smooth embedding fy : Fy −→ {y} × IRN . Such a map gives rise to a
smooth embedding f∗ : TFM −→ B × T IRN with normal bundle N ⊕ N ,
where Ny is the normal bundle of fy(Fy) in {y} × IRN , pulled back to M .
Since Ny ⊕Ny $ Ny ⊗ lC, we have a well defined Gysin map:

p! : K0(T ∗
FM) −→ K0(N ⊗ lC) −→ K0(B × T IRN )

= K0(B × IR2N ) −→ K0(B) ,

where the last map on the right is the Bott periodicity isomorphism. We call
topological index the map:

Indtop = p! : K0(T ∗
FM) −→ K0(B) ,

which is well defined and does not depend on the choice of f : M −→ B× IRN .
At this point, it is almost clear that the proof of the Atiyah-Singer index
theorem for elliptic operators on compact manifolds extends to the framework
of fibrations to give the following index theorem:

Theorem 5.1.5. Let p : M −→ B be a smooth fibration with fiber F on a
compact manifold M , and P = (Py)y∈B be a continuous family of elliptic
zero order pseudodifferential operators on the fibres Fy = p−1(y). Then, we
have:
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(i) Ind(P ) = Indtop([σ(P )]) ∈ K0(B);
(ii) ch(Ind(P )) = (−1)

n(n+1)
2 π! (ch ([σ(P )])TdC(TM)) ∈ H∗(B),

where n = dim(F ) is the dimension of the fibre and π : T ∗
FM −→ B is the

natural projection.

For a detailed proof of this result, see [2].

5.2 The Index Theorem for Foliations

5.2.1 Foliations. Let M be a smooth n-dimensional compact manifold. Re-
call that a smooth p-dimensional subbundle F of TM is called integrable if
every x ∈ M is contained in the domain U of a submersion p : U −→ IRn−p

such that Fy = Ker(p∗)y for any y ∈ U . A p-dimensional foliation F on M is
given by an integrable p-dimensional subbundle F of TM . We call leaves of
the foliation (M,F ) the maximal connected submanifolds L of M such that
Tx(L) = Fx for any x ∈ L. In any foliation (M,F ), the equivalence relation on
M corresponding to the partition into leaves is locally trivial, i.e. every point
x ∈M has a neighborhood U with local coordinates (x1, . . . , xn) : U −→ IRn

such that the partition of U into connected components of leaves corresponds
to the partition of IRn = IRp× IRq into the plaques IRp×{y}. We shall called
p = dim(F ) the dimension of the foliation, and q = n− dim(F ) = codim(F )
the codimension of F . For instance, any smooth fibration p : M −→ B with
connected fiber on a compact manifold defines a foliation on M whose leaves
are the fibres p−1(y), y ∈ B. If θ is an irrational number, the flow of the
differential equation dy− θdx = 0 on the two-dimensional torus M = IR2/Z2

defines a codimension 1 foliation Fθ on M called the irrational Kronecker
foliation.

Exercise 5.2.2. Show that each leaf of the irrational Kronecker foliation Fθ

on the 2-dimensional torus M = IR2/Z2 is non compact and dense. Let M/F
be the quotient of M by the equivalence relation corresponding to the partition
into leaves. Show that the quotient topology on M/F is trivial (the only open
subsets are M/F and ∅).

5.2.3 Holonomy of a Foliation. Let γ : [0, 1] −→ M be a continuous
path on a leaf L of F , and consider two q-dimensional submanifolds T, T ′

transverse to the foliation and whose interiors contain respectively the source
x = γ(0) and the range y = γ(1) of γ. By “following the leaves” through
some small enough tubular neighborhood of γ([0, 1]), we get from γ a local
diffeomorphism ϕγ : Dom(ϕγ) ⊂ T −→ T ′ with x = s(γ) ∈ Dom(ϕγ). The
holonomy germ of γ is by definition the germ h(γ) = [ϕγ ]x of ϕγ at x = s(γ).
Two paths γ1, γ2 : [0, 1] −→ L having the same source x = s(γ1) = s(γ2) and
the same range y = r(γ1) = r(γ2) are said holonomy equivalent (and we write
γ1 ∼ γ2) if there exist transverse submanifolds T at x and T ′ at y such that
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h(γ1) = h(γ2). We thus define an equivalence relation on the set of all paths
drawn on the leaves. The holonomy groupoid of the foliation is by definition
the set G of all equivalence classes. Any γ ∈ G is thus the holonomy class of a
path on some leaf, with source x (denoted by s(γ)) and range y (denoted by
r(γ)). For any x ∈M , we shall set Gx = {γ ∈ G|r(γ) = x}. The composition
of paths induces a natural structure of groupoid on G, and it can be shown
that G has the structure of a smooth (possibly non Hausdorff) manifold. For
more information on the holonomy groupöıd G of (M,F ), see [3].

Exercise 5.2.4. Show that the holonomy groupoid of the Kronecker foliation
Fθ on the 2-dimensional torus M = IR2/Z2 identifies with M × IR. Describe
its groupoid structure and its smooth structure.

5.2.5 C∗-Algebra of a Foliation. For a fibration, the space of leaves is a
nice compact space which identifies with the base of the fibration. However,
for a foliation with dense leaves such as the Kronecker foliation Fθ, the space
of leaves can be very complicated although the local picture is that of a fibra-
tion. A. Connes [3] suggested describing the topology of the “leafspace” M/F
of any foliation (M,F ) by a C∗-algebra C∗(M,F ) whose noncommutativity
tells us how far the foliation lies from a fibration. This C∗-algebra, which
describes the non commutative space M/F , is obtained by quantization of
the holonomy groupoid. More precisely, C∗(M,F ) is defined as the minimal
C∗-completion of the algebra of continuous compactly supported sections
Cc(G,Ω1/2) of the bundle Ω1/2

γ = Ω
1/2
s(γ) ⊗ Ω

1/2
r(γ) of half densities along the

leaves of the foliation, endowed with the following laws:
{

(f ∗ g)(γ) =
∫

γ1γ2=γ

f(γ1)g(γ2)

f∗(γ) = f(γ−1) .

When the foliation comes from a fibration p : M −→ B, the C∗-algebra
C∗(M,F ) identifies with C(B)⊗K(L2(F )), where K(H) denotes the algebra
of compact operators on the Hilbert space H. In the case of the Kronecker
foliation Fθ, we have C∗(T2, Fθ) $ Aθ⊗K(H) where H is a separable infinite
dimensional Hilbert space and Aθ the irrational rotation algebra generated
by two unitaries U and V in H satisfying the commutation relation V U =
exp(2iπθ)UV .

5.2.6 Elliptic Operators Along the Leaves of a Foliation. Let (M,F )
be a smooth foliation on a compact manifold M and E0, E1 two smooth
complex vector bundles over M . A differential operator elliptic along the
leaves of (M,F ) acting from the sections of E0 to the sections of E1 is
a differential operator D : C∞(M,E0) −→ C∞(M,E1) which restricts to
the leaves and is elliptic when restricted to the leaves. Its principal symbol
σ(D)(x, ξ) ∈ Hom(E0

x, E
1
x) is thus invertible for any non zero ξ ∈ F ∗

x and
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yields a K-theory class
[σ(D)] ∈ K0(F ∗) .

Since a foliation is locally a fibration, the notion of elliptic pseudodifferential
operator along the leaves of (M,F ) can be defined in a natural way. As in
the case of fibrations, it generalizes the notion of differential elliptic operator
along the leaves.

5.2.7 Analytical Index of an Operator Elliptic Along the Leaves.
Assume for simplicity that the foliation (M,F ) has no holonomy and consider
an elliptic pseudodifferential operator P of order zero along the leaves of
(M,F ), acting from the sections of E0 to the sections of E1. The restriction
PL of P to the leaf L is a bounded operator in the Hilbert space HL =
L2(L,E0 ⊕E1). Moreover, the family (PL)L∈M/F yields in a natural way an
endomorphism of a Hilbert C∗(M,F )-module that we now describe. Let E
be the Hilbert completion of the linear span of the 1/2 sections of the field
Hx = L2(Gx, E

0 ⊕ E1) that have the from x −→
∫

Gx

(ξ ◦ γ)f(γ) where ξ is a

basic 1/2 section of H and f ∈ C∗(M,F ) an element with a square integrable
restriction to Gx for any x ∈M . There is an obvious structure of C∗(M,F )-
module on E. Moreover, since the coefficient < ξ, η > (γ) =< ξr(γ)◦γ, ηs(γ) >
is required to be in C∗(M,F ) for any pair ξ, η of basic 1/2 sections of H, the
C∗(M,F )-valued scalar product < ξ, η > of two elements in E is well defined,
and it is straightforward to check that E is a Hilbert C∗(M,F )-module (see
[4] for more details).

Exercise 5.2.8. Show that the family (PL)L∈M/F yields an endomorphism
P of the C∗(M,F )-module E.

By using the local construction of a parametrix for families of elliptic opera-
tors, one can show as in the case of families the existence of an endomorphism
Q of E such that PQ− I ∈ K(E) and QP − I ∈ K(E). It follows that P is a
generalized C∗(M,F )-Fredholm operator, and hence has an analytical index:

IndC∗(M,F )(P ) ∈ K0(C∗(M,F )) .

5.2.9 The Index Theorem for Foliations. To compute IndC∗(M,F )(P )
we shall define, as in the case of fibrations, a topological index:

Indt : K0(F ∗) −→ K0(C∗(M,F ))

by choosing an auxiliary embedding i : M −→ IR2m. Let N be the total
space of the normal bundle to the leaves (i.e. Nx = i∗(Fx)⊥ for the Euclidean
metric) and consider the product manifold M× IR2m foliated by the L×{t}’s
(L = leaf of F, t ∈ IR2m). The map (x, ξ) ∈ N −→ (x, i(x) + ξ) ∈M × IR2m
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sends a small neighborhood of the zero section of N into an open transversal
T to the foliation F̃ on M × IR2m. Putting T inside a small open tubular
neighborhood Ω in M × IR2m we get, from the inclusion of C∗(Ω, F̃ ) ∼=
C0(T )⊗K(H) into C∗(M × IR2m, F̃ ), a K-theory map:

K0(C0(T )) = K0(C0(T )⊗K(H)) = K0(C∗(Ω, F̃ )) −→ K0(C∗(M× IR2m, F̃ )) .

Since we have, by Bott periodicity:

K0(C∗(M × IR2m, F̃ )) = K0(C∗(M,F )⊗ C0( IR2m)) ∼= K0(C∗(M,F )) ,

we get by composition a K-theory map:

Indt : K0(F ∗) ∼= K0(N) ∼= K0(T ) = K0(C0(T )) −→ K0(C∗(M,F )) .

This map, which does not depend on the choices made, is called the topological
index.

Theorem 5.2.9. (Index theorem for foliations). For any zero order ellip-
tic pseudodifferential operator P along the leaves of a foliation (M,F ) with
principal symbol σ(P ) ∈ K0(F ∗), we have:

IndC∗(M,F )(P ) = Indt(σ(P )) ∈ K0(C∗(M,F )) .

For a proof of this result, see [6]. When the foliation (M,F ) has an invariant
transverse measure Λ, there exist a trace τΛ on C∗(M,F ) which yields a map
from the finite part of K0(C∗(M,F )) generated by trace-class projections in
Mn(C∗(M,F )) to IR. This trace is given by:

τΛ(k) =
∫

M/F

Trace(kL)dΛ(L) (k ∈ C∞
c (G,Ω1/2)) ,

where Trace(kL) is viewed as a measure on the leaf manifold. For a zero
order elliptic pseudodifferential operator P along the leaves of (M,F ), one
can show that IndC∗(M,F )(P ) belongs to the finite part of K0(C∗(M,F )). In
this case, we get from theorem 5.2.9 (see [3] for the original proof):

Theorem 5.2.10. (Measured index theorem for foliations). Let (M,F ) be
a p-dimensional smooth foliation on a compact manifold M . Assume that
(M,F ) has a holonomy invariant transverse measure Λ and denote by [Λ]
the associated Ruelle-Sullivan current. For any zero order elliptic pseudodif-
ferential operator P along the leaves with principal symbol σ(P ) ∈ K0(F ∗),
we have:

τΛ(IndC∗(M,F )(P )) = (−1)
p(p+1)

2 < ch(σ(P ))TdC(FC), [Λ] > .
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For two-dimensional leaves, this theorem gives in the case of the leafwise de
Rham operator:

β0 − β1 + β2 =
1
2π

∫

KdΛ ,

where the βi are the Betti numbers of the foliation and K is the Gaussian
curvature of the leaves. If the set of compact leaves is negligible, we have
β0 = β2 = 0, and the above relation shows that

∫
KdΛ ≤ 0. It follows that

the condition
∫
KdΛ > 0 implies the existence of compact leaves.
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